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ABSTRACT. For any Legendrian knot or link in R3, we construct an Lo
algebra that can be viewed as an extension of the Chekanov—Eliashberg
differential graded algebra. The Lo structure incorporates information
from rational Symplectic Field Theory and can be formulated combi-
natorially. One consequence is the construction of a Poisson bracket
on commutative Legendrian contact homology, and we show that the
resulting Poisson algebra is an invariant of Legendrian links under iso-
topy.

1. INTRODUCTION

1.1. Main results. The modern study of the topology of 3-dimensional
contact manifolds is inextricably tied to the study of Legendrian links, which
are knots or links in the 3-manifold that are everywhere tangent to the con-
tact structure. Associated to a Legendrian link is an algebraic invariant
known as Legendrian contact homology (LCH), which dates back to work of
Chekanov [Che02] and Eliashberg-Hofer [EIi98]. LCH, which is the homol-
ogy of a complex now commonly called the Chekanov—Eliashberg differential
graded algebra (DGA), is a key tool for studying both Legendrian links and
the topology of associated contact and symplectic manifolds.

In this paper, we will restrict our attention to the basic setting of Legen-
drian links in R? equipped with the standard contact structure ker(dz—y dz).
From its original definition in [Che02], the study of Legendrian contact ho-
mology in R? has developed into a rich subject. In just the R? setting, one
can use LCH to distinguish non-isotopic Legendrian links and analyze La-
grangian cobordisms between them; there are surgery formulas expressing
invariants of symplectic manifolds constructed by critical handle attach-
ment in terms of LCH; and LCH has connections to the theory of con-
structible sheaves (see e.g. [STZ17, NRS™20]) and cluster varieties (see e.g.
[CGGT22 [GSW20]). We refer the reader to [EN22] for a fairly recent survey
of results concerning LCH in standard contact R3.

The purpose of this paper is to extend the Chekanov—Eliashberg DGA for
Legendrian links in R? to a larger algebraic structure, namely the structure
of an Ly algebra (homotopy Lie algebra). If we write (A, d) for the DGA,
then the L, structure consists of a sequence of graded-symmetric multilinear
maps /, : A®* — A, k > 1, satisfying a sequence of L relations. The first
L, operation ¢ is the differential 0; the second operation ¢5 is a homotopy

1



2 LENHARD NG

Lie bracket, with /1 being a derivation with respect to fo and /o satisfying
the Jacobi identity up to correction terms involving ¢; and ¢3. In particular,
5 induces a Lie bracket on the homology H, (A, ¢1).

We now state our main results more precisely. We say that a pointed
Legendrian link is an oriented Legendrian link with a collection of base
points, at least one on each component. Let A be a pointed Legendrian
link with s base points and n Reeb chords, which are integral curves of the
Reeb vector field (0/0z for standard contact R?) with endpoints on A. We
associate to A the graded polynomial ring

AT = Zlqq, ... ,qn,tlﬂ, ... ,tsil]

where the ¢;’s represent Reeb chords, the t;’s represent base points, and
the grading is induced by a Maslov potential on A. This is the algebra
underlying a differential graded algebra (A“°™™, 0), which is the commuta-
tive version of the Chekanov—Eliashberg DGA of A. Here the differential 0
counts holomorphic disks in the symplectization R x R? with boundary on
the Lagrangian R x A, asymptotic to a single Reeb chord of A at +00 and
some collection of Reeb chords at —oo.

We note that the standard definition of the Chekanov—Eliashberg DGA
involves a tensor algebra A generated by the same generators as A“°™™:
qi,--- ,qn,t{cl, ...,tT!. However, in the usual DGA, the g; and t; variables
do not commute with each other; A“™™ is the quotient of A by the two-sided
ideal generated by graded commutators. In order for the Lo, relations to
hold, we will be forced to use A“™™ rather than A; see however Section [3.5
for a variant L., structure in the case of single-component Legendrian knots
that does retain some of the noncommutativity of A.

The homology of the usual Chekanov-Eliashberg DGA (A,0) is an in-
variant of the pointed Legendrian link A under Legendrian isotopy, and is
called the Legendrian contact homology of A. The same is true for the com-
mutative DGA once we tensor by a field k of characteristic 0: it follows from
[ENS02, Theorem 3.14] that the homology of (A“™™ ®k, 0) is a Legendrian-
isotopy invariant of A. We will refer to H,(A“™ ®k, 0) as the commutative
Legendrian contact homology of A and denote it by LCH™™(A).

The main construction of this paper is an L., algebra structure on A®™™,
In fact it follows from the construction of the f; maps that each £ satis-
fies the Leibniz rule with respect to standard (associative) multiplication
on A®MM: an L., algebra satisfying Leibniz is usually called a homotopy
Poisson algebra.

Theorem 1.1 (see Deﬁnitionand Proposition. Let A be any pointed
Legendrian link in R3 with commutative Chekanov-Eliashberg DGA (A™™ 9).
There are maps €y, : (AC™™Ek _y gcomm for > 1, with £1 = 0, such that
(Acomm L01) is a homotopy Poisson algebra.
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The operation ¢, counts holomorphic disks in (R x R3, R x A) with &k positive
ends, as we discuss further in Section As an immediate consequence of
Theorem f5 induces a Poisson bracket on the commutative LCH of A:

Corollary 1.2 (see Corollary [3.7). For any pointed Legendrian link A,
(LCHS™™(A), {3) is a Poisson algebra.

In this paper, we will also study, but not completely resolve, the question
of invariance of the L., algebra under Legendrian isotopy. We conjecture
that our construction is invariant:

Conjecture 1.3 (see Conjecture|5.1)). The homotopy Poisson algebra (A“™™, {{}})
of a pointed Legendrian link A is invariant under Legendrian isotopy of A,
up to Lo equivalence.

Here an L., equivalence is a L, morphism between L., algebras, given by
a collection of maps {f;}7°, inducing an isomorphism on ¢; homology; see
Section [5.1] for details. We will partially resolve this conjecture, constructing
the maps fi, fo and thus establishing invariance up through /5.

Proposition 1.4 (see Proposition|5.4)). The homotopy Poisson algebra (A°™™ {lr})
of A is invariant under Legendrian isotopy of A, up through the €5 operation.

Corollary 1.5 (see Proposition[5.4). The Poisson algebra (LC HZ™™(A), (5)
is invariant under Legendrian isotopy of A.

Our construction of the Lo, structure, like Legendrian contact homology
itself in R3, can be described in completely combinatorial (non-analytic)
terms. As a consequence, one can readily calculate the Lo, structure for any
given Legendrian link. One particularly interesting family of Legendrian
links is the collection of (—1)-closures of admissible positive braids (see Sec-
tion , including rainbow closures of positive braids. For this class of
Legendrians, the L, algebra is strict in the sense that ¢, = 0 for k£ > 3, and
it follows that the commutative Chekanov—Eliashberg DGA is a DG Poisson
algebra. In particular, for an admissible positive braid with N strands and
k crossings, the fo operation on A®™™ induces a Poisson bracket on the
polynomial ring Clgi, ..., g, t{d, . ,t]j\t,l]. In the specific case where A is a
Legendrian (2,2n) torus link given by the (—1)-closure of the 2-braid 03",
this Poisson bracket agrees with the Flaschka—Newell bracket; see Proposi-
tion We believe that the general family of Poisson brackets associated
to arbitrary admissible positive braids may be new.

In upcoming work [CGNT]|, the L., structure constructed in this paper
will be used to construct a symplectic form on the augmentation variety
of a large family of Legendrian links. Here the augmentation variety is
a Legendrian-isotopy invariant constructed from the Chekanov—Eliashberg
DGA—roughly speaking, it is given by Spec LCH§*™™ (A)—and the ¢, op-
eration dualizes to a closed differential 2-form on the augmentation vari-
ety. The fact that this 2-form is nondegenerate follows from Sabloff duality
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FiGURE 1. Left: a holomorphic disk contributing to the dif-
ferential 0 in the (commutative) Chekanov—Eliashberg DGA
(A 9) of a Legendrian A; here a;,a;,,aj,,a;, are Reeb
chords of A. Right: a holomorphic disk contributing to the
{5 operation on A4™m,

[EESQ9]; conversely, it will follow that the Lo, structures in this paper are
nondegenerate in a suitable sense.

In another direction, we conjecture that the L., structure is functorial
under exact Lagrangian cobordism:

Conjecture 1.6. Let AT be pointed Legendrian links, and suppose that there
is an exact Lagrangian cobordism from A~ to AT. Then there is an Lso
morphism from the Lo, algebra ((AT)™™ {¢F}) of AT to the Lo algebra
((A7)comm {0°}) of A~ eatending the usual cobordism map of Chekanov-
Eliashberg DGAs (AT)comm — (A~ )comm,

We hope to return to this conjecture in future work.

1.2. Geometric motivation. We now discuss the construction of the L
structure in slightly more detail. The ¢; operations that constitute our
Ly structure are defined using rational Symplectic Field Theory (SFT)
[EGHO00]. Where LCH counts rigid holomorphic disks in the symplectization
R x R3 with boundary on R x A with a single positive end at a Reeb chord
(and any number of negative ends), rational SF'T counts rigid holomorphic
disks with any number of positive ends; the holomorphic disks with k positive
ends contribute to £ for each k > 1. See Figure[l|for an illustration of terms
in ¥1 = 0 and /5.

The version of rational SF'T that we consider in this paper is a relative
version of rational SFT for closed contact manifolds V', which counts punc-
tured holomorphic spheres in the symplectization R x V' whose punctures
are mapped to Reeb orbits at +o0 in the R direction. In the closed case, it
is well-known that one can use rational SFT to produce an Lo, structure on
the polynomial algebra generated by Reeb orbits: see [Siel9, [MZ20]. More
concretely, ¢x(qj,,...,q;,) is a sum, over all rigid punctured holomorphic
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FIGURE 2. Possible degenerations of a 1-dimensional mod-
uli space of holomorphic disks (center). Left: a two-story
building given by gluing together a positive end of one rigid
disk to a negative end of another rigid disk. Right: two rigid
disks joined at a point on their boundaries.

spheres with positive ends at the Reeb orbits ¢;,, ..., g;,, of the product of
the negative ends of each sphere.

In the closed case, the claim that the £ operations satisfy the L, rela-
tions is derived from the fact that 1-dimensional moduli spaces of punctured
holomorphic spheres can be compactified by adding two-story buildings con-
sisting of two rigid punctured holomorphic spheres with a positive end of one
sphere glued to a negative end of the other. It then follows, as in standard
Floer-theoretic 8% = 0 arguments, that the endpoints of any 1-dimensional
moduli space contribute canceling terms to the Lo, relations. The standard
way to express the fact about two-story buildings is an equation of the form

{h,h} = 0.

Here h is a Hamiltonian in the variables ¢; and dual variables p; given by
summing the product of the positive ends (recorded as p;’s) and the negative
ends (recorded as g;’s) of all rigid punctured holomorphic spheres, and the
SFT bracket {-, -} is defined by {p;,, ¢, } = —{@j.,Pj, } = Jj,jo: geometrically
this glues a punctured sphere with a negative end at some Reeb orbit to a
punctured sphere with a positive end at the same Reeb orbit. See [Lat22]
for further discussion of this perspective on the L, structure in the closed
setting.

Compared to the closed case, the relative case of rational SF'T has a signif-
icant complication: 1-dimensional moduli spaces of punctured holomorphic
disks can degenerate to two-story buildings, but there are also “boundary
degenerations” (essentially boundary bubbling) consisting of two holomor-
phic disks joined by a common point on their boundary. See Figure [2] for
an illustration of each type of degeneration. This is a well-known issue, and
for Legendrians in R? there are at least two (related) approaches to work
around this difficulty. One approach, due to Ekholm [EKhOS§], is to restrict to
multi-component Legendrian links and count only holomorphic disks whose
boundary components lie on all different components of the Legendrian; this
eliminates boundary bubbling.
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Another approach, and the one that underlies the present paper, is given
in previous work of the author [Ng10]. This approach fleshes out a strategy
laid out by Cieliebak, Latschev, and Mohnke [CL09|, using ideas from string
topology to treat the boundary-degeneration problem. As in the closed case,
one can define a Hamiltonian A associated to a Legendrian A, but now the
equation {h,h} = 0 is replaced by

%{h, B} = h,

where ¢ is an operation called the string coproduct. In [Ngl0], this equation
(the “quantum master equation”) is used to produce a curved DGA associ-
ated to any Legendrian knot (the “LSFT algebra”), which is invariant in a
suitable sense under Legendrian isotopy.

Analogously to the closed case, one can try to define an L., structure on
the commutative Chekanov—FEliashberg DGA A“°™™" of a Legendrian A by
defining ¢(qi,, ..., q,) to be a sum over all rigid holomorphic disks with
positive ends at the Reeb chords g;,,. .., ¢, of the product of the negative
ends of the disk; see Figure [T]for illustrations for k =1 and k = 2. For k =1
this recovers the usual differential 9 on A“™™. However, the presence of
0h in the quantum master equation means that these £;’s do not satisfy the
L relations, unlike in the closed case.

We will solve this problem in this paper by defining ¢, as described above
for all k£ # 2, but adding a correction term ¢35 to ¢5. This correction term,
which is of the form €5 (g;,,q;,) = aj,,j,q;,qj, for some aj j, € 3Z, is a
string-topology contribution to fo and depends on the placement of base
points on A. By choosing these coefficients o, j, appropriately, it is possible
to cancel out the effect of the §h term in the quantum master equation and
thus produce operations {{}}7° satisfying the L relations. As an added
benefit, even though rational SFT was only defined for Legendrian knots
and not multi-component Legendrian links in [Ng10|, we will show that our
construction of {/} extends to links as well as knots, and that the L.
relations are satisfied in all cases.

We remark that even though defining the Lo, structure combinatorially is
relatively straightforward—see Section B|—verifying the Lo, relations is tech-
nically rather intricate, and this verification forms the heart of this paper.
One specific notable technical issue is that because f5 needs to be graded
symmetric, (anti)symmetrization forces us to define string contributions £5*
to f5 that have coefficients in %Z rather than in Z. This means that our
Lo algebras are forced to be defined in fields of characteristic # 2. In turn,
this forces us to keep careful track of signs (or, geometrically, orientations of
moduli spaces) at all times. A fair amount of the difficulty in verifying the
L relations comes from working through the resulting profusion of signs.

In the special case where A is a single-component Legendrian knot, the
string corrections to fo simplify significantly, and the full /5 operation can
be expressed in terms of the differential on the LSF'T algebra, which was
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constructed in [Ngl0] to encode rational SFT. Indeed, for Legendrian knots,
the L structure defined in this paper is equivalent to a version of the LSFT
algebra, the commutative complex defined in [Ngl0] section 2.4], in the sense
that one can read the commutative complex from the L., structure and vice
versa; see Proposition [3.13] Thus we can view the Lo structure in this case
as a repackaging of a previously-defined Legendrian invariant. However, we
note two points: first, it is unclear that invariance of the commutative com-
plex as shown in [Ng10] implies invariance of the Lo, structure, or vice versa;
second, our construction of the L, structure is entirely new for Legendrian
links, or indeed for Legendrian knots with multiple base points.

1.3. Outline of paper. In Section [2| we describe the ingredients that go
into defining the L, operations, including broken closed strings, the Hamil-
tonian, the string coproduct, and the quantum master equation, and estab-
lish some of their fundamental properties. This is an upgrade of material
from [Ngl0] from the setting of Legendrian knots to the setting of pointed
Legendrian links. In particular, we include a discussion of grading for the
Chekanov—Eliashberg DGA in the presence of multiple base points that we
believe is new and may be of independent interest.

We present the construction of the L., structure, with examples, in Sec-
tion|3] We then establish the Lo, relations in Section 4|and prove invariance
under Legendrian isotopy in Section

Acknowledgments. The immediate motivation for this work was to pro-
vide some technical background for future collaborative work on augmenta-
tions and clusters stemming from a SQuaRE project sponsored by the Amer-
ican Institute of Mathematics. I am deeply indebted to my collaborators on
this project, Roger Casals, Honghao Gao, Linhui Shen, Daping Weng, and
FEric Zaslow, for many insightful discussions that led to the present paper,
and to AIM for providing a perfect setting for this group to work. I also
thank Tobias Ekholm, Kenji Fukaya, Augustin Moreno, and Vivek Shende
for illuminating conversations related to L, structures in symplectic topol-
ogy. This work was partially supported by NSF grant DMS-2003404.

