
Math 575: Mathematical Fluid Dynamics Spring 2022

Homework 8 Assigned: Fri Mar 18 Due: Fri Mar 25

Uni-directional flows in the Navier-Stokes equations

0. Reading: Acheson, sections 2.3, 2.4.

1. Find the solution u = u(y, t) for a modified version of Stokes’ first problem for a deep layer (−∞ <
y ≤ 0) of Newtonian fluid with kinematic viscosity ν = µ/ρ and driven by a plate at y = 0 moving
with linearly growing speed u(0, t) = At, where A is a constant. Also, determine the shear stress on
the wall at y = 0: µ∂yu(0, t).
Hint: You may want to use Maple or Mathematica to help you solve the ODE and also to determine
the constant of integration that gives u(y → −∞) → 0 (plot your solution to confirm you’ve got it
right).

2. Consider an “open-channel” uni-directional flow of a layer of viscous fluid (µ, ρ) driven by gravity
down an inclined plane, having angle of inclination α. Let your coordinate system have the x-axis
going downward along the inclined plane and the y-axis upward, perpendicular to the inclined plane.

(a) Write the full momentum balance equations in the x and y-directions including the influence of
gravity, g.

(b) Simplify the equations to the case of a uni-directional flow, (u, v) = (u(y, t), 0).

(c) Consider the fluid layer to be on 0 ≤ y ≤ H for all x. Use the y-momentum balance to determine
the pressure p(x, y, t) if the pressure at the top of the layer matches the uniform atmospheric
pressure P0 everywhere above the layer.

(d) At the surface of the incline (y = 0), the flow must satisfy the no-slip boundary condition. At
the top of the layer (y = H), the surface traction must match the traction at that interface
due to the air above (which is assumed to be inviscid). Starting from the stress tensor for a
Newtonian fluid, T = −pI + µ(∇u⃗ + ∇u⃗T ), obtain the boundary condition on u at y = H in
simplest form.

(e) Determine the steady-flow, ū(y).

(f) Write u(y, t) = ū(y) + ũ(y, t) and apply separation of variables to the transient solution to
determine the flow starting from rest (u ≡ 0 at t = 0). What is the flow speed at y = H and
what is the shear stress on the wall at y = 0?

3. Recall from class that the solution of Stokes’ second problem (also called Rayleigh’s problem) for
∂tu = ν∂yyu on −∞ < y ≤ 0 can be written as

ū(y, t) = Uek0y cos(k0y + ωt) k0 =

√
ω

2ν

Determine the transient flow ũ(y, t) that gives the overall flow, u = ũ + ū, that starts from rest at
t = 0. Express your transient flow function in terms of a sine transform pair:

ũ(y, t) =

∫ ∞

0
U(k, t) sin(ky) dk U(k, t) =

2

π

∫ ∞

0
ũ(y, t) sin(ky) dy

Reduce the PDE u(y, t) to ODE’s for dU/dt for each k ≥ 0 and determine the forward transform
function U(k, t).
Hint: Isn’t the y-range in the sine-transform wrong for this problem? (There’s an easy fix...)
(Evaluating the inverse transform integral could be done using contour integrals and residues, but
I’m not asking for this step.)

(continued)



4. Consider uni-directional flow along the axis of cylindrical polar coordinates, u⃗ = (ur, uθ, uz) =
(0, 0, uz). Refer to Acheson (page 42) for the Navier-Stokes equations in cylindrical coordinates.

(a) Starting from the full Navier-Stokes equations, derive the equations governing the pressure and
uz. (Assume no body forces.)

(b) What is the steady-state velocity field for a flow inside a circular pipe of radius one? (Assume
the flow is driven by a steady pressure gradient, G in the z direction.)

(c) The following questions all refer to uni-directional viscous flow in a circular pipe of radius one,
starting from rest at t = 0, subject to the time-dependent pressure field

p(z, t) = 2G0z sin
2(αt)

where G0 and α are constants.

i. Following the procedure described in class, write the homogeneous version of the governing
time dependent PDE problem and use separation of variables to obtain the basis functions
ϕk(r) and the eigenvalues for this problem. Hint: The inner product integral to determine
the generalized Fourier-series coefficients must be integrated over the cross-sectional area of
the pipe,

∫∫
(stuff) dA.

ii. Determine the “forced response” ū(r, t) using (b) then use (c.i) to determine the transient
response ũ(r, t).


