
Math 228: Mathematical Fluid Dynamics

Homework 7 Assigned: Wed. Feb. 29, 2012 Due: Wed. Mar. 14, 2012

Conformal mappings and Interacting singularities in complex potential flows

0. Reading: Acheson, sections 4.11, 4.6–4.8, 5.6-5.8.

1. Consider the potential flow in the upper half of the complex s-plane with a wall at Im(s) = 0, a
uniform flow w(s) = Us, and a vortex of strength Γ at s = π + 4i.

Use the Schwarz-Christoffel transformation to determine how this flow transforms when the wall
is folded-up to form the boundaries of the half-strip, −π/2 ≤ x ≤ π/2, y ≥ 0, in the complex
z-plane with the corners of the strip corresponding to the points s = ±1.

(a) Write the complex potential for this flow, w(z).
(b) Identify the position of the vortex in the z-plane (use Maple or Mathematica to calculate the

value).
(c) Plot the streamlines for 0 ≤ y ≤ 4 for U = 0, Γ = 1.
(d) Plot the streamlines for 0 ≤ y ≤ 4 for U = 0.01, Γ = 1.

2. Recall from lecture that uniform flow with speed U and angle of inclination α around a circular
cylinder of radius a with additional circulation Γ is described by the potential

w(s) = U

(
se−iα +

a2

se−iα

)
− iΓ

2π
log s

and using the Joukowski transformation

z = s +
a2

s

this can be transformed to yield the complex velocity, dw/dz, for the flow around a flat plate,
−2a ≤ z ≤ 2a (portion of the x-axis, corresponding to s = aeiθ).

(a) Determine the stagnation points of the flow in terms of s from w(s). Determine the conditions
on Γ under which the stagnation points lie on the plate. Determine formulas for the z values
of the stagnation points. Identify which lies on the upper/lower surfaces of the plate (see left
figure below).

(b) Show that the speed of the flow, |dw/dz|, diverges at the tips of the plate, z = ±2a.
There is a value of the circulation Γ which eliminates the flow singularity for s = a (see
right figure below); this is called the Kutta condition. Determine the formula for this Γ. Use
the Kutta-Joukowski Lift theorem to determine the force on the plate; write it in terms of
F = Fx î + Fy ĵ.
Using the Kutta condition, substitute s = a + ε into your expression for dw/dz to de-
termine the first term in the Taylor series expansion for the complex velocity at z = 2a,
dw/dz = f0 + O(ε) as ε → 0.
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3. Consider a source of strength Q at a point z1 in the upper half of the complex plane. Write down
the complex potential for the flow in the upper half plane with a wall present at y = 0.

Let the source be free to move. Determine the equations of motion for x1(t) and y1(t) and solve
them starting from initial condition z1(t = 0) = a + ib with b > 0.

4. Consider a vortex of strength Γ1 at a point z1 outside the solid circular cylinder |z| ≤ a. Write
down the complex potential for this flow.

Let the vortex be free to move. Determine the equation of motion for z̄1(t). Show that the vortex
will orbit the cylinder on a concentric circle. Determine the vortex’s angular velocity Ω if the
vortex starts from z1(t = 0) = b > a.

5. Consider two interacting vortices,

w1(z) = − iΓ1

2π
log(z − z1(t)), w2(z) = − iΓ2

2π
log(z − z2(t)),

where the position of each is zk(t) = xk(t) + iyk(t). Each vortex moves according to the total
velocity field at its position excluding its own self-influence. Write down the equations of motion
for the vortices.

(a) Show that the separation distance, L = |z1 − z2|, remains constant.

(b) Show that if Γ1 + Γ2 6= 0 then the center of mass of the vortices,

Z =
Γ1 z1 + Γ2 z2

Γ1 + Γ2
,

remains constant.

(c) Show that the vortices move on concentric circles centered at Z and determine their common
angular velocity Ω. What are their paths if Γ1 + Γ2 = 0?

(d) Show that the equations of motion can be written in term of the Hamiltonian,

H = −Γ1Γ2

2π
ln(L),

as
dxk

dt
=

1
Γk

∂H

∂yk
,

dyk

dt
= − 1

Γk

∂H

∂xk
, for k = 1, 2.

Show that the value of H remains constant.