2. RATIONAL SYMPLECTIC FIELD THEORY FOR LEGENDRIAN LINKS

In this section, we present background material that goes into defining
rational SF'T for 1-dimensional Legendrians, following [Ng10]; the construc-
tions described in this section will then be used to define the L, structure
in Section [3] We begin in Sections and with a description of the
algebraic framework; this is followed in Sections through by a discus-
sion of capping paths and the more general notion of broken closed strings.
We introduce the Hamiltonian for rational SFT in Section 2.6 and the al-
gebraic operations of the SF'T bracket and string coproduct in Sections
through We conclude by discussing the quantum master equation in
Section
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Many of the constructions in this section were originally presented in
[Ngl10], and we will make frequent reference to that paper, but we have
tried to keep our exposition as self-contained as possible. We will also ex-
tend the constructions from [Ngl0], which were defined specifically for only
Legendrian knots with a single base point, to the more general case of Leg-
endrian links with arbitrarily many base points. This adds a significant level
of complication to the arguments as compared to [Ngl0]: for instance, the
string coproduct is no longer a derivation with respect to the SF'T bracket,
cf. Proposition [2.30

Throughout this section and the paper, we will be considering R? with
standard coordinates z,y,z and the standard contact structure ker(dz —
ydz). Smoothly embedded links in R? are Legendrian if they are everywhere
tangent to the plane field given by the contact structure. One reference for
relevant background material about Legendrian links in standard contact
R3 is the survey [EN22].

2.1. Algebras and modules associated to Legendrian SFT. Here we
review the basic algebraic structures from rational Legendrian Symplectic
Field Theory [Ngl0], with some modifications for our purposes. These are
the building blocks that we will use to define the L, structure.

Definition 2.1. A pointed Legendrian link in R3 is an oriented Legendrian
link equipped with a collection of base points, with each connected compo-
nent of A containing at least one base point. A pointed Legendrian link is
diagram-generic if the only singularities of the immersed curve II,,(A) are
transverse double points and no base point is mapped by 11, to one of these
double points.

Let A be a pointed Legendrian link in R3. We label the base points on
A by eq,...,e,, and the crossings of II,,(A), which are the Reeb chords of
A, by aq,...,a,. For bookkeeping of paths on A, we introduce a partner to
each base point e;: a point x; immediately preceding e; with respect to the
orientation of A. To distinguish %; from e;, we will refer to it as a “marked
point” rather than a base point.

We associate variables to the base points and Reeb chords as follows:

e to each marked point %;, an invertible variable t;;
e to each Reeb chord a;, two variables ¢; and p;.

Throughout the paper we will write

S:= {(hvpl’ s 7Qn7pn7tit17 s atfgtl

for the collection of these variables. We will define a Z-valued grading on
each variable in S in Section for now we assume these gradings are
given, and proceed to construct some algebras and Z-modules out of these
variables.



AN Lo STRUCTURE FOR LEGENDRIAN CONTACT HOMOLOGY 9

Let
A=T7{q, ... qn,t5, ... tT)

be the noncommutative graded algebra generated by the ¢’s and t’s: as a
Z-module, this is freely generated by words in the ¢’s and ¢’s (i.e., words
in the elements of S besides pi,...,py). This is the algebra underlying the
usual Chekanov—Eliashberg DGA of A (more precisely, the “fully noncom-
mutative” version of the C-E DGA).

Next define

AgFT :Z<q17"'7‘]n7p17"'7pn7t:1ta"'7t?>:

as a Z-module, this is freely generated by words in the elements of §. This
has a ﬁltration AgFT - ‘FOA(S)FT D FlA(S)FT D ‘FQA(S)FT D Tty Where
F kAgFT is the Z-submodule freely generated by words with at least k p’s.
We can use this filtration to define the completion

o —

-ASFT = AgFT

whose elements are formal sums of the form Y72 2, with 2, € FFAJLT.
The algebra Agpr is the “LSFT algebra” from [NgI0]. Note that Agpr
inherits the filtration from AgFT, and that A = Agpp/F L Agp.

We can take two successive quotients of each of A and Agpr. The first is
the cyclic quotient, obtained by quotienting by the Z-submodule generated
by commutators [z,y] = zy — (—1)|m”y|yaj. This produces the graded Z-
modules (not Z-algebras)

A AGEr
each of these is generated as a Z-module by cyclic words in the ¢’s and t’s
(and p’s for AZpy). Given a word vy -+ vy € Agpr with v; € S for all i,
any cyclic permutation vj4q---viv1 ---v; of the word represents the same
element in AGvr, up to a sign:

U]-‘r]. ce ULV 'Uj = (—1)(|vl‘++‘vj|)(|v]+l|++|vk|)v1 ce Uk c A?I/?‘CT

The second quotient of A and AgpT is the commutative quotient, obtained
by quotienting by the subalgebra generated by commutators. This produces
the graded Z-algebras

Acomm = Z[Ql: .. '7Q7Z7t:1t17- o 7t;t1]
ST =Z[q1, - G DLy Pt

These are graded polynomial rings with the usual commutation relations

2.2. Running example. For the constructions in the remainder of this
section, it may helpful to have an illustrative running example of a pointed
Legendrian link. We will use the Legendrian positive Hopf link shown in Fig-
ure [3] This is a two-component link such that each component has rotation
number 0, with three base points distributed between the two components.
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FiGURE 3. Hopf link in the xy projection. Reeb chords
are labeled a1, a9, a3, as. The three base points e; and three
marked points *; are as marked. The zigzag near e ensures
that the tangent vectors at all of the base points are parallel,
for grading purposes; see Remark

There are four Reeb chords a1, as, as, as. The Chekanov—Eliashberg algebra
of this link is

A= Z<q17 42,43, 44, tlila tQilv t§t1>
and the LSFT algebra Agpr is the completion of

Z<Q17 42,43, 44, P1, P2, P3, P4, titla tétla t3i1>

2.3. Capping paths. We now again consider a general pointed Legendrian
link A. Our next step is to construct a collection of capping paths, which
are paths on A associated to each of the elements of S. These paths are
closely related to broken closed strings, to be discussed in Section and
will also be used to define gradings in Section

The capping paths are defined using the positions of the base points
e1,...,e,. Recall that we have a marked point *; immediately preceding
each base point e; as we follow the orientation of A. Removing {*i,..., %}
from A disconnects A into a disjoint union of s oriented segments, each con-
taining one of the marked points e; (at the beginning of the segment). We
define two functions

er,e—: S—{1,...,s}

as follows:

o ey(ti) = e—(t;") =1;
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e e_(t;) = ey(t;) is the number of the marked point immediately
preceding e; as we follow the orientation of A: that is, if we traverse
A beginning at e; and traveling against the orientation of A, then
®. (1, is the first base point we encounter after e;;

e ¢ (pj) = e_(gj) is the number of the marked point on the same
segment as the positive endpoint aj of the Reeb chord a;, when the
points %1, ..., % are removed from A;

e ¢_(pj) = e4(g;) is the number of the marked point on the same
segment as the negative endpoint a; of the Reeb chord a;, when the
points %1, ...,%*s are removed from A.

We can now define capping paths v, for each v € {q1,p1, ..., qn, Pn, tf, e t;—L .
In all cases, v, will be a path beginning at e,_(,) and ending at e, (,. For
v = t;, we define 4, to be the oriented segment of A beginning at e._(;,) and
ending at e, ;) = e;; for v = ti_l, we define ,-1 to be the reverse of .

For v = ¢; and v = pj, the capping path 'ylv has a discontinuity at the
Reeb chord a; and is constructed from two “half capping paths”. Specifically,
define ’yjj-: to be the embedded paths in A, following the orientation of A,

from e, to ajt. We then set

+(pj) = ®ex(g5)

Yoy = - (=)
Yo =5 - (=7);

where - denotes path concatenation. That is, 7, is the path o7 followed
by the reverse of the path fy;f, and similarly for v,;. We note that the path
7Yp; has been constructed to begin at e._(,.), have a discontinuity from a;

to a;-", and end at e, L (p;) Similarly, ~4,, which is the same path in reverse,

begins at e

, has a discontinuity from a;r toa;,

e_(q)) and ends at e, (4.

Example 2.2. For the Hopf link from Figure 3] the capping paths for ¢; and ¢;
are shown in Figure We have e_(q1) =1, e4(q1) = 3, and 74, =, - (—77)
begins at e; and ends at e3, with a discontinuity going down the Reeb chord
at a1; and e_(t1) = 2, e4(t1) = 1, and 7, begins at @3 and ends at ;.

2.4. Gradings. Here we discuss how to use the capping paths defined in
Section to give Z gradings to tiﬂ,qj,pj, the elements of §. This will
induce gradings on the various algebraic structures A, ASFT,A%CT, P
associated to a Legendrian link A in Section [2.1

In combinatorial form, this story is well-known in the case where A has
a single component with a single base point: see e.g. the papers [ENS02,
Ng10], which build on the original construction of a Z/(2rot(A)Z) grading
by Chekanov |[Che02]. When A has multiple components with a single base
point on each, the grading is often defined in terms of the front projection
of A, see e.g. [Ng03, INRS™20], implicitly using a correspondence between
Reeb chords of A and crossings and right cusps of the front of A.
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Vta

FIGURE 4. Capping paths 7,4, (the concatenation of v and
—~; ) and 7,, for the Hopf link from Figure

Here we will present the grading in terms of the zy projection rather
than the front projection, which is more natural geometrically. This may
be of independent interest since to this author’s knowledge, a combinatorial
description of gradings in the multi-component case in the xy projection
has not previously appeared in the literature, even though it is surely well
known to experts. Furthermore, we extend the construction of gradings to
the case where there are multiple base points on single components of A;
this is a setting that naturally arises in considering DGA maps induced by
exact Lagrangian cobordisms, see e.g. [Panl7, (CN22].

Let A be a pointed Legendrian link with base points e1, ..., e,. In any case
when A has more than one base point, the grading depends on an auxiliary
piece of information, a Maslov potential. The oriented unit tangent vector
in R? to II,,(A) at each base point is an element of S, which we identify
with R/Z in the usual way: to be concrete, the vector obtained from the
positive z direction 0/0z by a counterclockwise 6 rotation is associated with
0
2= ER/Z.

Definition 2.3. A Maslov potential on A is a map m : {ej,...,e;} — R
such that m(e;) is a lift of the oriented unit tangent vector to Il,,(A) at
I1,,(e;) from R/Z to R.

The gradings will be defined in terms of differences of Maslov potentials,
and so the collection of gradings for A will be an affine space based on Z*1.

Remark 2.4. In practice, a convenient way to encode a Maslov potential in
a link diagram is to perturb the xy projection of A by a planar isotopy in a
neighborhood of each base point e;, so that the tangent vector at e; rotates
in R from m(e;) at the beginning of the isotopy to 0 at the end. The end
result is a link diagram for II,, (A) where the tangent direction at each base
point is 9/0x. In this new link diagram, there is an obvious Maslov potential
given by m(e;) = 0 for all . All of the gradings that we will define below
are unchanged by the isotopy. Consequently, in all examples in this paper,
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we will choose link diagrams where the tangent direction at each base point
is 0/0x, where the Maslov potential is understood to be identically 0. See
Figure [3| for an illustration.

For an immersed oriented curve «y in R?, define r(y) € R to be the number
of counterclockwise revolutions in S! made by the unit tangent vector to
as we traverse ; note that in general this will not be an integer. Recall
that in Section we constructed capping paths 7, associated to e; and
half capping paths 'yj.[ associated to the Reeb chord a;; each of these, when
composed with the projection Il : R3 — R?, yields an immersed oriented
curve in R2. We will abuse notation and write (7, ) and r('y]j-:) for r(IL;y07:,)

+
and r (Il o 7; ).

Definition 2.5. For v € S, we define:

vl = [2 (=7() + m(0c, (1)) —m(8c_(0)))] -

Here if v = p; or v = g;, then the full capping path ~, has a discontinuity,
and by r(7,) we mean the sum of r over each of the two half capping paths:

() = 7(;) = (7))
r(vg) = (7)) = r(v;)-

Ezample 2.6. For the running example from Section[2.2] we see by inspection
of Figurethat r(v) ~ § and —r(y7) = r(=y;) = —%, and so |q1| = —2.
The full grading in this example is:

1| = =2 1| =1 2| = 0 p2| = -1
lgs| =1 lps| = —2 lgal =1 pal = —2
[t =2 |ta] = —2 |ts| = 0.
Proposition 2.7. (1) For any base point e;, |t;| is even and |t;']| =
—|t;|. If Ao is a component of A and e;,, ..., e; are the base points

on component Ay, then
[tir| + -+ |ti,,| = —2r0t(Ao).
(2) For any Reeb chord aj, we have
951 + [pj| = =1

Furthermore, |q;| is even (resp. odd), and |p;| is odd (resp. even), if
the crossing corresponding to aj in the oriented link diagram given
by the xy projection of A is positive (resp. negative).
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(3) If we change the Maslov potential m by adding (ni,...,ns) € Z° to
m, then the gradings change as follows:

Alty] =2 (n€+(ti) - nef(ti))
Algj| = —Alp;[ =2 (”e+(¢b) - ”e—(fh)> '

Proof. We first consider item (1). As we traverse 7, the tangent direction
in R? changes in R/Z = S!, though not necessarily in a way that lifts
continuously to R, from m(e._,)) to m(e., (,)). Thus

T(Vti) = m(.6+(ti)) - m<.€—(ti)) (mOd Z)

and the expression inside the floor function in Definition [2.5| is an even
integer; it follows that |¢;| is an even integer. Since 7,-1 is the reverse of 7,,

we also deduce from Definition [2.5] that [t; '] = —|t;].

For the statement about the gradings of the base points on a component
Ay, suppose that we encounter e;,,...,e; in order as we traverse Ag. Then
et (ti;) = ij, e_(t;;) = ij_1 (where j — 1 is taken mod m), and

Z |tij| = Z 2(_T(r7tz‘j) + m(.ij) - m(.ij71)) =-2 Z T(rytij)'
j=1 J J

Since Ag is the union of Vi, Over J, this last sum is rot(Ayp), as desired.

We next consider item (2). For v = p; and v = g;, the expressions inside
the parentheses in Definition satisfy

= (Vp;) + (0, (p))) — M(Oc_(p) = — <_7”('7qj) +m(ee, () — m('e—(qg')))

and the two sides of this equality are both equal in R/Z to the difference
between the tangent direction at a; and the tangent direction at aj. Since
we are assuming that all crossings of Il,,(A) are transverse, this quantity
is neither an integer nor a half-integer. It follows that |¢;| + |pj| = —1. To
show that the parity of |¢;| agrees with the sign of the crossing for a;, note
that the difference between the tangent directions at aj; and a;r is between 0
and 1/2 or between 1/2 and 1 mod Z depending on the sign of the crossing.

Finally, item (3) follows directly from the definition of the gradings. O

Remark 2.8. When A has a single connected component with a single base
point, the dependence on the Maslov potential m disappears and our grad-
ings agree with the corresponding definitions in [Ngl0, §2.3]. In particu-
lar, the path v; in [Ngl0] is our —II;, o v,,, and so our definition gives
lg;| = [2r(;)], in agreement with [Ng10]. Also, in the examples considered
in this paper, the Maslov potential will be understood to be identically 0
and so the contributions from m(-) disappear from the above formulas; see

Remark 2.4
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2.5. Broken closed strings. In Section we associated a path in A to
each of tl-i, ¢;j,pj- This association can be extended to arbitrary words in
these generators by concatenation, resulting in a geometric interpretation of
generators of Agpr as a Z-module. To make this precise, we next introduce
the notion of a (based) broken closed string on A: the capping paths defined
in Section [2.3| are examples of based broken closed strings.

Definition 2.9. Let A be a pointed Legendrian link. A based broken closed
string on A is a path in the Legendrian link A which begins and ends at
(possibly distinct) base points on A, and which is continuous except for the
following allowed types of discontinuities:

e a discontinuity jumping from one endpoint of a Reeb chord of A to
the other;

e a discontinuity jumping from one of the base points eq,..., e, to
another.

A broken closed string is a map from S' to A that is continuous except for
the same types of discontinuities as a based broken closed string.

Note that there is an obvious broken closed string associated to any based
broken closed string, given by gluing together the two endpoints: if the two
endpoints of the based broken closed string are distinct, then this produces
one more discontinuity in the associated broken closed string.

There is a correspondence between based broken closed strings (resp. bro-
ken closed strings) on A and words (resp. cyclic words) in the g;, p;, tzi. De-
fine W to be the collection of words in ¢1,p1, ..., qn, Pn, tic, ..., t¥, including
the empty word. Also define W€ to be the collection of cyclic words in the
same generators; that is, words up to cyclic permutation. Note that YV and
WE generate Agpr and A;%CT, respectively, as Z-modules.

To any word vy - - vy, € W, where vy,...,v, € S, we can associate the
based broken closed string

f‘yvl.f‘)/UQ.....'yvm

given by the concatenation of the capping paths of vy, ..., v,,. This associ-
ation is reversible. More precisely, there is a map

w : {based broken closed strings} — W

defined as follows: traverse the string and successively record ¢; when the
string crosses *; following the orientation of A, t;l when the string crosses
*; against the orientation of A, p; when the string jumps from the bottom
endpoint a; of the Reeb chord a; to the top endpoint aj, and ¢; when the
string jumps from a;r to a; . For example, if the based string passes through
*1 positively, then jumps from a; to af, then passes through x; negatively,

then the associated word is tlpltfl. We now note that

W( Yoy~ Yog Vom) = V1V2** Umn.
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We claim that w induces a bijection between VW and homotopy classes of
based broken closed strings. To define homotopy for broken closed strings,
consider the quotient A of A obtained by identifying all of the base points
e,...,e, with each other to produce a single base point e of A. Then a
broken closed string (respectively based broken closed string) is a map from
51 (resp. [0,1]) to A (resp. (A, ) whose only discontinuities are jumps from
one endpoint of a Reeb chord to the other. We then define homotopy of
(based) broken closed strings to mean a homotopy in A that preserves all
discontinuities at Reeb chords.

