
Math 575: Mathematical Fluid Dynamics Spring 2022

Homework 9 Assigned: Wed Mar 30 Due: Fri Apr 8

Boundary Layer Theory for High Reynolds number flows

0. Reading: Acheson, sections 8.1-8.3, 8.5.
Some BL’s are self-similar solutions, in terms of similarity variables η = xαyβ, others dont have
F (η)’s but use separation of variables (like f(x)g(y)) to reduce the NS equations to ODE singular
perturbation problems for Re → ∞.

1. (Acheson, page 291, problem 8.2) Starting from the Prandtl boundary layer equations, determine the
steady boundary layer for a flow over a flat plate on the positive x-axis with the far-field flow being
u⃗ ∼ αx î for y → ∞.

(a) Determine the leading-order far-field pressure.

(b) Show that the nondimensionalized solution can be found in the form u(x, y) = xf ′(y).

(c) Determine v(x, y).

(d) Write the ODE and boundary conditions that give the problem for f(y).

(e) Write the dimensional velocity field u⃗(x⃗) in terms of u, v and the physical parameters of the
system to show that the boundary layer solution indeed becomes concentrated in a narrower
and narrower region above the plate as µ → 0.

2. (Acheson, page 295, problem 8.5) Recall the problem done in class of a steady high-speed (U) uniform
horizontal viscous flow around a horizontal flat plate of length L. Now consider the wake downstream
of the plate, x > L. The wake is the perturbation (u1(x, y), v1(x, y)) from the uniform flow u⃗ = (U, 0).
Assume that the wake flow is (i) slowly varying in the x-direction, (ii) relatively narrow in the y-
direction, (iii) nearly uni-directional, (iv) smaller in amplitude than the uniform flow and (v) is
symmetric about the x-axis (y = 0).1

(a) Starting from the 2D steady Navier-Stokes equations, scale to nondimensionalize the problem
and determine the linear PDE for u1(x, y).

(b) Show that the integral
∫∞
−∞ u1(x, y) dy is independent of x.

(c) Determine the similarity solution for u1(x, y). Determine v1(x, y).

3. (Acheson, page 298, problem 8.8) Recall the Stokes problems for a flat plate on top of a semi-infinitely
deep layer of viscous fluid. Now consider the similar-ish problem for a flat plate at z = 0 rotated
with angular velocity Ω on top of a deep layer of viscous fluid for −∞ < z ≤ 0 (we will only consider
the form of the steady flow, not the start-up stage).
The goal for this problem is to show that by working in cylindrical polar coordinates, the steady
velocity field can be obtained by solving a set of ODE’s to yield the (dimensional) solution as

ur = Ωr f(z̄) uθ = Ωr g(z̄) uz =
√
Ων h(z̄)

where z̄ = z/L with the length scale being set by L =
√
ν/Ω (the ratio of the kinematic viscosity to

the angular velocity). (For ν → 0, the flow becomes concentrated at the plate.)
See Acheson page 42 (or App A.6) for the Navier Stokes equations in cylindrical coordinates.

(a) Determine the boundary conditions on f, g, h at z = 0.
(We will assume that f, g → 0 as z → −∞, but will see that h does not vanish.)

(continued)

1The numbering in this sentence should help you distinguish all of the assumptions that help to reduce this problem.



(b) Show that the incompressibility condition reduces to an ODE in z̄.
What property would be needed for f(z̄) in order to conclude that the limit of h(z̄) as z̄ → −∞
is finite?

(c) Based on the z-momentum balance, what is the most general functional form possible for the
pressure p(r, θ, z)?

(d) Continuing to the θ-momentum balance, what more can you say about the form of the pressure?

(e) Continuing to the r-momentum balance, what more can you say about the form of the pressure?

(f) Use the Bernoulli equation for z̄ → −∞ to further simplify the pressure.

(g) Finally, write the system of 3 ODE’s for f, g, h from (b,d,e) and explain how the pressure can
be determined once those equations have been solved (numerically).


