
Math 228: Mathematical Fluid Dynamics

Homework 3 Assigned: Wed. Feb. 1, 2012 Due: Wed. Feb. 8, 2012

The Stress Tensor and Boundary Conditions

0. Reading: Acheson, sections 1.2, 6.2-6.4 and the brief guide to index notation.

1. The Reynolds transport theorem is the Lagrangian approach to writing conservation laws on volume
moving with the flow. The alternative, Eulerian approach is to examine conservation laws and fluxes
on fixed control volumes (i.e. time independent domains), for all choices of control volumes in the
flow. Use this approach for the following:

(a) Show that the strong form of the Cauchy momentum balance equations can be obtained from
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(b) Acheson, page 24, problem 1.4.

2. Basic familiarity with index notation for Cartesian tensors can be very useful for fluid dynamics, solid
mechanics and many other fields. Please read the brief guide or other references on index notation,
then work out the following:

(a) Let A be an anti-symmetric (or “skew symmetric”) 2-tensor (i.e. aij = −aji). Show that every
A can be written as

aij = εijkωk where ωi = 1
2εijkajk,

and work out the vector expression for A~x in terms of ~ω, ~x.

(b) The general expression for an isotropic tensor of rank 4, K, is

Kijk` = αδijδk` + βδikδj` + γδi`δjk,

where α, β, γ are constants. The deviatoric part of the Newtonian stress tensor is given by

σ ≡ λ(∇ · ~u)I + µ(∇~u +∇~uT ).

Show that σ = K∇~u (namely σij = Kijk`uk,`) given two additional conditions: (1) σ = 0 if
∇~u is antisymmetric, and (2) σ is symmetric. Identify the parameters α, β, γ in terms of the
viscosity coefficients µ, λ.

3. Consider the two-dimensional flow of a compressible constant-viscosity Newtonian fluid, with u(x, y, t),
v(x, y, t), p(x, y, t), ρ(x, y, t):

(a) Write the differential equations for the conservation of mass and conservation of momentum for
a general (compressible) Newtonian fluid in the presence of gravity (acceleration g in the −ĵ
direction). Expand-out the vector forms of terms to produce three scalar equations in terms of
u, v, p, ρ. (Hint: Use Cauchy’s equation with T = −pI + λ(∇ · ~u)I + 2µE.)

(b) Consider a layer of fluid that is lying on top of a fixed, flat solid surface and is exposed to the air
above. The equation for the solid surface is y = 0. The equation for the interface (boundary)
between the layer fluid and the motionless, inviscid air is y = h(x, t) (the height of the fluid
layer is the graph of a function of position and time). Assume the layer extends indefinitely in
the x-direction, −∞ < x < ∞. Draw a sketch of the geometry of this problem and identify a
level-set function f(x, y, t).

(c) Apply the three fundamental boundary conditions1 at the fluid-solid boundary. What are the
resulting equations?

1(1) Kinematic boundary condition for the normal velocity, (2) No slip for the tangential velocity, and (3) the stress balance.



(d) Write analytical expressions for the unit-tangent (~τ ) and unit-outer-normal (~n) vectors to the
boundary at position (x, h).

(e) Apply the kinematic and no-slip boundary conditions at the fluid-gas boundary. What are the
resulting equations?

(f) Modify the stress balance boundary condition to describe the influence of surface tension. Sur-
face tension is a surface force that tries to “flatten out any curvature in the boundary”; it acts
in the direction perpendicular to the boundary.
Use the results from (d) to expand-out the vector equation for the surface force balance:

~t1 +~t2 + σκ~n = 0,

where ~t1 is the surface traction of the gas on the fluid, ~t2 is the surface traction of the fluid on
the gas, and the third term is the surface tension of the fluid: ~n is the unit-outer normal to the
fluid, σ is a positive constant, and κ is the curvature of the surface (Hint: Find the formula for
the curvature of a function from a calculus book).

(g) Expand-out the surface stress-balance vector equation into two scalar component equations:
one by taking the dot-product of the stress equation with the normal vector to the fluid ~n2, the
other by taking the dot-product of the equation with the tangent vector ~τ 2. (Hint: Use the
orthogonality of the tangent and normal vectors, ~τ · ~n = 0.)

(h) Simplify your equations for the case of an incompressible Newtonian fluid.