Since A is a bouquet of circles and removing the marked points %1, ..., *s
results in a contractible space, the map w is injective: if two based broken
closed strings map under w to the same word, then they are homotopic. We
conclude the following.

Proposition 2.10. The map
w : {based broken closed strings up to homotopy} — W
s a bijection, as is the induced map
w : {broken closed strings up to homotopy} — WYC.

Remark 2.11. Consider a cyclic word vy - - - v, in W€ with v; € S for each
1. We say that the cyclic word is cyclically composable if

e+ (vi) = e—(vit1)

for each i = 1,...,m — 1, and e;(vy) = e_(v1). Then a word in W% is
cyclically composable if and only if the corresponding broken closed string
has discontinuities only at Reeb chords and not at base points. One can
form a graded Z-module A“Y%™P generated by composable cyclic words,
where we replace the empty word in the generating set by a collection of r
“idempotent” empty words. This composable module appears in the surgery
formulas of [BEE12, BEE11].

2.6. The Hamiltonian. Given a Legendrian link A, rational Legendrian
Symplectic Field Theory counts rigid holomorphic disks in the symplectiza-
tion R x R? with boundary on the Lagrangian R x A. In a familiar manner
dating back to the work of Chekanov [Che02], these holomorphic disks are
in one-to-one correspondence with certain immersed disks-with-corners in
(R2, 1, (A)). We review how to use this correspondence to construct a
Hamiltonian in Aghy, following [NgI0].

Definition 2.12 (cf. [Ng10, Definition 2.18]). Given a diagram-generic Leg-

endrian link A, let A(A) denote the set of all maps A from a disk D?
equipped with any number of boundary marked points on the boundary to
R2, up to domain reparametrization, such that:

e A is continuous;
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aj
Py Py
/'

FIGURE 5. Decorating the quadrants at a Reeb chord a;.

e A is an orientation-preserving immersion away from the boundary
marked points;

e A(OD?) C Hyy(A);

e A sends each boundary marked point to a crossing of II;,(A), and
a neighborhood of each boundary marked point injectively to one of
the four quadrants at that crossing.

Observe that the oriented boundary of any A € A(A) is (the projection
to R? of) a broken closed string of A, with discontinuities precisely at the
images of the boundary marked points. Thus, following Section [2.5] to any
A € A(A) we can associate a cyclic word

w(A) € We,

Each of these cyclic words w(A) is cyclically composable in the terminol-
ogy from Section [2.5] since the corresponding broken closed string 0A has
discontinuities only at Reeb chords and not at marked points.

An easy way to read the cyclic word w(A) from A is as follows. Decorate
the four quadrants at any Reeb chord a; by pj;, ¢; as shown in Figure [5l Now
traverse the boundary 0A, with the orientation induced by the orientation
on A, and successively read off: at the image a; of a boundary marked point,
pj or ¢; depending on whether a neighborhood of this marked point is sent
to a quadrant labeled by p; or g;; and when OA passes through a marked
point e;, t; or t;l depending on whether the orientations of 0A and A agree
at this point. The concatenation of these letters is the cyclic word w(A).

Each w(A) inherits a grading from the gradings in Section and we
have the following result, cf. [Ngl0, Lemma 2.19].

Proposition 2.13. For any immersed disk A € A(A), we have
w(A)] = —2.

Proof. In the case where A has a single component and a single base point,
this was proven in [Ngl0, Lemma 2.19], and the proof here is very similar.
Given A € A(A), write w(A) = vjvy - - - vg, where each v, € S. For each
ve that is a g; or p;, A has a corner at the Reeb chord aj; let 6, € (0, )
denote the angle of the corner of A at a;, and let ny = 7 — 6, € (0, 7) be the
exterior angle of the curved polygon A at a;. Then the angle formed by the
tangent vectors to I, (A) at a; is

T(ny © ’YUZ) - m(.e+(w)) + m(.e,(ye)) = = (mod *Z)
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and so

_ e

| + + | —2(r (Hwy ° fyve) - m(.e+(ve)) + m(.e—(ve))J

= _2( (ny © '7vg) - m(.6+(1}g)) =+ m(.e_(vg))‘

Note that this equation also holds if vy = t;u if we set 1y = 0 in this case.
Now sum over /: then the differences —m(e._ (,,)) + m(e._(y,)) telescope

since v1vs - - - v is cyclically composable, and we are left with

k
Ze 1776
Zlv|+ QZT vy © Yoy

(=1

Observe that the oriented boundary A of A is homotopic as a broken
closed string to U§_,v,,; thus Eé::l r(Ilzy 0 Y0,) = 7(0OA). But since A is an
immersed disk, the sum of 27r(0A) and the external angles 7, is equal to
27. Consequently, we have

k k
A=Y Jue| = ~2r(A) — Z%
/=1 /=1

as desired. O

We construct the Hamiltonian for A by summing the cyclic words w(A)
over all immersed disks A € A(A) to obtain an element of AGy. To do this
precisely, we need to associate signs to each of these cyclic words.

To this end, consider an immersed disk A € A(A). The disk A must
have a corner at some Reeb chord of A since otherwise it has area 0 because
each component of II;,(A) bounds a region of signed area 0; see also Defi-
nition/Proposition below. Thus we can write the cyclic word w(A) as
v1vg - - v with v; € S for all ¢ and v € {q1,p1, -, qn,pn}. Fori=1,... k,
define

+1 v = t;-tl for some j
€i(A) = +1 wv; =g or v; = p; and the corner of A at v; is unshaded
—1 wv; = g or v; = p; and the corner of A at v; is shaded,

where “shaded” and “unshaded” refer to the shading of quadrants at the
crossing a; shown in Figure @ We also define another sign € (A;vg) as
follows: if the orientation of A immediately after the corner vy agrees with
the orientation of A, then €'(A; vg) = +1; if it disagrees, then €'(A;vg) = —1.
Finally, we define

TI)(A) = (El(A) cee ek(A)e/(A; ’Uk)) V1V -+ Vg € AE%CT.

Lemma 2.14. For any A € A(A), the element w(A) € Ay is independent
of the choice of the representative word vivy - - vk for w(A).
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FI1GURE 6. Orientation signs. On the left, a positive crossing
(¢ even, p odd); on the right, a negative crossing (¢ odd, p
even). Each corner of an immersed disk contributes a + sign
if it occupies one of the unshaded quadrants or a — sign if it
occupies one of the shaded quadrants.

Proof. We need to check that if we replace vivs--- v by a cyclic permu-
tation wj---vEvL - - - v;, then the sign (_1)(|v1|+"'+\vz‘\)(|vz‘+1\+"'+\Uk\) ASSO-
ciated to this cyclic permutation is canceled by the product of the signs
€' (A;vr)e'(A;v;). This follows essentially immediately from the fact that
w(A) has even degree from Proposition see [Ngl0, Lemma 3.10] for
details. (|

Definition/Proposition 2.15. The Hamiltonian h € Ay is defined by

h= Y @(A).

AEA(A)

cyc

This is a well-defined element and satisfies |h| = —2 and h € F' At

Proof. The fact that |h| = —2 follows from Proposition 2.13] To see that
h € F' Ay, we note that for any A € A(A), the standard Stokes” Theorem
argument (cf. [Ngl0, Lemma 2.22]) shows that the area of A is equal to the
sum of the heights of every Reeb chord appearing as a p in w(A), minus the
sum of the heights of every Reeb chord appearing as a ¢ in w(A). It follows
that for each A € A(A), w(A) contains at least one p: w(A) € Fr A
Furthermore, for any k& > 1, only finitely many A € A(A) are such that
w(A) has at most k p’s; it follows that h € F' A . O

Example 2.16. For the example from Section we have
h = p3 + titaps + tiqitaqaps + pa + t3 pa + qaty ' qipa + tapats 'py.

When we define the L., structure in Section (3], it will be helpful to sub-
divide h into parts according to the number of positive punctures of the
immersed disks. For k > 1, define

Ar(A) = {A € A(A) |w(A) contains exactly k p’s}

and

he= Y B(A).

AeAE(A)
Then h; counts disks with k positive punctures, and h = Zkzl hp.
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Remark 2.17 (sign conventions). The sign convention that we use in this pa-
per for the Hamiltonian h, determined by the shading of corners in Figure 6]
is different from the sign convention in [Ng10], which is given in [Ngl0, Fig-
ure 4]. The difference comes from our desire in this paper to have h; induce
the LCH differential 9 on the Chekanov—FEliashberg DGA with its standard
sign convention as described in Section [2.7] below; see also Remark By
contrast, the sign convention for h used in [Ngl0] corresponds to an unusual
choice of signs for the LCH differential: see [Ngl0, Appendix A].

2.7. SFT bracket. We next introduce another ingredient necessary to de-
fine the L structure, the SFT bracket
{0 Agpr ® Agpr = Agpr

Geometrically, the SF'T bracket is defined as follows. Consider two cyclic
words in A(S:}};CT, represented as broken closed strings. If one of the cyclic
words involes ¢; and the other involves p; for some j, then the correspond-
ing broken closed strings both have a discontinuity at the Reeb chord aj,
traversed in opposite directions. We can glue together the broken closed
strings at a; to obtain another broken closed string that no longer has the
discontinuity at a;. Summing over all possible ways to glue the two broken
closed strings at a Reeb chord yields the SFT bracket of the original cyclic
words.

We now give the precise definition of the SFT bracket, with signs. First

note that given two cyclic words v; - - - v and ug - - - ug where vy, ..., Vg, U1, ..., Uy €

S, we have that for each i =0,...,k — 1l and each j =1,...,¢, vy---vp =
Op,iVit1 " VRV~ v and uq -+ - Ug = 0y j_1Uj - - Uguy - - - Uj—1, Where

Oy = (_1)("01|+~..+|'Ui|)(|’ui+1|+...+|vk|)

Gyt i= (— 1)l D el

Also, for v,u € S, define
1 if v = p; and u = ¢; for some j
{v,u} := ¢ -1 if v=¢; and u = p; for some j
0 otherwise.

Definition 2.18. The SFT bracket {-,-} : Agpp ® AJer — Adpp is the
Z-bilinear map defined on generators vy - - - vy, u1 - - - ug of Agpy as follows:

{Ul"'vk,ul“'w}
¢

kol
—

Ov,i0u,j—1{Vi, Uj }U41 -+ URVL - - - Vi1 U1 - - - Uply -+ - Uj—1.

-
Il
o

Jj=1

Note that, because of the presence of the signs o(v,i) and o(u,j — 1), the
SFT bracket is well-defined independent of the choice of representative for
the cyclic words vy - - - v, and uq - - - uy.



AN Lo STRUCTURE FOR LEGENDRIAN CONTACT HOMOLOGY 21

Ezample 2.19. For the example from Section we have
{t1q1t3qops, tapaty "p1} = tsqapstitopats ' —pstiqipits = titapagops—t1qipitaps.

Note that t1qi1t3gops and tgpgtglpl are both terms in the Hamiltonian h
for this link, and the SF'T bracket of these two terms involves the string
cobracket 6h of h; cf. Example [2.34] below.

The SFT bracket that we have presented here is nearly identical to the
construction in [Ngl0} §3], with the small difference that we are allowing for
more than one ¢ variable. As in [NgI0], we have the following.

Proposition 2.20 ([Ng10| Proposition 3.4]). The SFT bracket on Ay has
degree +1 and satisfies the following properties:

e symmetry:
{y, 2} = (_1)\xllyl+\wl+\yl{x7y};

o Leibniz:
{z,yz} = {z,y}z + (-1)EHFDWly (2 2}
{zy, 2} = o{y, 2} + (~1)MEFD L 21y

e Jacobi:
o, (9,3} + (DD (2 0y} 4 (1) DRI (2 g}y =0
The SFT bracket in Definition which is defined on A, descends to

a map on ASp™, which we also call the SF'T bracket. On Ay, there is a
simpler way to define the SFT bracket than on Aghp.. For clarity, we separate

out this “definition”, even though in fact it follows from Definition [2.18

Definition 2.21. The SFT bracket {-,-} : ASPH™ ® ASpp™ — ASpr™ is the
Poisson bracket defined on generators by:

{pisqi} = —{q4j,pi} = 6ij
{pipiy ={a o} = {670y = {7 s} = {t7, 5} = 0.

That is, {-, -} is uniquely determined by its action on generators, along with
symmetry and the Leibniz rule.

We conclude this subsection by reviewing the differential 0 in the (commu-
tative) Chekanov—Eliashberg DGA (A®°™™ 9) and its relation to the Hamil-
tonian and SFT bracket. Recall that Aj(A) is the collection of immersed
disks with boundary on II,,(A) and convex corners, exactly one of which is
labeled by a p (a “positive corner”). For a given p; € S, let A1(A;p;) denote
the subset of A;(A) consisting of disks whose positive corner is at p;.

Given A € A1(A;p;), we can associate a word w'(A) by taking w(A) and
removing p;: to be precise, w'(A) = vy - - - v where vy, ..., v € {q1, ... ,qn,tf[, ot
are the labels of the corners and base points that are encountered when we
traverse the boundary of A starting just after p; and ending just before p;.
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FIGURE 7. Orientation signs for the differential in the
Chekanov—Eliashberg DGA. On the left, a positive crossing
(¢ even, p odd); on the right, a negative crossing (¢ odd, p
even). Each corner of an immersed disk contributes a + sign
if it occupies one of the unshaded quadrants or a — sign if it
occupies one of the shaded quadrants.

We can also define a sign sgn(A) € {1} to be the product of the “LCH
orientation signs” associated to the corners of A, including p;, as shown in
Figure |7} that is, sgn(A) is (—1) raised to the number of corners of A that
are shaded.

The differential 0 on A“™™ is now defined as follows:

o= S sen(A)/(d).

AeA1(A;py)

Extend 9 to all of A©™™ by setting d(t:!) = (1) = 0 and using the Leibniz
rule.

Note that the orientation signs for LCH, as determined by the shadings
in Figure [7] are different from the orientation signs for the Hamiltonian A,
as shown in Figure [f] However, they have been chosen to be compatible in

the following sense; see also Remark

omim

Proposition 2.22. For any x € A®°™™ we have

d(x) = {hy,z}.

Proof. Since both 0 and {hq,-} satisfy the Leibniz rule, it suffices to check
d(x) = {h1,z} for x € {ql,...,qn,tf,...,t;t}. For x = t;-t, both sides
are 0. Now suppose that © = ¢;. Then for each A € A;(A;p;), we
can write W(A) = sgn’(A)v; - - - vg_1pj, where sgn’(A) is the sign defined
in Section in the notation from that subsection, we have sgn’(A) =
€1(A) - ex(A)'(A;pj) and vy, = pj. Now note that the shadings in Fig-
ures [6] and [7] differ in two quadrants, namely the p quadrants where the
orientation of the quadrant’s boundary (induced from the standard orienta-
tion on the quadrant) disagrees with the orientation of A after the corner.
That is, the difference between the sign €;(A) associated to the corner at p;
from Figure@and the corresponding sign from Figureis precisely €' (A;p;).
It follows that sgn’(A) = sgn(A) and

{sgn’(A)vy - “Vk—1Dj, @5} = sgn(A)vy - - - vg_1.
Summing over all A € Aj(A;p;) yields 9(g;) = {h1,¢;}, as desired. O
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/ /

FIGURE 8. The capping path v, from Figure 4] (left) does
not have a holomorphic corner at a;. It can be perturbed
in a neighborhood of a; to produce a generic based broken
closed string that does have a holomorphic corner at a;
(right).

2.8. String coproduct. The final ingredient we need in order to define the
L structure is the string coproduct. This is a map

0: Asrr — Aspr,

descending to § : Agep — Agep and § @ AGPH™ — ASP™, that inserts
a (p,q) pair somewhere in the middle of any (based) broken closed string.
Here we define 6 and present some of its basic properties, following [Ng10),

§3.2].

Definition 2.23. A (based) broken closed string v on A is generic if when-
ever y(t) is at the endpoint of some Reeb chord, 7/(t) # 0; in particular,
if v has a Reeb chord discontinuity at ¢, then 7/(t7) := lim,_,,— 7/(7) and
v (tT) :=lim,_,;+ ¥/(7) are nonzero.

A generic (based) broken closed string vy has holomorphic corners if wher-
ever « has a discontinuity at a Reeb chord, the xy projection of v turns left
at the crossing corresponding to the Reeb chord.

Any (based) broken closed string is homotopic to a generic (based) broken
closed string that has holomorphic corners: see Figure [§| for an illustration.

Now suppose that v : [0,1] — A is a generic based broken closed string
with holomorphic corners. We say that 7 € (0,1) is interior Reeb for v if ~
does not have a Reeb chord discontinuity at 7 but (7) lies at the endpoint
of some Reeb chord of A. In this case, we can define a new based broken
closed string §(-y; 7) that coincides with «y except that at time 7 we insert a
jump from (7) to the other endpoint of the Reeb chord and back again.

