
Math 551: Applied PDE and Complex Vars Fall 2021

Problem Set 5 Assigned Wed Sep 29 Due Sat Oct 9

Green’s Functions for ODE BVP’s (corrected)

-1. Math 551 Test 1 Friday, Oct 1, in class, 3 problems.
Covers Lecture 2-9 and Homeworks 2-4. Solution of inhomogeneous ODE BVP via eigenfunction
expansions. Fourier series. Adjoint eigenvalue problems. Sturm-Liouville problems. Fredholm in-
tegral equations: eigenvalue and inhomogeneous problems. The Fredholm alternative theorem for
existence/uniqueness/non-existence. No Green’s functions.

The test is closed-book – no textbooks, calculators or computer-aided algebra. You will be given a copy
of the Basic Math Summary sheet and you may can use a one-page (2 sides) sheet of notes that you
have written yourself.

Study well and do your best!

0. Read Haberman, section 9.3 (pages 379–398) and Lecture notes 10, 11.
(My secondary variable s is the same as Haberman’s x0.)

1. Haberman page 394, Problem 9.3.6(a) and sketch G(x, s) vs. x for some fixed positive value of s (0 <
s < L).

2. For the boundary value problem

d3u

dx3
= f(x), u′(0) = 0, u(1) = 0, u′′(1) − 2u′(1) = 0

(a) Write the piecewise-defined Green’s function.

(b) Evaluate the integral
∫ 1
0 G(x, s)f(s) ds = u(x) for the solution of

d3u

dx3
= 24x, u′(0) = 0, u(1) = 0, u′′(1) − 2u′(1) = 0

to confirm that you can obtain the exact solution, u(x) = x4 + 2x2 − 3.
Hint: If you are not getting this solution, you might check if you’ve accidentally swapped G(x, s)
with G(s, x) (this problem is not self-adjoint) or swapped the pieces G±.

3. The Green’s function satisfying

d2G

dx2
+G = δ(x− s), G(x = 0) = 0, G(x = 1) = 0

is

G(x, s) =

{
sin(s− 1) sin(x)/ sin(1) 0 ≤ x < s

sin(s) sin(x− 1)/ sin(1) s < x ≤ 1

Use this Green’s function to evaluate the integral representation for the solution u(x) (see Haberman
equation 9.3.51, page 391) for the inhomogeneous problem

d2u

dx2
+ u = 10 u(0) = 7, u(1) = 3

See Haberman, section 9.3.5, pages 391–392. The integral produces a particular solution that will satisfy
homogeneous BC’s. That is why this will look different than the particular solution you’d generate from
the method of undetermined coefficients (they differ by a choice of homogeneous solution terms). The
Green’s formula boundary terms then balance things out to satisfy the inhomogeneous BC’s.
Simplify your answer down to u(x) = A cos(x) +B sin(x) + upar(x).

(continued)



4. Consider the inhomogeneous boundary value problem on 0 ≤ x ≤ π/2:

d2u

dx2
+ u = f(x) u(0) = 0 u(π2 ) = 0. (1)

(a) Determine the eigenfunctions and eigenvalues of

d2φ

dx2
+ φ = −λφ, φ(0) = 0, φ(π2 ) = 0. (2)

(b) Write the solution of problem (1) in terms of an expansion using the eigenfunctions,

u(x) =

∞∑
k=1

ckφk(x). (3)

(c) Work-out the piecewise-defined Green’s function for problem (1) via the delta function and jump
conditions.

(d) Consider the Green’s function to be a function of x with s as a fixed parameter, G(x). Calculate
the coefficients in the eigenfunction expansion of the piecewise-defined Green’s function obtained
in part (c) using the usual orthogonal projection approach,

G(x) =
∞∑
k=1

gkφk(x) with gk = gk(s) (4)

(e) What is the relation between ck from (b) and gk(s) from (d)?

Mercer’s theorem says that the piecewise-defined version of the Green’s function s the same as the bi-
linear eigenfunction expansion form. This problem (if you got it to work out) verifies this for the ODE
BVP (1).


