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Log Sobolev inequalities

A metric space (X, d) equipped with a Borel probability measure p
satisfies a log Sobolev inequality (LSI) with constant C > 0 if, for
every locally Lipschitz function f : X — R,

/(f2 log f2)dp — (/ f2dp> log </ f2dp> < 2C/\ny2dp,

where

e IF) = 00
IVF|(x):=1 yﬁxp a0

We'll be focused on the setting of X a Riemannian manifold
(M, g) equipped with the standard Riemannian distance d = d,
and p; = Law(B;) where B; is a Brownian motion on M.



Brownian motion on a Lie group
In particular, when M = G is a Lie group, the Brownian motion
may be expressed as the solution of the SDE
dBt = Bt ©) th
with By = e, where W; is BM on g = Lie(G).

As an illustrating example, we focus on the even more specific case
that G = U(N) is the N x N unitary matrices with Lie algebra
u(N), the skew-Hermitian matrices. For A, B € u(N), let

(A, B) = NTr(B*A)

and, identifying T;U(N) = u(N), we may extend this to a
bi-invariant Riemannian metric on U(N).



Brownian motion on U(N)

We may describe Brownian motion UM on U(N) as the solution to
the SDE

dul = UN o dwN
1
= UNdwlN — EUt"’ dt
with UY = Iy, where W, is a standard Brownian motion on u(/N)

(for example, take {fk}kza an onb of u(/N) wrt the given inner

product and W}N = ZNQ_l b’fj, where the b} are independent
standard BMs on R).

We're interested in understanding LSls for Law(U}).



Some motivation: The empirical spectral measure

A matrix U € U(N) has N eigenvalues on S, e/ ... e/n.
The spectral measure of U is the probability measure on St

1 N
pu =y g 0,0, -
j=1

For each fixed t > 0, U; is a random unitary matrix, and we
denote its empirical spectral measure by uN = uy,.



Spectrum of BM on U(20)
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Some motivation: ESM — Biane's measure

Theorem (Biane, 1997)

There exists a deterministic probability measure v; on S so that
ulN converges weakly almost surely to v;:
for all f € C(S1),

lim / fdugv—/ fdv as.
N—oo Jg1 !

Rates of convergence of ul — v?



The equilibrium case

Theorem (Meckes—Meckes, PTRF 2013)

Let UN be a Haar-distributed (uniform) random matrix in U(N),
and let v be the uniform measure on S*. Then

log N
E[W (g, v)] < €25

and with probability 1
log N

W(pyn,v) < C
for all sufficiently large N.

Proof relied on concentration of measure techniques.



Concentration via LSI

Let (X, d) denote a metric space with Borel probability measure p.

If (X,d, p) satisfies a LSI with constant C > 0, then for any
L-Lipschitz F : X — R with E|F| < oo

p(IF —EF| > r) <2e"/FC.



LSI for heat kernel measure

When (X, d) is a Riemannian manifold (M, g, dg), let V and A
denote the gradient and Laplace-Beltrami operators acting on
C>®(M). Let

P.f(x) := e"2/2f(x) :== E[f(BY)] = /Mfdp§

where {B;}+>0 is a Brownian motion on M started at x.
(i) [Bakry—Emery, 1984] Ric > —k if and only if
|\VPf| < K(t)P: V| ,Vf € C°(M) and t >0, (¥*)

holds with K(t) = e*t.

(i) If (*) holds, then LSl is satisfied for pf with coefficient

C(t) = /0 " K2(s)ds.



LSI for heat kernel measure
(i) Ric > —k if and only if
|VP:f| < K(t)P: |VF|,Vf e C(M)and t >0, (*)
holds with K(t) = ekt
(i) If (*) holds, then LSl is satisfied for pf with coefficient

C(t) = /Ot K2(s)ds.

(i) Ricyny) >0 =
IVP.f| < P, |VF|,Vf € C°(U(N)) and t > 0,

(i) Thus LSI for Law(U;) is satisfied with coefficient C(t) = t.
But we should be able to do better. ...



Transformations of LSI

It's well-known that LSI behaves well under certain operations.

» (tensorization) Suppose that (X;, d;, p;) satisfy LSI with
constant C; < oo. Then for X = X1 x .-+ x X, equipped with
product distance and product probability measure
pi=p1 Q- ® pp, (X,d,p) satisfies LS| with constant
C .= maXi<i<n C,'.