As in Section the based broken closed string v corresponds to a word
w(y) = vy -+ Uy Suppose that 7 is interior Reeb for v and ~(7) lies on the



24 LENHARD NG

segment of v between v; and v; 1. Then

VLUVl O 1 y(T) = a; , the negative endpoint of Reeb chord a;

w(6(v;7)) = : A . :
UL 0iQPj V1 U i (T) = aj, the positive endpoint of Reeb chord a;.

Furthermore, we can associate a sign to 6(v;7) as follows. Let ¢g = +1 if

V(1) =a; and e; = —1ify(7) = a;r. Let e = 1 depending on whether the

orientation of v at 7 agrees or disagrees with the orientation of A. Finally,

define

e(y;7) = (=l e,

Definition 2.24. The string coproduct § : Agpr — Aspr is defined as
follows. Suppose that w € W is a word in S and let v be any generic based
broken closed string with holomorphic corners for which w(y) = w. Then

S(w) = > e(y; Tw(8(v; 7).

T interior Reeb for ~

The definition of §(w) is independent of the choice of v; see [Ngl0l §3.2].

Ezample 2.25. Here we calculate 0(t2), 6(q1), and (p1) for the example from
Section The path ~,, as shown in Figure 4} passes through the positive
endpoint af of the Reeb chord ay; it follows that d(t2) = —qipita. To
compute 6(q1), note that the path ~,, in Figure 4| does not have holomorphic
corners. Once we perturb it to have holomorphic corners as shown in the
right hand diagram in Figure [8) we see that it passes through af, ay , aj{,
and a3 in succession. This yields the four terms in

3(q1) = —qip1q1 — q1Paqs + q1Gaps + q1G2p2.

By contrast, to compute d(p1 ), we note that the path ,, given by the reverse
of 74, from Figure |§| does have holomorphic corners and does not need to be
perturbed. This leads to one fewer term in §(p;) than in §(q1):

d(p1) = —qop2p1 — qapap1 + Pagap-

Proposition 2.26 ([Ngl0, Proposition 3.8]). The map § : Agpr — Agpr
has degree —1 and satisfies the following properties:

o S(zy) = (Ox)y + (—1)"lz(dy);
e 52 =0.

cyc cyc

The map 6 : Aspr — Aspr descends to maps Agpp — Agpp and
spre — ASEr", which we will also write as 6. Note that §%2 = 0 also
holds in these quotients, and that ¢ is also a derivation in ASH™ with re-

spect to associative multiplication.

2.9. Derivation property for d. When we construct the Lo, structure on
A©™™ in Section [3] a key ingredient in the proof of the L, relations is
that the string coproduct § behaves nicely with respect to the SFT bracket.
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Specifically, when A has a single base point, ¢ is a derivation with respect
to {'7 }
Proposition 2.27 ([Ngl0L Proposition 3.8]). If A is a Legendrian knot with

a single base point, then for any x,y € Ag%CT,

6{z,y} = {oz,y} — (1)1, 6y}

In the general case where A has multiple components and base points, §
is not a derivation with respect to {-,-}, even if we pass to the commutative

quotient ASET™. However, ¢ does still satisfy a modified version of the

derivation property on ASyT™. This subsection is devoted to stating and
proving this property. To state it, we introduce some more notation that
will also play a key role in our construction of the Lo, structure.

We first note that while Agpr is generated as a Z module by elements of
W, which are words in the alphabet S = {q1,...,¢n,p1,--. ,pn,t{c, . ,tsi ,

Spr is instead generated as a Z-module by “commutative words”, words
in the alphabet S up to arbitrary permutation. (Note that two words that
are related by permutation are only equal up to the usual sign, e.g., xox; =
(=D)l=lle2lg 20) Write W™ as the collection of commutative words in

S, including the empty word.

Definition 2.28. Given a pointed Legendrian link A with s base points,
define maps

v, w: yemn 78

as follows. Let ej,...,es be the standard basis of Z°. For any v € § =
{qu ceyQdn,P1y - - - 7pn7tit7 L 7tfgt}7 set

€; v =1t
V(U) = €c (v) ~ Ce_(v) W(U) =4 —€ U= t;l
0 UE{Ql;"'aQﬂapl?"‘7pn}'

Now extend v, w multiplicatively to WWe™™:

v(zy) =v(z) +v(y)  wlzy) = w(z) +w(y).

The maps v, w can be interpreted geometrically as follows. Represent a
commutative word € W™ by a word Z € W (in any way) and let v be
the based broken closed string associated to Z as in Section Then the
J-th entry in v(x) is the number of end points of 7 at e; minus the number
of beginning points of v at e;, and the j-th entry in w(xz) is the number of
times vy passes through x;, counted with sign.

Definition 2.29. Define a map §: Weom™ x yycomm %Z by

Blx,y) = (—3v(z) + w(z)) - v(y),
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and define a map f3: ASET" @ AP — ASET™ to be the bilinear map
determined by

5(1‘7 y) = B(.CI}, y):ry

for x,y € yweemm,

We now have the following derivation property for the string cobracket §.

comm

Proposition 2.30. For any =,y € ASHT™,
{a,y} = {0x,y} — (=1)"{a, 6y} — (=) B2, y) — (=1)F WD 3(y, 2).

Note that the correction to the derivation property for 8, —(—1)*| 3(z, ) —
(—1)|m|(|y|+1)5~(y,:z), is a half-integer multiple of zy. In the special case
where A is a knot with a single base point, v = 0 and thus this correction
disappears, in agreement with Proposition [2.27] above.

Proof of Proposition[2.30. For x,y € W™ define

f(@,y) == 6{z,y} — {0z, y} + (_1)‘76'{377 oy}

g9(z,y) == =(=1)"B(z,y) — (=1)F WD 3(y, 2).
We wish to show that f(z,y) = g(z,y) for all z,y € ASpT™. Note that
g(y,z) = (=1)lllvHlel+vlg(2 ), while by the definition of 8, g(z,yz) =
g(z,y)z+ (=D)lFWlyg(x, 2) for any x,y, 2 € W™ But f satisfies the same
properties: f(y,z) = (—1)W+lzlH £ (2 ) from the symmetry property of
{-,-} in Proposition while f(z,yz) = f(x,y)z + (=D)¥ly f(z, 2) by
Propositions and To show f(x,y) = g(x,y) for all z,y € AP,
it thus suffices to check that f(x,y) = g(z,y) for all z,y € S; the general
result will follow for =,y € W™ by induction on wordlength, and then
for z,y € ASpT™ by linearity.

We show that f(z,y) = g(z,y) for z,y € S by breaking into cases. Note

that for z,y € S, §{z,y} = 0 and so f(z,y) = —{0z,y} + (=D)I*{z, 5y}.

CASE 1: = € {¢;,p;} and y € {g;,p;}, where i # j.

In this case we have 3(z,y) = B(y,z) = —3v(z) - v(y) and thus g(z,y) =

(—1)lv(x) - v(y) .

Write zF for the endpoints of the Reeb chord a;, where z travels along
the Reeb chord from 2~ to 2*: that is, 2% = af if 2 = p; and 2% = af
if + = ¢;. Similarly define y*. Write the capping path v, as 7, - 75,
where v, is the portion of v, up to z~ (ie., v, if x = p;, 7 if z = @)
and v, is the portion after ™ (—v;" if # = p;, —v; if z = ¢;). Similarly
write vy = 7, ‘%f . Finally, write x*,y* for the “signed duals” to z,y:
¥ = —p; if x = ¢; and =* = ¢; if * = p;, and similarly for y. Note that
{z,2*} = —{a", 2} = {y,y"} = ~{y", ¥y} = L.

Now {6z, y} = 0 unless at least one of v passes through an endpoint a;.t of
y. By the definition of 4, if 7;~ passes through a; (resp. aj), then dz contains

the term +pj;g;z (resp. —gjpjz). Stated another way, if v, passes through
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yT (resp. y~), then dz contains the term —y*yx (resp. yy*z). The resulting
contribution to —{dx,y} is —{—y*yz,y} = (-1)*Hzyy*, vy} = —(—1)*lzy
(resp. —{yy*z,y} = —(—=1)*{zyy*, y} = (—1)1*lzy). But in both cases this
exactly equals the contribution to (—1)I*lv(z) - v(y) zy arising from the fact
that «, shares an endpoint with 'y?jc.

In a similar way, we can show that in each instance where -y, shares an
endpoint with 7, at a base point, we get equal contributions to f(z,y) and

g(x,y):

f(xa y) g(a:, y)
—{dx, y} | (—1)"{z, oy} (—D"v(z) - v(y) zy
v, contains y* —{—y*yx,y} —(=1)Tzy
v, contains y~ —{yy*z,y} (—1)lzy
v contains yt || —{—(=1)lzy*y, y} (—DFlzy
vi contains y~ || —{(=1)Plzyy*, y} —(—=1)Tzy
7, contains xt (=) {z, —a*zy} T (C1) Ty
7, contains z~ (=) z, za*y} (—D)Flzy
7; contains x T (=D, —(=1)¥lya*a) (—1)lay
7, contains x~ (-1, (—1)Wlyzz*} —(—1)Flzy

In each case the expression in the f(z,y) columns equals the expression in
the g(x,y) column. This shows that f(z,y) = g(z,y).

CASE 2: z,y € {q,pi}

This is similar to Case 1 but with additional contributions to f(x,y) and
g(x,y). Specifically, if |¢;| is even, then the capping path 7, does not have
holomorphic corners and must be perturbed, leading to an additional term

—q;pig; in 6q;. This adds 2¢7, —2q;p;, —2p;iqi, 0 to f(qi, i), f(qi,pi), f(is @) f(ispi)

respectively, in each case exactly matching the contribution to g(z,y) =
(=D)llv(z) - v(y) 2y coming from the fact that 7, and 7, have the same
endpoints, either in the same order if x = y or in opposite order otherwise.
(Note for z = y = p; that p? = 0.) Similarly, if |g;| is odd, then ~,, does not
have holomorphic corners, leading to an additional term +p;q;p; in dp;. This

adds 0,2¢;pi, —2pigi, 20} to f(qi, @), f (@i, i), f(Pis @), f(pi, pi) vespectively,
again matching the corresponding contribution to g(x,y) in each case.

CASE 3: = € {t;,t;'},y € {g;,p;}. By symmetry this also covers the case
when x and y are swapped.

For x = tiﬂ, we have f(z,y) = —{5tiﬂ,y}. This is nonzero if either
endpoint y* of y lies on the capping path v;, between te_(t;) and ¢;. If yT
(resp. y~) lies on 7, then 6¢; contains a term —y*yt; (resp. yy*t;), and this
contributes —t;y (resp. t;y) to f(t;,y) and ti_ly (resp. —ti_ly) to f(ti_l,y).
On the other hand, we compute that

gt y) = (&) —w(t") - v(y) 7'y = Flee_@) - v(y) yti!
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and the presence of y* on ~;, contributes +1 to e._(1) " v(y). We conclude
that f(z,y) = g(z,y).

CasE 4: x € {t;,t; '}y € {t;,1;'}.
In this case we have f(z,y) = 0 and g(x,y) = —(B(z,y) + By, z))zy.
Define signs 41,45 € {+1} by z = t;tl, y= tjcz. Then

B(0,0) + Blura) = (w(E) —v() - (W) = () = w(e) - w(e)
=41 +9 (ee_(ti) . ee_(tj) —€; - e]) .

But both e; -e; and e._(y,) - €._(;) are 0 unless ¢ = j, in which case they are
both 1. Thus g(z,y) = 0 and we are done. O

To conclude this subsection, we collect some easy properties of 3 that will
be useful later. To set this up, we extend the definitions of v, w, § slightly,
as follows. If z € ASHT" is a linear combination of commutative words w;
such that v(w;) € Z° is the same for all 7, then we define v(z) to be equal
to this same element of Z°. Similarly we can define w(x) € Z° if w(w;) is
the same for all 4, and S(x,y) € %Z is defined as in Deﬁnitionwhenever

v(z),w(z),v(y) are well-defined.

Proposition 2.31. (1) The Hamiltonian h satisfies v(h) = 0.

(2) If y € WM™ satisfies v(y) = 0, then B(z,y) = 0 for any = €
ASpr™. It follows that the Hamiltonian h satisfies B(z,h) = 0 for
any v € ASpr™.

(3) Forany x1,xe € ASPH™ for which v(x1),v(x2) are defined, v({x1,x2}) =
v(z122) = v(x1) + v(22), and similarly for w.

(4) If v(x) is defined for x € ASPE™, then v(dx) = v(x).

(5) For any x1,x2,x3 € WO™™ we have

B({x1, x2}, 23) = B(x122,23) = B(21, 23) + (12, 73)
B(x1,{x2, x3}) = B(x1, x223) = B(21,22) + B(21, 23).

(6) For any x1,x2 € A™ and y € AGpT™, we have

{y, Blxa, 1)} (=)= 102D L3y 1) 20} = B({y, w2}, 21)+(=1) 2D (2o, 1) 20 {y, 21 ).

Proof. holds because h is a linear combination of cyclically composable
words, each of which satisfies v = 0; is an immediate consequence. is
clear by inspection of the definitions of v, w in Definition and the SFT
bracket in Definition and similarly follows from the definition of §
in Definition follows from (3)).

To establish (6), we may assume that x1,x9,y are all words in WWeomm,
Then by applying Proposition and using the fact that {1, 2z} = 0 since
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Acomm

T1,T2 € we compute that

{y, B(ma2, 1)} = B(w2, 21){y, 2221} = B, 21)({y, w2 tar + (1) W2y Ly 2}
{B(y, 21), 22} = Bly, x1){ya1, 22} = By, 21)(—1) 1720 Ly 2o }ay

{By, 2), 21} = By, w2){yma, 1} = Bly, w2) (1)1 Dy 2 Yo
combining these and using yields @ ([l

2.10. The quantum master equation and differential. We conclude
this section by discussing the relation between the Hamiltonian h and the
SFT bracket and string cobracket. This allows us to define a “differential”
d on ASpH™ that extends the standard differential 0 in the (commutative)
Chekanov-Eliashberg DGA.

The key relation is a formula called the “quantum master equation” in
[Ng10]. We omit the proof here since it is identical to the proof given there:
at heart, a standard Floer-theoretic argument decomposing the boundary
of a 1-dimensional moduli space into products of two 0-dimensional moduli
spaces.

Proposition 2.32 ([Ngl0L Proposition 3.13]). If we view the Hamiltonian
h as an element of either Ay or ASPE™, then we have:

1
h=—{h,h}.
2{7}

Remark 2.33. In [Ngl0, Proposition 3.13], the quantum master equation is
presented as dh + %{h, h} = 0. However, our choice of sign convention for h
in Section differs from the one in [Ngl0], and consequently the sign in
Propositio differs as well. See [Ngl0, Appendix A] for a full discussion
of this sign difference.

Ezample 2.34. Using our calculation of A in Example we can ver-
ify Proposition for the example from Section For instance, the

bracket {thltgqug,tgpgtglpl} = t1tapaqops — t1qipitaps computed in Ex-

ample contributes to %{h, h} and corresponds to the terms t1ta(pagaps)
and t1(—qip1ta)ps from t1ta2(dps) and t1(dta)ps, which appear in dh.

Definition 2.35. The SF'T differential is the map d: ASpp" — ASpr"
defined by:
d(z) ={h,z} — dx.
comm

The map d on ASpT™ is induced from a map d: A?SZT — AgchT with the
same definition. In the single-component case, d is a differential:

Proposition 2.36 ([Ngl0, Proposition 3.15]). If A is a Legendrian knot
with a single base point, then the map d: Adpp — Adwp satisfies d* = 0.

In general, however, d does not satisfy d?> = 0, even if we pass from A?PQCT

to the quotient ASP™. (We abuse language in referring to d as the “SFT
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differential”.) Instead, we have the following result, where 3 was defined in
Definition 2.20

Proposition 2.37. Let A be a pointed Legendrian link. Then the following
equality holds for all v € ASPH™:

d’z = B(h,x).
Proof. By Propositions and we have
2{h,{h,z}} = —{x,{h,h}} = 2{0h, z}.
It follows that
d?z = {h,{h,z}} — {h, o6z} — 6{h,x} + 6%z
= —0{h,z} +{0h,z} — {h,dz}
= B(h,z) + B(x, h)

where we have used Propositions [2.26] [2.30, and [2.31] in the second,
third, and fourth lines, respectively. [l

For future use, we note that d satisfies essentially the same modified
derivation property with respect to {-,-} as does ¢:

comm

Proposition 2.38. For any =,y € ASpT™,
d{z,y} = {dz,y} — (=1)"{z,dy} + (-1 B(,y) + (=D WDy, ).

