
Math 401 September 27, 2015

Assignment 5

(Due Thursday, October 1, 2015)

Reading: §3.1, 3.2

Problems: §3.1: #1(a,d,e), 2(a,d,e), 3(a), 4(b), 5(a), 6, 10(a,b,f), 11, 13, 20(a,b)

Additional Problems: 1. Let a(x) ∈ F [x], where F is a field, and let D(a(x)) be the set
of divisors of a(x). Let a(x) = b(x)q(x) + r(x), where b(x), q(x), r(x) ∈ F [x]. Prove that
D(a(x)) ∩D(b(x)) = D(r(x)) ∩D(b(x)).

2. Let a(x), b(x) ∈ F [x] and let

L(a(x), b(x)) = {m(x)a(x) + n(x)b(x) |m(x), n(x) ∈ F [x]},

the set of linear combinations of a(x) and b(x). Let a(x) = b(x)q(x) + r(x), where
q(x), r(x) ∈ F [x]. Prove that

L(a(x), b(x)) = L(r(x), b(x)).

3. One may now prove, as was done for the ring Z, that L(a(x), b(x)) = L(g(x), 0) =
{m(x)g(x) |m(x) ∈ F [x]}, where g(x) made monic is by definition the greatest common
divisor (a(x), b(x)). Instead construct the greatest common divisor as follows. Let h(x)
denote a non-zero polynomial of lowest degree in L(a(x), b(x)) (it is at this point possible
there are many such, even if F has only two elements). Then first prove, using only the
definition of L(a(x), b(x)), not 2., that

L(a(x), b(x)) = {m(x)h(x) |m(x) ∈ F [x]}.

(Suggestion: Let f(x) ∈ L(a(x), b(x)). By DA there are q(x) and r(x) such that f(x) =
h(x)q(x)+r(x), where deg r(x) < deg h(x). What do you conclude about r(x)?) Now show
that the h(x) above is unique up to scalar multiple, that D(h(x)) = D(a(x)) ∩ D(b(x)),
and conclude this that h(x) made monic is the greatest common divisor of a(x) and b(x).

4. Let Z[i] = {a+ bi|a, b ∈ Z}. Show that Z[i] is an integral domain. What are the units
in Z[i]?

5. Prove that if b, c ∈ F , b 6= c, then x− b and x− c are relatively prime in F [x].