» (under Lipschitz mappings) Suppose that (X, dx, p) satisfies
LSI with constant C. Let F: (X,dx) — (Y, dy) be an
L-Lipschitz map. Then (Y, dy, po F~1) satisfies LS| with
constant L2C.

We combine these tools and the known estimate from the
curvature bound, with a smart coupling of Brownian motions,
inspired by an analogous result for Haar measure on U(N)
[Meckes—Meckes, ECP 2013]



The coupling

Lemma (Meckes-M)

Let b° be an R-valued Brownian motion and z; := eib?/N, and let
Vi be a Brownian motion on SU(N) issued from the identity. Then
z; Vi is a Brownian motion on U(N).

Proof. Note that z; satisfies the SDE

ldb0 1

N anzdt

de_- = Zt——
Setting Z; := z¢ly

dZt - Zt dbt tht

2N2
where b; = b?go with & = i/N/N.



The coupling

Let 5 = {¢ J{V:fl be an onb of su(N), and let {b{r}JN:Zfl be
independent R-valued BM. Then

B N>-1
W = Z b{“éj
j=1
is a BM on su(N), and V; satisfies the SDE
dVe = Ve o dW,
e 1
- thWt+§VtZ§2dt

§ep

~ NZ—1



The coupling

Now, {{1-}1’.\’:20_1 is an onb of u(N), and z;V; = Z; V; satisfies

. NZ —1
d(Z: Vi) = <thbt SN2 —7Z dt> Vi + Z; (Vt dW; — (2/\/2> Vt)
~ 1
- Zt Vt (dbt + th) - EZt Vt’ dt

Since W; = b; + W, is a BM on u(N), and that BM on U(N) is
the solution to 1
dl.ji_L == Utth - 5Utdt7

this implies that z;V; € SU(N) x S* ~ U(N) isa BM on U(N). B



Improving LSI on U(N)

> With this scaling of the metric Ricsy(n) = % Thus LSI holds
on SU(N) for Law(V;) with coefficent

C(t) =4(1—e /%),

» Elizabeth's LEMMA: for the heat semi-group on S?,
/
< - -
’(Pff) ‘ =1 _ e (t—a)/4
This proof was based on [Saloff-Coste 1994] uniform estimates
on the distance from the heat kernel on S! to 1.

Combining this with Ricg1 > 0 shows that the LSI holds on
St for Law(e*) with coefficient C(t) = min{t, C}.



Improving LSI on U(N)

» Define F : S1 x SU(N) — U(N)
F(e v)=elV.
Then F is Lipschitz and

F(eibt/N2, Vt) g Ztvt g Ut.

Theorem (Meckes—M)

The LS holds for the heat kernel measure Law(U;) on U(N) with
coefficient C(t) = C' min{t, C}.



Application to esm — Biane's measure

Theorem (Meckes—M, 2018)
With probability one for N sufficiently large
T2/5log N

sup W, N,z/ <c
0seeT ) < N2/5

> previously known convergence rates were for moments of the
ensemble-averaged spectral measure [Collins—Dahlqvist—-Kemp

2016]

» paper borrowed multiple techniques from Meckes—Meckes
toolkit

» the proof of concentration that appeared in the paper didn't
go through LSI



General compact Lie groups as products

Proposition (Cheeger—Ebin 1975, Milnor 1976)
A simply connected Lie group G which admits a bi-invariant metric
is the product of a (compact) group with strictly positive Ricci
curvature and a group of curvature 0.
Let

3 ={x€g:[x,y]=0forally € g}
which is an ideal of g. If G has a bi-invariant metric and / is any
ideal of g then /- is also an ideal since

0= (I, 1) = ([x, 1, I*) = (I, [x, I*]).

Thus, g splits as g = 3 ® b where h = 3. Let G = Z x H be the
corresponding splitting of G.



The coupling on general compact Lie groups

Let Z(t) and H(t) be Brownian motions on Z and H:

£)> zkodB(t), dH(t) = H(t)>  hjodW(t)
k=1 Jj=1

where {By}, {W;} are independent standard BMs and {z} is an
onb of 3 and {h;} an onb of . Then

d(Z(t)H Zz,odB t)+Z(t)H Zh o dW;(t

= Z(t)H(t) is a Brownian motion on G.



Improved LSI on general compact Lie groups

Theorem (Meckes—-M-Wang, 21+)

For t > 0, the heat kernel measure on G satisfies the LS| with
coefficient C(t) = C’' min{t, C}.

Follows essentially as before from the tensorization property of the
LSI and the coefficient for the heat kernel measure on Z ~ (S1)®™.
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