Proof. Immediate from Proposition [2.30] and the following consequence of
the Jacobi identity:

{h {2y} = {{h, 2} y} = (=1 Nz, {h,y}}.
(]

Remark 2.39. 1t is clear from the construction of the differential d on ASyT™
that it extends the differential 0 on the commutative Chekanov—Eliashberg
DGA (A®mm 9). To be precise, A“™™ is precisely the quotient ASE™ / F1ASmm,
Since the Hamiltonian h lies in F1AS™ by Definition/Proposition it
follows from Propositionmthat the image of d? in ASpr™ lies in F 1 SPT
Thus d induces an honest differential on A%m™ 22 Agomm /F1 gcomm — Tthe
only part of dz = {h,z} + dz that does not raise filtration level is {hy,z},
and we conclude from Proposition that d induces the map 0 on A™™,

3. THE Lo, STRUCTURE

In this section, we construct the L., structure associated to a pointed
Legendrian link and present some examples. The proof that the L relations
are satisfied, and thus that our construction actually constitutes an L.,
algebra, is deferred until Section [
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Throughout this section and for the rest of the paper, we fix a field k
of characteristic 0. Rather than using the Z-algebra A“™™, we will tensor
with k and use the k-algebra A“°™" @ k. However, to simplify notation,
we will abuse notation and henceforth use A“™" to mean the k-algebra
Acemm @ k. We note that to define the Ly, structure on A“°™™, as we will
do, k could also be any field of characteristic # 2; however, the invariance
result in Section [5| relies on k having characteristic 0.

3.1. L, algebras. We begin by reviewing the definition of an L, algebra,
partly to state the sign conventions that we use in this paper.

Definition 3.1. An Ly, algebra (or strong homotopy Lie algebra) is a Z-
graded vector space A over the field k equipped with operations ¢, : A®* —
A of degree k — 2 for each k > 1, satisfying:

e graded symmetry: for any permutation o € Sy,

e(Ta(1ys - Tory) = X(0, 01, -« p) L (X1, - -5 T );
e strong homotopy Jacobi identities: for any k > 1,

k

Z(—l)z(k_l) Z X(Uy Z1,--- ,l’k) Ek—i-‘rl (ei(xa(lﬁ s 7xa(i))a Lo(i41)s -+ xo‘(k)) = 0.
=1 o€Unshuff (4,k—1)

Here x(0, 1, . .., zy) is the alternating Kozsul sign, defined to be —(—1)/:/zi+1]
for o = (i i+1) and extended multiplicatively on Sj, and Unshuff (i, k —1i) is
the subset of S consisting of permutations o with o(1) < 0(2) < --- < (%)
and o(i+1) <--- < o(k).

For concreteness, the first three Jacobi identities are:
0= 51(51($1))
0= £ (ba(1,72)) — Lo(fr (1), 22) — (—1) ey (21, 41 (22))
0= 62(62(&"1,1‘2), $3)) + (—l)lxl|(|x2‘+|x3|)£2<€2(x2,.733) 1'1) + (—1)|I3|(‘x1‘—sz‘)gg(gQ(l'g,I’l),.%'g)
+ 63(61(1‘1), X9, l’3) + (—1)'“'53(1‘1, £1($2), ZE3) + (_1)|x1|+\x2\£3($1, To, l1 (1'3))
+ 1(l3(21, w2, 3))-
If (A,{l;}) is an L algebra, then (A, ¢;) is a complex, with ¢; being a
differential of degree —1, and the homology H,(A,¢1) is a Lie algebra with
Lie bracket induced by #s.
We say that an Lo, algebra (A, {¢x}) is strict if ¢, = 0 for k > 3. In this

case, the usual Jacobi identity for f2 holds on the nose, and (A4, /¢1,¢2) is a
DG Lie algebra.

Definition 3.2. A homotopy Poisson algebra is an L., algebra A that is
also an associative algebra A, such that the L., operations £ satisfy the
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Leibniz rule for all £ > 1:

(@, mpa) = Gy, ) (1) bt R gy (g al).

If A is a homotopy Poisson algebra, then (A,¢;) is a DG algebra, and
the homology H,.(A, /1) is an associative algebra. Furthermore, ¢5 induces
a Poisson bracket on H,(A,¢1), and so (H.(A,¢1),¢2) is a Poisson algebra.
If in addition A is strict, then A itself is also a Poisson algebra with Poisson
bracket /5.

3.2. Definition of the L., structure for Legendrian links. We now
construct the L, algebra associated to a Legendrian link. Let A be a
pointed Legendrian link equipped with a Maslov potential, and let k be
a field of characteristic 0. The vector space underlying the L, algebra (A,
in the notation of Section [3.1)) is A“°™™ which we recall from the introduc-
tion to Section |3| is now the graded polynomial ring over k generated by
+1 +1 : : :
Qs sqn,ty ...ty (but not py,...,py) in the notation of Sectlon
To define the L., operations on A®“™™, we use the machinery built up
in Section [2| Let h € A%CT be the Hamiltonian for A. Recall from Defini-
tion/Proposition that h € F1AZ : that is, every term in h contains
at least one p. We can further write

h=hi+ho+hs+---

where hj, consists of all terms in h containing exactly k p’s; in the language
of SFT, hj counts holomorphic disks with exactly k positive punctures.

Definition 3.3. For k > 1, define £}, : (A®™™)®F — Acomm a5 follows:
li(z1) = {h1, 21}

lo(w1,m2) = (1) {{hg, 21}, 22} — %(—1)”1'{5%17%2} - %{fﬁﬁ@}

- %5(551@2) + %FU'“”“'B@QJQ

and for k > 3,
gk(xlv s 7$k) = (_1)kail‘+|xk73|+m{‘ o {{{hka 1‘1}, xQ}v x3}7 T 7:616}‘

See Definition for the definition of 3 appearing in fs; for computational
purposes, it may be helpful to note that when 1, zy € YWem™,

1~ 1 ~ 1
—5 8@, 22) + 5(—1)lmll|x2lﬂ($27 1) = 5(v(@1) - w(za) —w(z1) - v(z2))z122.
Also note that each ¢ does indeed map into A“™™ and not just into the
larger ASpT™: this is because the SF'T bracket reduces the number of p’s by
1, § increases the number of p’s by 1, and each x; contains no p’s.

The first operation ¢y is precisely the Chekanov—Eliashberg differential 0
on A®°™M™M: see Section [2.10] Thus the first Lo, relation simply states the
well-known fact that 6% = 0.
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Proposition 3.4. The operations f) constructed in Definition satisfy
graded symmetry and the Leibniz rule.

Proof. Note that if x € ASp™ and y, z € A“™™, then by properties of {-,-}

(Proposition [2.20)),
{{,y}, 2} = (1) FHFRDEFDRE (o g1y
= {a, {y, 2}} + ()DL (2 2
= (—=1)=HFDU+D 1y 12 2}
= (—1)=HFDUYFD L0 2 41,

where the third equality follows from the fact that {y, z} = 0 since neither
y nor z contains any p’s. Thus we have

(=12 {{ha, 2o}, 21} = (—1)rleHn Iy 20}, a5}
The fact that £y(z9, 1) = (—1)l*1l#214105 (21, 2) is now easy to check from
this.

The proof that ¢ is graded-symmetric for k& > 3 is similar. For j =
1,...,k — 1, transposing x; and xj+1 in the definition of ¢; has the ef-
fect of replacing {{y,z;},x;11} by (—=1)l@ilFleinlfly 2. 11 2}, where y =
{' o {hk7 xl}v cee 7:L‘j*1}' Now {{yv ijrl}? xj} = (_1)(|Ij|+1)(‘xj+1|+1){{y7 x]}a ijrl}
and thus transposing z; and xj;1 changes li(x1, ..., z) by multiplication
by (—1)leillzi+1+1 as desired.

It remains to show that for k > 1, ¢, satisfies the Leibniz rule as stated in
Definition For k # 2, this is immediate from the fact that {-,-} satisfies
the Leibniz rule (Proposition 2.20)). For k = 2 we additionally compute that

{z1,0(z22h)} = {1, (0x2)ah}+(— 1)@y, 29(62h) } = {1, dza b+ (— 1)l o ), 52y}

by Propositions and and the fact that {z1, 22} = {z1,25} = 0, and
that

5(331,33237/2) B(x1, 562)37/2 + (—1)|zll|x2|3325~($1, 95’2)
Blwaxh, 1) = (—1)17 1%l (g, w12y + 2B (2, 21)

from Proposition (5). Combining these, we conclude that ¢y satisfies
the Leibniz rule. O

Remark 3.5. The need for ¢o to be graded-symmetric is what forces the
presence of the % fractions in Definition Alternatively, one could multi-
ply every ¢ by 2 to obtain an L., structure whose operations have integer
coefficients, for instance if one wished to work over a field of characteristic 2.
However, /1 would no longer coincide with the usual Chekanov—Eliashberg
differential 9 but would instead equal 20.

As an additional reason not to work over a field of characteristic 2, we
note that the quasi-isomorphism type of (A®“™™ 9) is only guaranteed to be
invariant under Legendrian isotopy if we work over a field of characteristic
0: see [ENS02, section 3.4].
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We can now state our main result.

Proposition 3.6. For any pointed Legendrian link, (A“™™, {{,}72,) is a
homotopy Poisson algebra.

To prove Proposition [3.6] it remains to check that the £;, operations satisfy
the Lo relations. We defer this to Section [4]

An immediate corollary of Proposition [3.6]is that the commutative Leg-
endrian contact homology of a Legendrian link inherits a Poisson bracket
from £5.

Corollary 3.7. For any pointed Legendrian link, (H.(A®°™™ 9),0l2) is a
Poisson algebra.

3.3. A formula for the string portion of /. The definition of the ¢
operations in Definition [3.3]is relatively straightforward except for 5. Here
we take a brief digression and present an equivalent formula for ¢5 that is
convenient for computations. Write

Uo(x1,m) = (—1)11{{hg, a1}, 20} + 657 (21, 22)

where we define
1 - -
CHORBES ((-1)'%'“{5:,:1,9:2} — a1, 620} — Blz1, 2) + (—1)'%”@'5(9;2,9;1)) .

Note that £ (21, z2) is the part of ¢3(x1,x3) that does not involve any disks
in the Hamiltonian but does involve the string coproduct §; we call £ the
string portion of fy. For any x1,xe, (5" (x1, x2) is some half-integer multiple
of x1x9. Here we present a simple formula for this half-integer.

To that end, we set some notation. Given two distinct points z1, 29 on a
pointed Lagrangian link A, a segment between z; and 29 is an embedded path
in A whose endpoints are z; and zs; there are exactly 2 or 0 segments between
z1 and zy depending on whether the points lie on the same component of
A or not. A segment between z; and zo is unbroken if its interior does not
contain any base points of A.

Write So = {q1,...,qn,t1,...,ts} for the collection of g-variables associ-
ated to the Reeb chords of A, along with the base points of A, and note that
the elements of Sy along with the inverses tl_l, ..., t; 1 generate A™™, We
associate endpoints to each x € Sy as follows: for x = g;, the endpoints of
T are a; and aj, the top and bottom endpoints of the Reeb chord a;; for
r = t;, we say that the point e; itself is the unique endpoint of ¢;.

For distinct x1,z9 € Sp, write P(x1,x2) for the collection of unbroken
segments between an endpoint of z; and an endpoint of x9; there are at
most 4 elements in P(x1,z2). Given a path v € P(x1, z2), orient v following
the orientation of A, and define o(vy) to be +1 if 7 is oriented from z; to x2
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and —1 if it is oriented from x2 to ;. Now define n(y) € {£1} as follows:

—o1020(7) if (21,22) = (gj,, ¢j,) and the endpoints of y are a] ,a‘]’;
n(y) = —0 if (z1,22) = (gj,t;) and the endpoints of v are aj, e

o if (z1,22) = (ti, ¢;) and the endpoints of « are ;, af

o(v) if (z1,22) = (iy, tin)-

We now have the following result, which completely determines £ since
it is easy to check that £ (¢;1,) = —t; 265 (¢, ).

Proposition 3.8. Let 1,70 € Sy. If x1 = x9, then ¥ (x1,22) = 0; if
T1 # X, then

. 1
G (w1,2) = 5 Y. n() | miae.

YEP(21,22)

Proof. From the definition of £, we have £ (29, z1) = (—1)l=tll@2+ 15t (1) 205).
Thus if 1 = x9, then EStr(azl,xl) = 0: either |z1| is even, in which case
65 (21, 1) = 0 from the graded symmetry of £, or |z1| is odd, in which
case (57 (x1,71) is a multiple of 22, which is 0 in A®™™,

Now suppose z1 # 3. By the symmetry of 5, it suffices to consider 3

cases: (z1,22) = (g5, ¢j,); (%1, 22) = (g5, ti); (z1,22) = (L, Lir)-
First suppose (21, 22) = (¢j,,¢j,)- Then

]+
(1) 2@“(%17 q]'z) = (_1)|q]1|+ {5qj17q]'2} - {Qj175qj2}’
Contributions to the right hand side of correspond exactly to instances
in which the capping path for one of gj,,q;, passes through an endpoint
of the other Reeb chord. By the construction of our capping paths, these
instances are in precise correspondence to unbroken segments between q]j-i
and qjj;.

It now suffices to check that for such a segment -, the contribution to
the right hand side of is exactly n(y)xixs. This is a straightforward
case-by-case check, which we will illustrate in two cases. If v is a path from

+ + + : _ ot —
aj, to aj,, then the front half 7 of the capping path g, = 7 - (_’sz)
passes through ajt, yielding a term —g;, pj,gj, in dgj,, and the contribution

o () is ~{aj» ~4ipp i} = —4% = n(V)4j,q,- If v is a path from

a}“l to aj, , then the back half — Vs of ~g;, passes through a;rl, yielding a

term (— )|qJ2‘q32qjlpj1 = ¢j,Pj1q5, in d¢q;,, and the contribution to is
+4,95, = n(7)4;,qj,- We leave the other 6 cases for the possible endpoints
of v to the reader.
Next suppose (z1,22) = (g;,t;), in which case
2057 (¢, ;) = —{q5, 6ti} + (v(gj) - w(t:))gjti.
Now unbroken segments between a7

J
from a to e; corresponds to 7, passing through a ; this gives a term —g;p;t;

and e; come in four types. A segment ~y
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in 6¢; and thus contributes —q;t; = n(y)g;t; to 265 (q;,t;). A segment ~y
from e; to aj, on the other hand, does not contribute to —{g;, 6t;} but does
contribute —1 to v(g;)-w(t;), resulting in a contribution of —g;t; = n(7v)g;t;.
We leave the other 2 cases to the reader.

Finally, suppose (z1,z2) = (ti,,ti,), in which case

2£§tr(ti1ati2) = (v(ti) - w(tiy) — W(tiy) - v(ti,))ti iy

An unbroken segment v from e;, to e;, contributes —1 to w(t;,) - v(¢;,)
and thus +t;,t;, = n(y)tyti, to 2657 (t;,,t;,), while a segment ~ from e,
to e;, contributes —1 to v(t;,) - w(t;,) and thus —t;,t;, = n(y)titi, to
2055 (5, iy )- O

3.4. (—1)-closures of admissible positive braids. To illustrate the con-
struction of the L., algebra from Section here we consider a family of
Legendrian links, (—1)-closures of admissible positive braids. These lie in a
neighborhood of a standard Legendrian unknot in R? and are braided arond
this unknot. This family includes “rainbow closures” of positive braids.

We first review some notation from [CN22, §2.2]. A positive braid is
admissible if drawing the braid from left to right results in a diagram in
[0,1] x R that represents the zy projection of a Legendrian link in (J!(S!) =
St x R x R, ker(dz — ydz)), where we view S = [0,1]/(0 ~ 1). Not all
positive braids are admissible; for our purposes, we note that by [CN22|
Proposition 2.7|, any positive braid containing a positive half-twist A is
admissible.

It is shown in [CN22, Proposition 2.6] that given any admissible positive
braid 3, there is a well-defined Legendrian link A(3) in R which is topo-
logically isotopic to the closure of SA™2, where A represents a half-twist
in the braid group. This link A(B) is called the (—1)-closure of § and is
illustrated in Figure[9] In particular, the (—1)-closure of a braid of the form
BA?, where 3 is any positive braid, is a Legendrian link often called the
rainbow closure of f.

Suppose that 8 is an admissible positive braid with N strands, and that
the length of 8 as a braid word is k. Then the (—1)-closure A() as shown
in Figure |§| has k + N? Reeb chords: the k crossings in 3, which we label
ai,...,an, and the N? crossings where the link loops around itself, which
we label a;; for 1 <4,j < N. We note that if we view A(f) as a satellite of
the standard Legendrian unknot, then the @;; crossings of A(/) correspond
to the single Reeb chord of the standard unknot.

If we place one base point on each strand of 8 as shown in Figure [0} then
we can write a generating set for the commutative algebra A“°™™ as

S= {‘ha" . 7kaglla-"7CINN7pla--- 7pk7]5117~"7ﬁNN7tiE17' . 'atﬁl}'

If we give A(B) the Maslov potential determined by the given placement of
base points, then it is straightforward to check that we have the following
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:icg%)

FIGURE 9. The (—1)-closure A(3) of an admissible positive
braid 3, in the zy projection.

gradings:
;] =0 pil = —1
|Gis| =1 |Pij| = —2
i =0,

Proposition 3.9. For A(f3), the homotopy Poisson algebra (A“™™ {{x})
is strict: £y =0 for k > 3.

