
Math 228: Mathematical Fluid Dynamics

Homework 6 Assigned: Wed. Feb. 22, 2012 Due: Wed. Feb. 29, 2012

Complex potential flows

0. Reading: Acheson, sections 4.1-4.5, 4.10-4.13.

1. Acheson, page 152, problem 4.3.

2. Acheson, page 153, problem 4.5. Hint: The moment (torque) is given by the line integral
M =

∮
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3. (a) Consider a 2D potential flow with a source of strength Q at z = a, and a sink of the same
strength at z = −a, where a > 0. Write down the complex potential w(z). Take the limit
of moving the source and sink closer together, a→ 0, while making them stronger, Q→∞,
such that the product Qa remains constant. Show that the limiting potential is w(z) = m/z
for an appropriate constant, m. This is called a dipole. Determine the streamfunction
ψ(x, y). Show that the streamlines are circles through the origin with centers on the y-axis.
Sketch the streamlines and equipotential curves.

(b) Consider the combined flow due to a dipole with m = 2 at the origin and a uniform flow
with u = 0, v = 1. Find the stagnation points, determine the streamfunction ψ(x, y) and
sketch the streamlines.

4. An incompressible irrotational inviscid fluid flow occupies the upper half of the xy plane, y ≥ 0,
with a rigid wall at y = 0. There is a uniform flow, speed U , in the positive x-direction, and
a source of strength Q at (0, b). Write the complex potential w(z), and calculate dw/dz. Let
α = Q/(2πbU). Show that if |α| > 1 there are two stagnation points, both on the wall, while if
|α| < 1 there is only one in the fluid, a distance b from the origin (0, 0).

5. Consider an inviscid irrotational incompressible fluid flow occupying the region x2 + y2 ≥ a2

outside a rigid circular cylinder of radius a with a source of strength Q at (b, 0), where b > a,
and a circulatory flow around the cylinder as if due to a vortex of strength Γ at (0, 0).

Explain why the complex potential is
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Calculate dw/dz, and use Blasius’ theorem to find the force (Fx, Fy) on the cylinder.

6. Recall that the complex potential w(z) =
√
z (with a branch cut along the positive x-axis)

describes the steady 2-D III flow around an semi-infinite flat plate (the positive x-axis). Use the
Blasius integral to calculate the force imposed on the plate by the flow.
Hint: Your path of integration will be a loop around the plate. Consider the contour C =
C1 + C2 + C3 with ε ≥ 0,

C1 = (∞, ε) → (0, ε) z = x+ iε dz = dx x : ∞→ 0,

C2 = (0, ε) → (0,−ε) z = εeiθ dz = iεeiθ dθ θ : π/2 → 3π/2,
C3 = (0,−ε) → (∞,−ε) z = x− iε dz = dx x : 0 →∞.


