
Math 228: Mathematical Fluid Dynamics

Homework 11 Assigned: Wed. Apr. 18, 2012 Due: Wed. Apr. 25, 2012

Water Waves

0. Reading: Acheson, sections 3.1–3.6, 3.9.

1. For the nonlinear shallow water equations, written in the dimensional form,
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(a) Formulate and solve the formal eigenvalue problem for traveling wave solutions of the form

w(x, t) = ah(x, t) + bu(x, t)

where a, b, c are constants (a, b in the eigenvector and c the eigenvalue). Note: It is very
convenient to scale the eigenvector for this problem to have b = 1 . Obtain the two wave
speeds c± and the corresponding traveling wave functions w±.

(b) Use the chain rule and the shallow water PDE’s to evaluate the rate of change of w+(x, t) =
a+h(x, t) + u(x, t) on the characteristic curve x = x+(t) with speed c+:
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Hint: use w = w(x(t), t).

(c) The fact that dw+/dt is NOT equal to zero in (b) (and hence w will not be a steady traveling
wave) stems from the fact that the derivation shown in class applies only to systems of linear
hyperbolic equations; the shallow water equations are nonlinear. The problem of finding the
traveling waves for nonlinear problems is called Pfaff’s problem, which can be difficult in
general.
For the shallow water equations, Pfaff’s problem is not so hard and some of the results from
(a) can be salvaged. Use the formulas for a, c found in part (a) and write

W (x, t) = kah+ u

where k is a constant and W± are called Riemann invariants. Find the value of k so that
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Express u and h in terms of combinations of W+ and W−.

2. In 1880, Stokes found that the nonlinear equations for deep water waves can describe a standing
wave with a symmetric cornered peak:

 0

 0

Show that the equations

∇2φ = 0 for y ≤ η(x) and 1
2 |~u|2 + gη = 0 for y = η(x)



where ~u = ∇φ have a steady solution describing the circled region near the peak (i.e. for |~x| → 0),
given by the complex potential

w(z) = Ceiαzβ

where C > 0.

(a) Explain why the flow will automatically satisfy ∇2φ = 0 without the need to do any calcu-
lations.

(b) Show that |~u|2 = |dw/dz|2.
(c) Change to polar coordinates, z = reiθ. Write w = φ(r, θ) + iψ(r, θ) and identify the free

surface with the streamline for ψ = 0.

(d) Note that the free surface is composed of two rays: y = x tan θ1 for x ≥ 0 and similarly with
an angle θ2 for x ≤ 0. Use the symmetry of the peak, and the dynamic boundary condition
in polar coordinate form to determine α, β,C (and hence θ1, θ2).

3. Starting from the equations for surface waves on a layer of fluid with −H ≤ y ≤ η(x, t),
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we can study the small-amplitude waves on the surface of a river with a uniform flow speed U .

(a) To describe the waves on top of the mean flow, substitute-in

φ = Ux+ φ̃+B(t) u = U + ũ v = ṽ η = η̃

where all of the tilde-ed variables are assumed to be small in amplitude. Reduce the equations
to the appropriate linearised system written in terms of φ̃ and η̃ only. Select B(t) to cancel
out any terms not including either φ̃ or η̃.

(b) Assume the waves to be of the form

η̃(x, t) = A cos(kx− ωt).

Use separation of variable to determine the corresponding φ̃(x, y, t) and obtain the dispersion
relation for ω(k). Determine the group velocity and the phase velocity.

(c) Write down the equations for the tracer particle pathlines. (Extra credit: numerically solve
and plot trajectories)

(d) Determine the maximum flow speed U for which steady waves (having ω = 0) are possible.

(e) Deep water waves: Determine φ̃(x, y, t) from the equations in (a) if the fluid layer is very
deep, H → ∞. Show that the dispersion relation for these deep water waves matches the
result obtained by taking the limit H →∞ of ω(k) obtained in (b).

4. Given a river with flow speed U , as in the previous question, suppose that the bottom of the river
is the corrugated wall

y = −H + ε cos(kx).

(a) Write down the condition for no-flux of fluid through this boundary in terms of ũ, ṽ.

(b) Linearize this condition under the assumption that the amplitude ε is small.

(c) Determine the steady surface waves that can occur.