Proof. We claim that any immersed disk in A(A(8)) has at most two pos-
itive corners, whence hy = 0 for £ > 3. Note that A(3) lies in a tubular
neighborhood of a Legendrian unknot Ay whose zy projection has a single
crossing, and Il (A(B)) lies in a tubular neighborhood of I1,(Ag). Any disk
A € A(A(p)) either maps into this tubular neighborhood, in which case we
call A “thin”, or it does not, in which case we call it “thick”. If A is thin,
then by inspection, A has exactly two positive corners: these are the two
points where A changes direction along IL,,(Ag). If A is thick, then in fact
A can only have one positive corner. Indeed, in the limit where we shrink
the tubular neighborhood so that II,,(A(8)) approaches a multiple cover of
I, (Ao), A approaches an (immersed) disk in A(Ag). But there are exactly
two disks in A(Ag) and both have exactly one positive corner; thus A must
have one positive corner as well. O

It follows from Proposition that for the Legendrian link A(3), A“m™
is a DG Poisson algebra with Poisson bracket 5. In particular, the degree-0
subalgebra of A“™™ generated by q1, ..., qk, t{cl, e ,t]ivl is a Poisson alge-
bra. We thus have the following corollary of Proposition

Corollary 3.10. Given any admissible positive braid 8 with k crossings and
N strands, the Lo, structure for the Legendrian link A(B) induces a Poisson
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as1
,\%\,X/ *1 @1

FIGURE 10. The (2,2n) torus link A(0?"*?), in the 2y projection.

bracket on
k[le s 7qk7t1ila s 7t]i\[1]7
the coordinate ring of k¥ x (k*)V.
As an example, we compute the Poisson bracket from Corollary for
the 2-strand braid 8 = 07”2, n > 1. The (—1)-closure of this braid is

a 2-component Legendrian link which is topologically a (2,2n) torus link.
What we will find is that this Poisson bracket is essentially the same as the

FlaschkaNewell Poisson bracket on k[s1,. .., 2,49, AT!], which is defined
by
{si,85}PN = 6 j—1 — 51’15)]\# + (—1)1'73‘“51-5]-, 1< ]
{55, \}Jrn = (—1)'s3\;
see e.g. [BT22, equation (1.2)].
Proposition 3.11. The Poisson bracket on
klq1,- .., gn+2, tfl, t;ﬁl}
induced by the Lo, structure on the (2,2n) torus link A(o?"*?) is:
{gi, g} = (1) iy j>i+1
{di, giv1} = ¢igiv1 +1 1<i<2n+1
{a1, ©ont2} = a1qent2 — t1t2_1
{ait1} = (-1)"aity 1<i<2n+2
{ai,t2} = (=1)'aita 1<i<2n+2

{t1,t2} = 0.

It follows that the map q; — s;, t1 +— A™1, to = X sends our {-,-} to the
Flaschka—Newell bracket {-, -} pn.

Proof. We need to compute ¢35 on q1,...,gont+2,t1,t2. To do this, we first
compute the relevant portion of the Hamiltonian ho, namely the terms that
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involve only g;,p;,t; and not g;j,p;;. By inspection of Figure we have:

ho = —p1p2 — p2p3 — *+* — DP2nt1P2n+2 — t2_1p2n+2t1p1 + e

where the terms correspond to embedded bigons with corners at a; and
aj41 for j = 1,...,2n + 1, except for the final term, which corresponds
to an immersed bigon with corners at a; and as,t2 and wraps around the
loop region. The result now follows by using this formula for ho along with
Proposition to compute ly(x,y) = {{ha,z},y} + " (z,y) for z,y €
{a1, .-, @ny2,t1, t2}. g

3.5. The L., structure for Legendrian knots, and a variant. Here we
consider the case where A is a single-component Legendrian knot with a sin-
gle base point, rather than an arbitrary pointed Legendrian link. In this case
the definition of the Lo, structure from Section simplifies considerably.

Definition 3.12. Let A be a Legendrian knot with a single base point. For
k> 1, define £ : (Acmm)®k 5 feomm aq follows:

t(21) = {h1, 21}
lo(w1, w2) = (1)1 {{hg, 21}, 22} — (—1)1" {6y, 0}
and for k > 3,

(1, ..., zk) = (—1)"”’“*1‘+|’”’“*3|+"'{‘ ~A{{hg, 1}, 22}, 23}, TR )

comm comm

Equivalently, if we define d : A™ — AT by d = {h,-} — 6 as in
Definition and write IT : A" — A™™ for the projection map
annihilating all words containing p’s, then we can define ¢ for all £ > 1 by:

U, .. ay) = (=)=l loesl T day w0}, 2s), - )

For Legendrian knots, this definition of the L., structure agrees with the
more general Definition the simplification of fo in this case is due to
the facts that the 8 terms disappear when there is a single base point, and
the string coproduct § is now an honest derivation with respect to the SFT
bracket {-,-}.

The unified definition of ¢ involving d in Definition implies the
following result.

Proposition 3.13. Let A be a Legendrian knot with a single base point. The
Lo structure on A°™™ determines the differential d : A°™™ — Amm,

Proof. Write the generators of A“°™™ as ¢y, ..., ¢n, tic, . ,t;t as usual. Since

d satisfies the Leibniz rule, and d(¢;) = 0 for all 4, it suffices to show that the
L structure determines d(g;) for all j. We can write d(g;) as a polynomial
(or power series) in p1, ..., p, with coefficients in ¢, ..., ¢n, tf, . ,tsi:

d(q;) = Z Z FivsiePir = Pja

k>0 j1<-<jg
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with fj,,. ;. € A" Then for any ji,...,Jk, fji,.j, i determined by
{' o {de, QJl}v t 7ij} and thus by Ek—&-l(qja Qjis-- - ij)' O

In [Ng10], the complex (A“™™ d) is called the commutative complexr as-
sociated to the LSFT algebra of the Legendrian knot A; this is the commu-
tative version of the rational SF'T invariant that is the subject of that paper.
Proposition [3.13]states that the Lo, structure developed in the present paper
encodes the commutative rational SFT invariant from [Ng10].

Remark 3.14. Tt is shown in [Ngl0] that the commutative complex, up to
filtered chain homotopy equivalence, is an invariant of the Legendrian knot
under Legendrian isotopy. In Section [5 we will prove a restricted version
of an invariance result for the L., structure, and we conjecture that the
L structure is in fact invariant up to Lo, equivalence. However, it is not
clear that this invariance conjecture would directly imply invariance for the
commutative complex: the procedure described above to pass from the L.,
structure to the commutative complex involves information about the L.,
structure besides its equivalence class, namely the distinguished generators
q1y- -, Qn Of Amm,

We next note that when A is a Legendrian knot, we can lift the above
Lo structure from A™™ to A% the definition of £ : (AWYC)®k — Aove
is exactly the same as in Definition [3.12] above. Note that A% is not
an associative algebra, and so the L., structure in this case will not be
a homotopy Poisson structure.

Proposition 3.15. For any Legendrian knot with a single base point, (A%, {{;}7° ;)
is an Lo algebra.

Proposition will be proved in Section [4]

The usual Chekanov—Eliashberg differential 0 on the noncommutative
algebra A descends to a differential on A%°. Proposition [3.15] immediately
implies that the homology of A% with this differential inherits a Lie bracket
from /¢5.

Corollary 3.16. For any Legendrian knot with a single base point, (H, (A%, d), l2)
is a Lie algebra.

Remark 3.17. For a Legendrian knot A, the homology H,.(A%¢, d) is the
cylindrical contact homology of the contact manifold R3(A) obtained from
R? by Legendrian surgery on A [BEEI2]. In this context, the L., opera-
tions appear to count rational holomorphic curves in the symplectization of
R3(A) with multiple positive punctures and a single negative puncture. In
particular, the Lie bracket induced by #s counts curves with two positive
ends and one negative end.

There is a version of this story for Legendrian links as well. In this case,
one can consider A%Y“®™Pthe module of composable cyclic words; see Re-
mark Then the homology (A%Y®™P ) is the cylindrical contact ho-
mology of the contact manifold R3*(A) obtained by Legendrian surgery on
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each component of A [BEE12]. It appears to be the case that (AY*™P {£,12° )
is again an L., algebra, and the L., operations again count rational curves
with multiple positive and one negative puncture. However, we do not pur-
sue this direction further in this paper.

4. PROOF OF THE L., RELATIONS

This section is primarily devoted to proving Proposition by verifying
that the L., operations that we defined for Legendrian links in Section
do indeed satisfy the L relations. We begin by laying the groundwork for
the proof of Proposition [3.6] and then present the proof itself. We end the
section with the proof of Proposition which states that the variant L
structure for Legendrian knots as constructed in Section also satisfies
the L relations.

For k > 1, we extend the maps ¢ to maps my, : (A©™)®k . Agomm
defined as follows. Recall that d : ASFT™ — ASET" is defined by d(z) =
{h,z} + dx. For any k > 1 with k # 2, define

my(x1, ..., = (_1)‘Wk—l‘+|xk—3|+'“{. A{{dzy, z0}, w3), - w )
note in particular that mi(x1) = dzq1 = {h,z1} — dx1. For k = 2, define

ma(er, ) = 5 (<0 ey, 22+ (o, daa) = Blar,22) + (<) Pl Ban, 1))

For ease of notation, we will henceforth suppress the k& index in my.
Let

H . (SZ%‘I%H] — Acomm

denote the projection map, which annihilates all words that contain p’s and
preserves all words that do not. Then ¢} and m are related by this projection:

U(xy, ..., z) = Om(zq, ..., xp)
for all £ > 1.

Lemma 4.1. The operation m satisfies the following properties:

(1) For any k > 1 and any permutation o € S,
M(To(1)s -+ s To(k)) = X(0, 21, .., op)m(21, - -, T).
(2) We have
m(zr, 22) = (=1)"H m (1), 22} +(= 1)1 B (22, 21) = {21, m(22)} =B (21, 22),
while for any k > 3,

m(xy, ..., Th_1,T) = (—1)"““'"“”’“—1‘{m(ml, ey TE—1), T )
(3) For any k> 1, if x1,...,x11 are words in W™ then
k
Bz, m(x1,. .. 1)) = Z B(xpi1, i) xprim(zy, ..., zk).

i=1
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Proof. is proved in exactly the same way as the corresponding result for
/i, in Proposition For , note that since {x1,22} = 0, it follows from
Proposition that

0= d{x1, zo} = {ma1, 22} — ()" a1, mao}+(— 1)1 3 (21, 20)+(—1) =122 325 21).

Combining this with the definition of m(z1,x2) immediately gives .

For (3), we use Proposition 2.31|[L[3l) to see that v({h,z1}) = v(dz1) =
v(z1) and thus v(dz;) = v(z1). By Proposition again, it fol-

lows that v(m(zy,...,zx)) = Zle v(z;). Thus B(xgs1, m(z1,...,25)) =
S B(xpy1,x:), and (@) follows. O

To set up the next lemma, we introduce some notation. Fix k& > 2 and
Ti,..., T, € A©MM For a nonempty subset S C [k] = {1,...,k}, write
S = {il,...,ig} with i1 < - < iy, define

m(zs) = m(zy,...,%;,)
4
‘l’s‘ = Z |xl]|

j=1

¢
vg = Z v(wi; ).
j=1
For a partition of [k] = {1,...,k} into a union of two disjoint nonempty

subsets [k] = AU B, let 04 denote the permutation of [k] that sends 1,...,k
successively to the elements of A in increasing order, followed by the elements
of B in increasing order; analogously let op denote the permutation sending
1,...,k to the elements of B in increasing order, followed by the elements
of A in increasing order.

Lemma 4.2. For any k > 2, we have:

(—D)fdm(zy,...,zx) = > x(oa)(=)IFAFDEAAED fm (@ 0), m(ap)}
[k]=AUB

k
= > xlopp ) Bmzpy ) i),
i=1
where the first sum is over all unordered ways to partition [k] into two dis-

joint subsets.

We note that the summand in the first sum is well-defined because a straight-
forward computation shows that it is symmetric in A and B:

X(oa) (=) FAFVEAT (2 4), m(2 )} = x (o) (1) FPFVEEED fn(2p), m(x.a)}.
Proof of Lemma[].3. We induct on k. For k = 2, the desired identity is:
(2) dm(w1,x2) = {m(z1),m(w2)} = B(m(w1), 22) + (=1)"12 B(m(2), 21).
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Now applying d to both sides of the equality m(z, m(z2)} —
B(x1, ) from Lemma [4.1] and using Proposmlonsh and |i 7| vields
dm(zy1,23) = {m(x1), m(a2)} — (~)" {z1, d®o} + (1) B(21, dz)
+ (=D)==213(dry, 21) — dB(z1, 22);
thus to prove (2)), it suffices to show that
(3) — (=)l d®ao} + (=)™ B2y, dao) — dB (@1, 20) = —B(dxy, 2).
But by Propositions [2.37] m and m., we have
—(=Dlml{zy, d?xo} = — (1)1 1{zy, B(h, 22)}
=—(-1 )"m'(m‘ﬂ {/B(ha 1‘2)71’1}
—B({h,z1},2) + {h, B1,22)} — (=)™ B (21, mo) w1 { R, 22}
= —B(dz1, 29) + dB (1, 2) — (—1)PB (), 20) 1 day
n (5@(931,3;2) B(0x1, xa) + (— 1)\11\5(:1;1,;62)9515@)
= —B(dz1, w9) + dB(w1, @2) — (=1)! B (a1, da2)
+ (981, 2) = Ao, 22) + (1) B(2r, w5)102, )

where we have used Proposition in the first equality, Proposition [2.31](6)
in the third equality, and Lemma in the fifth equality Finally, since
v(dz1) = v(z1) and w(dx;) = w(zy) by Proposition [2.31)(3)), we have
B(6r1,22) = B(r1,22), and so

56(1’1,172) - B(éml,xg) - (—1)‘x1‘ﬁ($1,$2)$15$2

= B(z1,22) (5(;1:1562) — (6z1)To — (—1)'“';101(53:2))
=0

This proves and completes the proof of the lemma for the base case
k=2.

For the inductive step, assume that the desired equality holds for k> 2;
we establish it for k£ + 1. Indeed, by Proposition [2.38] Lemma .1} and the
induction assumption, we have

(=) dm(xy, ... 2per)
= (—=0)FHEmld{m ey, . w), g}
= ( ) Frltep I{dm(xh EER) xk)? xk+1} + {m(x[k})u dkarl}

Bm(zpgy), pg1) — (—1)EFlrmblenal 3z, m(ay)))
=C+ D+ {m(zpy), dop

— Bm(zp), 1) — (1) EFEmDleeal By ) m(ay))
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where

C= 3 Xloa)(~1)Hemlr(eals DEARD (6 00y m(ap)}, @)
[k]=AUB

lm & ZX U[k]\{z (x[k]\{z})7$i)7$k+l}-

Now by the Jacobi identity, we compute that the summand in C' is equal to

X(0.4) (=1) el IEalE DAY f (0), {m(ap), 2p41 1)

+ X(UB)(,l)lJrlr[k]\+(|mBI+1)(k—\B\+1){m(xB)’ {m(za), Tpi1}}.

By Lemma these two terms are equal to y (o 4)(—1)ZalFDEAD fm (1), m(ZBufkt1}) )
and X(UB)(—1)(‘9”3‘H)(k_‘B‘){m(mg),m(xAu{kH})} respectively, unless ei-

ther of A or B (say B) is a singleton {i}, in which case we need to add
X(U[k]\{i})(—l)lx[k]\{i}|+|xi||xk+1|{m(x[k-]\{l‘}),B($k+1, x;)} to the first term. It

follows that

C=E+ Z IrA|+1)(k IAI){m( 4), m(J?Bu{k+1})}
[k]=AUB
+ Z Y HDEBN (2 5), (@ augrs1y)}
=AUB
=E+ Y x(oa) () EAN (3 4), m(zp)} — {m(zp), dog )
[k+1]=AUB
where

k
FE = ZX(U[k]\{i})(—1)‘x[k]\{i}|+|$i|\$k+1|{m($[k]\{i})’ﬁ(mk_H’ zi)}.
=1

From the above expression for C', to complete the induction step it suffices
to prove:

(4)
D+E = (—=1)"HrmDizenl 3oy g m(a ZX e\ fip) By 1 i) T4) -

We will establish first for £ > 3, and then for k = 2; the k = 2 case
involves some additional correction terms that we address at that point. For
now, assume k > 3. By Proposition @, we have

(5)
{m(zpggiy)s B, 1)} + (— D)1l DB (2 (), 24), g }
= B{m(zpp iy)s Trsr b i) + (1) PnlmEEn eI B2y ) dm( g ), 22}

= (=Dl Bom (g y), 20) + X0 ) (= 1) EFrEena DG B2y, o)z im(zp);
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multiplying both sides by x (o i3)(—1 )"” N HzEdllzial and summing over
1 gives

D+FE= Z ( s gip) (D B (m (@ ), 1) + B(@kga, évi)m(l‘[k})xkﬂ)

k
= (1) WHlmblesl 3y g m(ap) = Y x (@ ) B (@ g i) 7)
=1

where in the second step we have used Lemma . This completes the
proof of when k > 3.

