1. ARCLENGTH REPARAMETERIZATION.

Suppose [ is an interval and
r: [ —-R"

is a curve in R™ whose speed is never zero. Suppose tog € I and let

t
o(t) = / |[v|(t)dr for T €.
to

Then o is strictly increasing with range some interval H and
o' (t)=|v|(t) fortel.
Let
¢ H—1T
be the function which is inverse to . Then
p(o(t)) =t forteland o(p(s))=s forse H.

From the chain rule we obtain

=t T n '(s N rs
U(t)_qb’(a(t)) fort €I and ¢'(s) 7 (60)) for s € H.
Let
a(s) =r(¢p(s)) forse H.

I claim that q has unit speed; it is called an arclength reparameterization of
r. Indeed, by the chain rule,

d'(s)] = [¢"(s)r'(0(5))] = | 77 ¥ (0(5))| = 1,
as desired.

2. CURVATURE AND OTHER NEAT STUFF.
Suppose [ is an interval in R and
r: I —-R"

is a (parametric) curve in R™. We have already defined speed, velocity and accel-
eration. Suppose the speed |v| never vanishes. Let

1
T=—v
v
and let )
K= —T.
v

These vector functions are called the unit tangent and curvature vector of r,
respectively. Let
k= [KJ;
this nonnegative scalar function is called the curvature of r.
Now suppose k > 0. Let

1
N=-K
K

which is obviously equivalent to

LT’ = kN.
v
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Note that

/ r"er’ aev

il vl

v = Ir'

Differentiation r’ = |v|T we find that

a=r"=|v|'T+|v|T’
aev

comp,a + |[v|*’K

SO
1
= ~E (a — comp,a)
and
a = comp,a + x|v|?N.
A simple computation gives
20y 2 — 2
o= K| = V2 IV|V|3 (aev)®
Since
aev= 1| (v]) = v||v/
we find that

a=|v|'T + x|v|*N.
The interesting thing about K, x and N is that they depend only on the range

of r; in other words, they are independent of parameterization. This means, by
definition, that if

¢ H—1T

is twice continuously differentiable and strictly increasing or decreasing with range
equal I, if

q(s) =r(¢(s)) forse H
and if J is the curvature vector of q then

(1) J(s) = K(¢(s)) for s e H.

This immediately implies that the normal vector at s of q equals the normal vector
at ¢(s) of r. Indeed, by the chain rule we find that

d'(s) = ¢ (5)'(6(5));
in particular,
(2) compq,(s)x = compv(¢(s))x for x c RS.
By Leibniz’ rule and the chain rule, we have

q"(s) = ¢"(s)r'(6(s)) + (¢/())’r" (6(s)) = ¢" (s)v(9(5)) + (¢ (5))*a((s));
keeping in mind (2) we find that

Comqu(s)q/ls) = ¢"(s)v((s)) + (¢/(5))200mpv(¢(s))a(¢(5))a

thereby establishing (1).



3. THE BINORMAL AND TORSION.

Let r be a curve in R? parameterized by arclength. Let T be its velocity and let
N be its normal. Let
B=TxN;
this vector (function) is call the binormal. Note that T, N and B are mutually
perpendicular unit vectors such that

[T,N,B] =1.
Let 7 be the scalar function determined the requirement that
N = —kT + 7B;

7 is called the torsion. (Question: Why does this work? Answer: Because the
matrix
NeT NeN N eB
T'eT T eN T/ eB
B'eT B'eN B'eB
is skewsymmetric.
It follows that

B' = -—7N
In matrices we have .
T 0 x 0| [T
N| =|-« 0 7| |N
B 0O -7 0| B

This leads to the following.
Theorem 3.1. r lies in a plane if and only 7 = 0.

Proof. T = 0 if and only if B is constant, say b in which case T lies in the plane
P={xeR?:xeb =0} Now for any ¢ in the domain of r we have

t
r(t) = r(to) +/ T(7)dr
to
which lies in the plane r(tg) + P. O
Theorem 3.2. r lies in a circle if and only if 7 = 0 and & is constant.

Proof. Suppose 7 = 0 and & is constant. From the preceding Theorem we know
that the range of r lies in a plane P. Moreover,

1\ 1
(r + N) =xkT+ —(—xkT)=0

K K
so there is a constant vector ¢ such that
1

r+-T=c.
K

That is, [r — ¢| = 1/k so r lies in the circle in P with center ¢ and radius 1/k. O

Remark 3.1. It’s not too hard to show that given an interval I, a positive function
k : I — R and a function 7 : I — R there is a curve in space with curvature
and torsion 7; moreover, if two curves have the same curvature and torsion one is
a rigid motion applied to the other.



Now fix a point sy in the domain of r. From Taylor’s Theorem we have

(3)

£(s) = rlsu) + (5 = so)e (s0) + ) + B0 1 015 — o)
Now
r =T;
r" =T = kN,
(4) r//l — (/{/N)/
= k'N + &N’

= —k?T + k'N + k7B;
evaluating at so and substituting back in (3) we obtain
r(s) = r(so)
+ (s = 50)T(s0)
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