
Math 211, Fall 2011, Test 1

1. (50 pts) Consider the linear operator: Lu ≡
∫ 1

0

[
48xt2 − 30x3t

]
u(t) dt .

(a) (17 pts) Determine all of the eigenvalues and determine the eigenfunctions for the eigenvalues of
finite multiplicity in Lφ = λφ.

(b) (12 pts) Write the adjoint operator. Determine the adjoint eigenfunction for the eigenvalues of finite
multiplicity.

(c) (21 pts) Let β be a real constant. Consider the second kind Fredholm integral equation for u(x):

Lu + βu(x) = βx + 2x3.

i. (12 pts) Determine a solution of this equation by directly substituting-in an appropriate two-
term assumed form for u(x). The coefficients in your solution will depend on β. Simplify your
answer as much as possible.

ii. (3 pts) For what value(s) of β does this equation have no solution?
iii. (3 pts) For what value(s) of β does this equation have only one solution?
iv. (3 pts) For what value(s) of β does this equation have infinity many solutions?
For (ii, iii, iv) justify your answers briefly (like one sentence).

2. (24 pts) [Part 1] Consider the ODE eigenvalue equation for φ(x) on 1 ≤ x ≤ 3:

x3d2φ

dx2
− 3x2dφ

dx
+ 4xφ

︸ ︷︷ ︸
Lφ

= −λxφ

(a) (5 pts) Determine the formal adjoint operator with respect to the standard L2 inner product on
1 ≤ x ≤ 3.

(b) (19 pts) Consider the eigenvalue problem with the boundary conditions:

φ′(1) = 0, φ′(3) − 2

3
φ(3) + 6φ(1) = 0.

For these boundary conditions λ0 = 0 is an eigenvalue.
i. (6 pts) Find the eigenfunction φ0(x) for λ0 = 0.

(DO NOT attempt to find the other eigenvalues/eigenfunctions)
ii. (13 pts) Determine the adjoint boundary conditions and the adjoint eigenfunction for λ0 = 0.

2. (26 pts) [Part 2]

(c) (6 pts) Determine the p(x), q(x), σ(x) functions that put the ODE into Sturm-Liouville form,
(pφ′)′ + qφ = −λσφ.

(d) (20 pts) Now consider the eigenvalue problem with Dirichlet boundary conditions:

φ(1) = 0, φ(3) = 0.

For these boundary conditions, the eigenfunctions are φk(x) = x2 sin
(

kπ
ln x

ln 3

)
for

k = 1, 2, 3, · · ·.
i. (2 pts) Determine the corresponding eigenvalues, λk

ii. (6 pts) Determine the coefficients in the expansion f(x) =
∑

k fkφk(x) of the function f(x) =
x2 ln(x). Simplify your answer as much as possible.

iii. (2 pts) Based on your fk for k → ∞ in (ii), what is the order of continuity of the expansion?
(what order of derivative contains a discontinuity?)

iv. (10 pts) Determine the coefficients in the expansion u(x) =
∑

k ckφk(x) of the solution of the
problem:

Lu(x) = x3, u(1) = 0, u(3) = 0.