When k = 2, since {m(z1), z2} is equal not to (—1)/#lm(zy, z) but rather
to (=1)1lm(zy1, 29) plus the correction term —(—1)F1(22HD G(zy 1), we
need to add correction terms to the final expression in . The total con-
tribution of these correction terms summed over i = 1,2 is:

P = —(=1)mlieaimllnsh el 33y, a9), 21) — (~1) 220181 80y 1)y B, 2)

_ (—1)(‘361‘Hm‘)'x?"HB(B(IE&1'1),562) _ (_1)‘xlH12|+‘m1||13|+‘m2||13|+15(x3,.'1:2):635((172,:171).

To establish when k = 2, it suffices to show F' = 0. Now since

B(B(ws,w2), x1) = B(B(w3, 72), 21)B(w3, w2) 71
= (B(zs,21) + B(w2,21)) B(23, 2) w3727
= (

—1)lellzltlellesitieliesl (g (2 21) + B(2g, 21)) B(as, wo)T12073

with a similar expression for B(3(zs,z1),z2), we find that
(3
(

F'= —(B(x3,71) + B(22,71))
+ (B(x3, 22) + B(z1,22))B
—0,

xo)x1x2w3 — P23, 1) (21, T2)T 12223

x3, 331)171352333 + B(x3,v2)B(w2, 21)T17223

and we are done. O

Proof of Proposition[3.6, Recall that ¢; and m are related by ¢ = IIom
where II is the projection map ASEH™ — A“™™. We note that 1I satisfies
the following properties:
o for any = € ASpH™, IdIl(x) = Ild(x);
o for any 1,29 € ASPH™, I{xy, w2} = II{IIx, w2} + II{xy, Mao}.
We now turn to the proof of the Jacobi identities. The first Jacob iden-

tity is £2 = 0, which follows directly from 9% = 0 in the usual Chekanov—
Eliashberg DGA for A. The second Jacobi identity is

01 (0o (a1, 2)) = Lo(f1(x1), 22) + (1)1 la (a1, £1(22)).
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To prove this, we apply II to both sides of the k = 2 case of Lemma as
presented in equation :

5162(1'1, 1'2) = Hde(ml, 1‘2)
= Ildm(x1, z2)
= II{IIm(x1), m(z2) } + I{m(z1), Im(z2)}

— TA(m(21), 22) + (=)= T3 (m (@), 1)
= 11 ({61 (), m(e2)} = Blla(n),22))

+ 11 ({ml@1), 6r(z2)} + (~1)= 121304 (w2), 1))
= TIm(l1 (1), 22) + (=)™ TIm(ay, 01 (x2))
= lo(L1 (1), 2) + (1) lly (1, 01 (22)).

It remains to prove the k-th Jacobi identity for & > 3, which we rewrite

as:

(6)

0=t (l(mr,. . ome)+ Y (DB (o)l g1l a(a), 28) + X(08)0 4111 (45 (2B), 74)) ,
[k]=AUB

with the sum being over unordered nonempty sets A, B as before. Here we

use analogous notation to above: if A = {i1,...,ip} and B = {j1,...,jk—p}

where the elements of A and B are in increasing order, then £)(z4) :=

fp(:vﬁl, o iy )y b pr1(p(xa), 2B) = lp—pr1(bp(za), Tjy5 - -, T, ), and so

orth.

Since k > 3, we can assume that in the unordered partition [k] = AU B,
we always have |B| > 1. Then we have

I{IIm(z ), m(zp)} = (=1)1FaHAFD @B DA i (1), €4 (24) )
= (_1)(‘xA|+‘A|+1)(|IB|+|B‘+1)+1+‘x3‘Hm(xB7E‘AI(xA))
= (_1)(‘“|+‘A|)(|B|+1)€|B|+1(f|A\(ilJA)7CL‘B)-
Similarly, if |A| > 1 then
I{m(za),Im(zp)} = (=1)"Am(za, € p)(2p))
= (_]_)|33A‘(|1'B|+|B|+1)+|A‘£‘A‘+1(lel(:L-B)’$A)
= X(ea)x(op)(~1)FAFHANIEED gy (0 (2), 24),
while if |A| =1, say A = {i}, then there is a correction term:
I{m(xa), Mm(zp)} = I{m(z:), -1 ()}

= (—1)l= (m(fm,ﬁk—1($3)) _ (_1)|$2‘H5k71(xB)|B(£k_1(xB)7xi))

= x(oa)x(op)(=1)=aFADUBI Y 1 (0yp(25), 2a)

+ x (o) x (@) (DM By (2 i) 7).



AN Lo STRUCTURE FOR LEGENDRIAN CONTACT HOMOLOGY 47

Now apply IT to both sides of the equation in the statement of Lemma[4.2]
The left hand side is (—1)*IIdm(z1, ..., zx) = (=)0 (0 (21, ..., 21)). Us-
ing the fact that II{m(za),m(zp)} = II{lIm(x4),zp} + II{m(za),Izp},
we find that the first sum on the right hand side is:

D ()M ((04) g (G (ma), 28) + X(08) a1 (U (2R), 24))
[k]=AUB
k
+ ) x(oup i) Bk (@ gy) w0)-

=1

This last sum exactly cancels the image under II of the second sum on the

right hand side of the statement of Lemma and @ follows for k > 3. O

Proof of Proposition[3.15 A key to the above proof of the Lo, relations for
links is the statement (Proposition [2.30) that on AS™, d is a derivatioNn
with respect to {-,-} when we include some correction terms involving 3.
Now suppose that A is a knot with a single base point. Recall in this case
that ¢ is actually a derivation with respect to {-,-} on the module of cyclic

comm

words A%CT, not just the commutative quotient pr, and further that
3 27

there are no 3 correction terms: see Proposition 2.

This allows us to lift the argument in the above proof of Proposition [3.6]
from AH™ to AJp. We can define my, @ (AY)®F — AT for k> 1 as in
the previous proof:

mi(y, ... ) = (=)l Fleesl Lo e o) as), - )

Now however we do not need a separate definition for mso since the above
definition for mo(x1, z2) is already graded-symmetric in 21 and x2. We now
follow the proof of Proposition word for word, but with the significant
simplification that we omit all terms involving 8 or 8. The resulting proof
verifies that the Lo, operations on A%° satisfy the Lo, relations, as desired.

O

5. INVARIANCE

In this section, we prove a version of invariance for the L, structure con-
structed in Section [3| under Legendrian isotopy. More precisely, we show
that the Lo, algebra (A“™™, {{;}?°,) is invariant up through the ¢ op-
eration. For ¢1, this is contained in the usual invariance statement for the
Chekanov-Eliashberg DGA (involving “stable tame isomorphism”); the new
content is the invariance of ¢ as well.

5.1. Statement of invariance. Given two L algebras (AT, {{{}) and
(A=, {}), there is a standard notion of an L, morphism from A% to A~.
This is a collection of graded-symmetric maps {f;}3°, with fx : (AT)®% —
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A~ satisfying a sequence of relations of the form:

(7)
k
Z Z fk—i—i—l(e?— (xa(l)a e 7:170(1'))7 Lo(i41)s -+ xo‘(k))

=1 o€Unshuff(i,k—1)

- Z Z gj_(fkl(ma(l)a"'7x0'(k1))7'"7fkj(x0'(k:—k‘j+1)7'"awa(k)»

ki+-+kj=k c€Unshuff(ki,...,k;)

for k > 1, where for readability we have omitted signs in the relations . (In
our setting, where the L, algebras also have associative multiplication and
are homotopy Poisson algebras, we would also require that each fj, satisfies
the Leibniz rule.) In particular, for £ = 1 we have fj o Zf = /] o f1, and
so f1 is a chain map (A*,¢]) — (A7, ¢]). An Lo, equivalence between A+
and A~ is then an Lo, morphism {f;} such that f; is a quasi-isomorphism,
and two L algebras are said to be equivalent if there is an L, equivalence
between them.

We believe that the L., algebra defined in this paper is invariant under
this notion of equivalence, but do not prove this full result here.

Conjecture 5.1. The homotopy Poisson algebra (A°™™, {{1}) associated
to a pointed Legendrian link is an invariant of the Legendrian isotopy type
of the pointed link, up to Lo equivalence.

Instead, in this paper we establish a more limited statement of invariance,
up through the ¢ operation. That is, we construct maps fi, fo and check
the relation for k = 1,2. More precisely, we define the following.

Definition 5.2. Let (AT, {{{}) and (4™, {¢; }) be two homotopy Poisson
algebras. An Ly morphism from (AT, {{}) to (A™,{¢; }) is a pair of maps
fi: AT = A" and fo: AT® AT — A~ such that f; is an algebra map with
fiolf =t] o f1, and f, satisfies the following properties:

e graded symmetry: fo(xe,x1) = (—1)'11”“”1]02(331,:62);
e Leibniz rule:

fol@r, woxh) = falwr, m2) fr(ah) + (1)1 D2l £ (29) fo (21, 24);

e [o morphism property:

Filg (w1, m2) = €5 (fren, frva)+ fo (a1, m2)+ (1) fo (21, 6 w2)+07 fo(ar, 22).

An Lo morphism such that f; is a quasi-isomorphism is an Lo equivalence;
two homotopy Poisson algebras are Lo equivalent if there is an Lo equivalence
between them.

We note for future reference that graded symmetry and the Leibniz rule
imply the following alternate version of Leibniz:

falwrz), @) = (—1)11 1 (1) fo (2, 22) + (= 1)11172 fo (g, 20) 1 (2)).
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Recall that the homology H.(A,/¢1) of a homotopy Poisson algebra is a
Poisson algebra, with multiplication induced from A and Poisson bracket
induced by #2. The following result is immediate from Definition [5.2

Proposition 5.3. If the homotopy Poisson algebras (A™, {¢}'}) and (A=, {¢; })
are Lo equivalent, then the Poisson algebras (H.(A*,07),65) and (H (A=, 07),45)
are isomorphic.

We can now state our invariance result; note in the following that “Leg-
endrian isotopic” refers to an isotopy that sends base points to base points
and Maslov potential to Maslov potential.

Proposition 5.4. Suppose that A™ and A~ are pointed Legendrian links in
R3 that are Legendrian isotopic. Then the respective homotopy Poisson al-
gebras ((AT)mm {7F}) and ((A7)°m™ {¢,}) are Ly equivalent. In partic-
ular, the commutative Legendrian contact homologies (LC HS™™(AT), £5)
and (LCH™™ (A7), 05 ) are isomorphic as Poisson algebras.

The remainder of Section || is devoted to the proof of Proposition
In order to do this, we follow Chekanov’s combinatorial proof that Legen-
drian contact homology is an isotopy invariant. In the xy projection, any
Legendrian isotopy can be decomposed into planar isotopies along with a
succession of elementary moves:

e moving a base point through the endpoint of a Reeb chord;
e a Reidemeister III move;
e a Reidemeister II move.

Recall that the xy projection of a Legendrian isotopy is a regular homotopy,
and thus we do not need to consider a Reidemeister I move.

In the following subsections, we will construct an Lo equivalence associ-
ated to each of the elementary moves. For each move, Chekanov [Che02] (see
also [ENS02]) constructs a chain map between Chekanov-Eliashberg DGAs
(“stable tame isomorphism”) that induces an isomorphism on the homology
of the noncommutative DGA. This chain map is our f1; when A“°™™ is the
commutative DGA over a field k of characteristic 0, f; induces an isomor-
phism on the homology of (A“™™ 9) as well, see [ENS02, Theorem 3.14].
We then construct fa for each elementary move in such a way that (f1, f2) is
an Ly morphism (and hence an Ly equivalence) in the sense of Definition .
Proposition [5.4] then follows.

5.2. Invariance under base point move. Suppose that the pointed Leg-
endrian links A* and A~ are identical except that the base point e; is moved
through an endpoint of the Reeb chord a;: see Figure

We first consider the case where o; is moved through the positive endpoint
aj of a;, as shown in the left hand diagram in Figure Define an algebra
isomorphism

fl . (A+)c0mm N (A—)comm
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FIGURE 11. Moving a base point e; through a Reeb chord a;.

by sending
filay) = ti"q
and letting f act as the identity on all other generators of (A™)®™™ (in-
cluding t;).
To set notation, let A% denote the Hamiltonians for A*, and write Sy =
{q1,... qn,t1, ..., ts} for the the set of generators for both (AT)EH™ and
(A7), We now observe the following.

Lemma 5.5. (1) For any x1,z2 € (AT)GH™, we have { fiz1, fiza} =
f1{$1,$2}-
@) fu(h) = b~
(3) For any 1,29 € S, we have ({5 )% (frx1, fize) = f1((€3)F (21, 22)),
where (@t)Str are the versions for A* of the operations (5 defined
in Section [3.3.

Proof. For , it suffices to check this when z1,292 € S. In this case both
sides are 0 unless {x1,22} = {py,q} for some ¢. If ¢ # j then both
sides are {x1,z2}, while if £ = j then the result follows from the fact that
{flpjafl%'} {tipj, t; QJ} {pj a5}

To see , note that there is an obvious one-to-one correspondence be-
tween disks contributing to the Hamiltonians h*. An inspection of the four
quadrants at the Reeb chord a; shows that the boundaries of the disks
that have a Corner at a; change between AT and A~ as follows: t;q; — ¢;;
qj — t; qj, pjt; = pj; pj — tipj. Tt follows immediately that f1(h*) = h™.

For (3]), recall from Proposition that 65“(3:1, x9) is x1x2 times a signed
count of the unbroken segments between z1 and xo. If neither x; nor x9 is
¢j, then this collection of unbroken segments is the same for A* and A~, and
so (6 )" (fixn, frza) = (6) (21, 22) = (63)™ (1, 22) = fi(ly )™ (1, 72).
Since (Ki)Str(qj,qj) = 0, it only remains to check when z; = ¢; and
z9 # qj. In this case we have t; f1((¢3)*"(¢;,72)) = ({3 )*"(g;, 2) while

ti(03) (15, frze) = (65 (5 g5, 22) = (65)°" (g5, 22)—qjt; ' (63)™ (i, 22).
Thus we need to show that
(8) (£3)* (g5, w2) — (€3 (g5, m2) = qst; " (£3)™ (£, z2).

Now there is a one-to-one correspondence between unbroken segments be-
tween endpoints of a; and of x5 in AT and in A~, with two exceptions:
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(oriented) unbroken segments in A* from aj to an endpoint of x5, and un-
broken segments in A~ from an endpoint of z3 to aj have no counterpart
on the other side. Thus (£; ) (g;,x2) — (€3 )% (g;,72) is given by a signed
count of these exceptional segments. But in these exceptional cases there
are also companion unbroken segments between e; and the endpoint of xa:
an unbroken segment in AT from e; to the endpoint of x5 in the first case,
and in A~ from the endpoint of x5 to e; the latter. Thus each term on the
left hand side of has a corresponding term on the right hand side. Com-
pleting the proof now reduces to a case-by-case verification that the terms
agree with signs, using Proposition Suppose for example that z2 = gj,

and there is an unbroken segment in At from aj to aj-j: this contributes

3024505, to —(£3)%"(g;, z2), while the companion segment in AT from e; to
o) t

J2 ° r(

segment in A~ from an endpoint of 2 = ¢;, to aj, and the cases where

x9 = ty for some i) to the reader. ]

a?? contributes $o2q;xs to qjt; (05 ) (t;, 22). We leave the other cases (a

Proposition 5.6. Suppose that AT are related by moving a base point
through the top endpoint of a Reeb chord. For any k > 1 and x1,...,x) €
(At)eomm " ye have

flﬁlj(:vl, coxk) =4 (fied, ... fla).

Thus f1, as a map between the Lo algebras ((AT)m™ {£F}) and ((A7)mm {4 1),
18 an Lo equivalence and in particular an Lo equivalence.
Proof. For k # 2, we have
Flf (@, ag) = (=Dl g R an} wo ), )

= (—nllmeslt AR fuen}, fus), - Ak

= (—D)lmerltlsltfo (s fand, fuesd, - fuad

=0, (fize, ..., fizg)
by Lemma . For k = 2, since lo(x1,22) = (—1)‘m1|{{h2,$1},x2} +

057 (21, m3), we further need that fl((éér)Str(xl,xg)) = (ﬁ;)sm(flxl,flxg);
but this is precisely Lemma . O

This completes the proof that the L, structure is invariant under the
move in the left hand diagram of Figure For the move in the right
hand diagram of Figure an entirely analogous argument shows that f; :
(Af)comm —y (A7)comm defined by fi(gj) = tigj and fi(z) = z for all other
generators is an Lo, equivalence between the Lo, algebras ((AT)mm {¢F})
and ((A7)™™m {¢,'}). We conclude that the Ly, structure is invariant under
any base point move.

5.3. Invariance under Reidemeister III move. Next we suppose that
the pointed Legendrian links AT and A~ are related by a Reidemeister
IIT move, as shown in Figure [[2] By moving base points if necessary and
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AT A~

FiGUurE 12. Reidemeister III move in the xy projection,
with any possible choice of crossing information at the three
crossings. In each of AT and A, the three depicted quad-
rants are labeled s1, 52, s3, where each s; is either a p or ¢ as
in Figure[5| On the right, e € {41} is defined to be the prod-
uct of the orientation signs of the three marked quadrants in
AT,

applying the invariance result from Section we can assume that the local
Reidemeister III move does not involve any base points.

As usual, we append =+ superscripts to label constructions in A*: so for
instance Eki are the L., operations on (A%)®™™ and h*, 6%, dT, % are the
Hamiltonian, string coproduct, differential, and 3 map (Definition on
(A%)gomm  There is an obvious one-to-one correspondence between base
points and Reeb chords for AT and A~, and we use the same labels for each,
so that the + algebras are the same: we can write

(AJr)comm — (Af)comm — Z[QL B -uQnatit17 o 7t§c1]

(A+)§%‘H%m = (A—)%%H%m = Z[QD <5 qn,P1y - - - apnatitlv e 7t§t1]'

In particular, we label the Reeb chords for A* so that the three crossings
involved in the Reidemeister III move correspond to Reeb chords a1, as, as;
we then define s1, s9,s3 to be the associated p or ¢ variables labeling the
quadrants as shown in Figure with s; € {pj,q;}.

To prove invariance for Reidemeister I1I, we will use the corresponding
invariance proof for Legendrian SFT in [Ngl10, §4.1]. First we introduce a bit
of notation.We use asterisks to denote signed duals: p}f = ¢; and q;-‘ = —pj.
This follows the notation from the proof of Proposition above; please
note that this notation is slightly different from the notation used in [Ng10],
where ¢; is +p; rather than —p;. Also, let €, €1 € {#£1} denote the following
signs: € is the product of the orientation signs of the three shaded quadrants
in the diagram for A* shown in the right-hand diagram in Figure and €1
records whether the orientation of AT agrees or disagrees with the depicted
arrow.
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We now define an algebra map ¢ : (AT)GH™ — (A7)SH™ by:
b(s1) = 81 — €555
b(s2) = s2 — €5]85
@(s3) = s3 — €s58]

comm comm

and ¢ acts as the identity on all other generators of (AT)S&H™ = (A™)§™.
Note that ¢ is a filtered map with respect to the p filtrations on (Ai)‘é%r%m
since not all of s1, 2, s3 can be p’s (otherwise the move is not topologically
allowed). The map ¢ was previously defined in [Ngl0, §4.1], with slightly
different signs because of the above-mentioned convention change for duals,
and satisfies the following key properties.

Lemma 5.7. (1) For any x1,z9 € (AT)SP™, we have ¢({z1,z2}) =
{o(z1), d(z2)}-
(2) We have pod™ =d~ o ¢. ) )
(3) Foranyxy,xe € (AT)EP™, we have ¢(B (x1,22)) = B~ (d(21), p(2)).

Proof. Properties and are proven in [Ngl0, Lemma 4.1] and [Ngl0
Proposition 4.5], respectively; note as before that the sign conventions in
[Ng10] are different from the ones here, but the proofs carry over to the new
conventions. For (3), note that for any generator = of (AT)S™, we have
vt(z) = v (¢(z)) and w(xz) = w (¢(x)): this is clear unless z = s; for
some j = 1,2,3, while for z = s;, say x = s1, it follows from the fact that
v (s355) = v (s1) and w™ (s35s5) = w(s1). (The latter is trivial since both
sides are 0; for the former, note that the capping paths s, and vs: -vs; agree
outside of the triangle in the Reidemeister moﬁProperty now follows

directly from the definition of 3 in Definition O

We now construct the maps f1, fo that will constitute an Lo equivalence
between ((AT)emm {£1) and ((A7)™™ {¢,}). Define f; : (AT)omm —
(Af)comm and f2 . (AJr)comm ® (A+)comm N (Af)comm as fOHOWSZ

fi(z1) = Hg(a1)
falwr, 22) = (=1)"HI{TIG(21), $la2)},

where we recall that IT: (AF)Smm — (A%)comm jg the projection map that
sends any word containing p’s to 0.

Proposition 5.8. Suppose that A* are related by a Reidemeister III move.
Then the maps (f1, f2) are an Ly equivalence between ((AT)™™ {¢1}) and

((AT)om {4 }).-

Proof. First note that by Lemma and the fact that ¢ and d~ are
filtered maps, we have

fiolf =Tiglld" = Tlpd" =Tld~ ¢ = Ild " Tl¢ = ¢} o fi.
It thus suffices to show that f5 satisfies the properties listed in Definition
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It will be useful to write

(Ai)g%l%m =A) DA DA D -
where Ay, is the Z-module generated by words in q1, . .., Gn, P1, - - -, Pn, tlﬂ, o tEt
containing exactly k p’s; then Ag = (AF)®™™  the map II is simply pro-
jection to A, and the p filtration on (AF)SmM is given by FF(A+)mm =
Bm>kAm for k> 0. Now decompose
b= o+ b1t
0t = df +df +
d~=dy +dy + -
where ¢y, d;}, d; are the components of ¢,d",d™ raising filtration level by
m, i.e., mapping Ai to A,,4x for each k. Then we can write ¢g = fi,
dE)i- = {hii-v 4, dy = {hl_? -}, and
2\T1,22) = (— 021, P1X25.
Falar,02) = (D) gory, g1z}

Now suppose x1,72 € (A7) Then {x1,72} = 0, and thus by
Lemma we have {¢(z1), ¢(x2)} = ¢{x1,22} = 0. In particular we

have

0 =1I{¢(z1), p(x2)} = {pox1, d122} + {P171, PoT2}
= {poz1, 122} + (—1)lmlle2ltlmlitiealf gy @2}
= (=)l o (wy, wg) + (— 1)l (3 a9,

and we conclude that fs is graded-symmetric. The fact that fo satisfies the
Leibniz rule from Definition [5.2] follows from graded symmetry and the fact
that ¢g = f1 is an algebra map:

a1, maxh) = (— 1)1l 01D L0 () o (h), 1 (1) }

5
= (=)l llm D g0 (20) {go(7h), ¢1(z1)} + (1)1 DL (29), b1 (1) Yo (ah)

= (=)l D) £ (29) fo (w1, 2h) + fo(ar, 22) fr(2h).
Finally we establish the Ly relation. For 1,25 € (AT)®™ we calculate
f165 (w1, @2) = TPlm] (21, 22))
= p{zr, d s} — HoB* (1, 22)
= I{¢z1, d” ¢z} — 1B~ (pa1, )
= {¢ow1, (dy $o + dy 1)x2} + {121, dy pow2} — 5~ (1, 1Pz2)

= ({goz1,d” dox2} — B (¢ox1, Pox2)) + {Po21,dy P122} + {d171, dy Pox2}

= HmQ_ (f1$1, flx?) + {¢05C17 da¢1x2} + {¢11’1, (;Soda—xg}
= 05 (fiz1, fraea) + {@ox1, dy prwa} + (1) fo(zy, €] o).
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AT A~

FicURE 13. Reidemeister II move in the zy projection. The
sign € is +1 depending on whether the depicted arrow agrees
or disagrees with the orientation of A™.

Furth~erm0re, by Proposition and the fact that IT annihilates [3’ (pox1, p122)
and B(¢122, por1) since both of these are multiples of (¢oz1)(p122) € F1,
we have

07 a1, m2) = (1) IId {goz1, dra2}
DI II{d™ gz, przo} + I{gox1, d” d1a2}

)
)
1)|zl|+1{d6¢0$1’ 122} + {Poz1,dy P12}
)
(

—~~

1 |I1|H{<Z50d8L$1, P12} + {pox1,dy praa}
= —fo(lfz1, 29) + {gox1, dy P12}

Subtracting this from the formula for fl@r (21, x2) gives the Lo relation, as
desired. 0

Remark 5.9. The proof of Proposition works equally well to produce an
Ly morphism between the L, algebras (A%)°™™ for any Legendrian links
A4, given the existence of a map ¢ : (A7) — (A7)EM™ satisfying the
properties in Lemma For the base point move from Section [5.2] such
a map also exists and is defined for the base point move in the left hand
diagram of Figure|11{ by ¢(g;) = tz»_lqj, ®(pj) = tip;, and ¢ acts as the iden-
tity on all other generators. (The same map with ¢; replaced by ¢;° ! works
for the right hand diagram of Figure ) This gives an alternate proof of
Lo equivalence for the base point move. However, note that Proposition
proves the stronger result that a base point move gives an L, equivalence.

5.4. Invariance under Reidemeister II move. We now suppose that
AT and A~ are related by a Reidemeister II move, with the xy projection
of A* having two more crossings a1, as as shown in Figure By moving
base points as before, we can assume that the local Reidemeister II move
does not involve any base points. As usual we use =+ superscripts to denote
operations on A*.

In [Ngl0, §4.2], it is proved that the curved DGA associated to rational
Legendrian SF'T is invariant under a Reidemeister II move. In the language
of the present paper, part of this proof involves the construction of an algebra
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FiGURE 14. Top row: orientation signs for the four possible
choices for strand orientations in A™; shaded quadrants have
— orientation sign, unshaded quadrants +. For the first two
diagrams, |q1| is even; for the last two, |g1| is odd. Bottom
row: by inspection, in all four cases, the product of the ori-
entation signs of the two marked quadrants, along with the
sign of the arrow relative to the orientation of AT, is as
shown.

map ¢ : (AT)GH™ — (A7)EM™ such that god™ = d~o¢: in the language of
[Ng10], this is lim,, oo ¥™. If this map satisfied ¢p{x1,x2} = {dz1, pxo} for
z1, 29 € (AT)EP™, then we could use the same proof as for Reidemeister ITI
moves in Section [5.3|to construct an Lo equivalence between (A™)™™ and
(A7)comm: see Remark Unfortunately the ¢ map for Reidemeister II
does not usually commute with {-,-}. Instead we will use a different strategy
to prove Ly equivalence under Reidemeister II, constructing fi; and fa by
hand.

To define these maps, note that the bigon in AT with corners at p; and
2 contributes egap; = —(—1)1%1p;go to the Hamiltonian ht: see Figure
Then ¢ (¢1) = {h{, 1} = €(g2 — v) where we define

vi=—e{lh] — @p,qa};

geometrically v counts disks with a single positive corner at the Reeb chord
a1 besides the bigon. A standard argument implies that v does not involve
either g1 or go: by Stokes, the (positive, bounded below) area of any disk
contributing to v is the difference between the height of the Reeb chord a;
and the sum of the heights of the Reeb chords for all negative corners of the
disk, and the difference between the heights of the Reeb chords a; and as
can be arbitrarily small. Thus we have v € (A7)%™™,
Define the algebra map fy : (AT)%m™ — (A7)comm by

filar) =0, fi(g2) = v,

and fi is the identity on all other generators of (AT)°™™  As originally
shown over Z/2 by Chekanov [Che02] and extended to Z coefficients in
[ENS02], f1 is a chain map between the commutative Chekanov-Eliashberg
DGAs ((AT)comm /) and ((A7)°m™ /1) inducing an isomorphism in ho-
mology. We record this fact in the following result.
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A~ AT

FIGURE 15. Following a disk in A, from A~ to AT. On
the right, the Reidemeister II move pinches the disk into two
pieces connected by the pigo bigon.

Proposition 5.10 ([Che02, [ENS02]). The map f1 is a chain map between
the commutative Chekanov-Eliashberg DGAs ((A1)e°m™ ¢ and ((A~)%m™m ¢7):

fio Ei" = {7 o fi. Furthermore, f1 is a quasi-isomorphism.

Proposition was originally shown over Z/2 by Chekanov [Che02] in
his proof that Legendrian contact homology is an isotopy invariant; the proof
was extended to Z coefficients in [ENS02]. We will recall the proof that f;
is a chain map because it will be useful in what follows. For the proof that
f1 is a quasi-isomorphism, see [ENS02], specifically section 6.3 (the DGA is
invariant up to stable tame isomorphism) and Theorem 3.14 (stable tame
isomorphism is a quasi-isomorphism).

To set up the proof, we introduce some notation that we will use in the
proof of the Lo relation as well. For any j, write A;Ej for the subset of
A(A*) consisting of disks with a single positive corner at a; (i.e., a corner
at p;) and any number of negative corners, that is, the disks contributing to
(£(g;). For j # 1,2 and m > 0, write A;{jm for the subset of A;j consisting
of disks with no negative corners at a; and m negative corners at as (i.e., m
corners at g2 and no corners at p;). Finally, the set A;rl includes the bigon
with corners at p; and ¢o; we write A;;l/ for the complement of this bigon in
A;l. Note that no disk in A;{l/ has a corner at g9, and that v is the signed

sum of terms corresponding to the disks in A;[l/.

Proof of Proposition[5.10, As mentioned above, we will show that f is a
chain map and refer the reader to [Che02, [ENS02] for the proof that it is a
quasi-isomorphism. It suffices to check fi o] (s) = ¢; o fi(s) on generators
s of (AT)mm For s = ¢! this is trivial since (£ (t) = 0; for s = ¢; and
s = qz, we have f1(¢] (q1)) = fi(e(q2 —v)) = 0 = £7 (fi(q1)) and
P (@) = (e et (@) ) = Fi(E (0) = 6 (o) = 65 (a(aw).
Now suppose that s = ¢; is a generator corresponding to a Reeb chord

a; different from a1, az; we need to check f1(¢ (g;)) = ¢1 (g;). Consider a
disk A € Azjj. As we pass through the Reidemeister I move from A~ to

AT, A may survive as an immersed disk, or it may pinch into a union of
disks if some portion of A passes through the neck of A~. Suppose that A
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passes through the neck of A~ m times. Then A will pinch into m + 1 disks;
see Figure |15/ for an illustration for m = 1. These m + 1 disks in AT have
corners collectively given by the corners of A along with m p1, g2 pairs (i.e.
a positive corner at a; and a negative corner at ay). One of the disks, call
it Ag, contains the original positive corner at a;. Since the rest of the disks
must contain a positive corner by Stokes, they must each have a positive
corner at ai. It follows that each of these disks is in A;rll, and that Ag is in

Aij. Conversely, we can glue together a disk in A;j;m and m disks in A;{l,
to get a disk in Agj. We conclude that there is a one-to-one correspondence

Ay (A;me x (A;l’)m).
m>0

Suppose that A and (Ag, Aq,...,4A,,) are mapped to each other under
this correspondence. Let w denote the contribution of A to ¢; (g;), and
let wy and wyq,...,w,, denote the contributions of Ay and Aq,...,4A,, to
¢ (¢;) and v, respectively. (Since £] (q1) = €(ga — v), w; is also —e times
the contribution of A; to ¢ (q1) for i = 1,...,m.) Then by the gluing
process, w is precisely the result of replacing the m occurrences of ¢o in
wg by wi,...,w,. Indeed, this is true even if we account for the signs of
w, wo, W1, - . ., Wm: the cumulative difference in signs between the term in
(7 (g;) and the terms in ¢ (¢;) and ¢ (q1) is given by the product of the
three signs in the bottom right diagram in Figure for each pinch. But
from Figure[14] this product is equal to —e and exactly cancels the difference
between the sign of w; and the sign of its contribution to ¢; (¢1).

Restating the result of the previous paragraph in algebraic language, we
have f14{ (gj) = ¢1 (¢;), as desired. O

Having defined the map f : (AT)m™ — (A7)™™ we complete the
construction of an Ly morphism between (A™1)™™ and (A™)%™™ by defin-
ing a map fo: (AT)©MM @ (At)comm _ (A7)omm  Write the Reeb chords
of AT as aj,as,...,a,, where aj, as are the crossings involved in the Reide-
meister IT move. As usual, we will write h{ and hj for the portions of the
Hamiltonian of AT corresponding to disks with 1 and 2 positive punctures,
respectively.

Define f2 on the generators of (AT)™™ as follows: for z1,z2 € {q1,---,qn,t1,--,ts},
fa(x1,22) = 0 unless at least one of 1,22 is equal to ¢2; and
faqe, i) =0

fa(@2, 1) = [ (%ﬁ(%(ﬁ))

_ 6f1€;(‘117% +v) |q1| even
fa(q2, q2) = {0 ol odd

olannas) = i (6 (00) = 385 ()2 6 0) ).



AN Lo STRUCTURE FOR LEGENDRIAN CONTACT HOMOLOGY 59

where the last equality is for all j > 2. Extend f5 to a bilinear form on all
of (AT)comm hy oraded symmetry and the Leibniz rule.
For future use, we note the following.

Lemma 5.11. For any x € (AT)©™  we have

e(—1)larl
Plan,a) = I 16 () ),

and for any x € (AT)™™ that does not involve q2, we have

fa(qe,x) = f1 (6@(61171‘) - ;@(qul){m,ﬁffﬂ}) :

Proof. By the definition of f,, the first equality holds for x € {q1,...,qn,t1,...,ts};
note that both sides are trivially 0 unless z = ¢o. Similarly, the second equal-

ity holds for = € {q1,q3,...,qn,t1,...,ts}. Now use the fact that both sides

of both equalities are derivations with respect to x: we have

folar, z122) = folqr, 21) fi(za) + (1)1 V£ (20) fo (g1, 22)

folgo, w122) = fo(qo, 2) f1(w2) + (= 1)1l £ (21) fa (g2, 22)
and it is straightforward to check that the right hand sides of the two equal-
ities satisfy corresponding product rules in . O

We can now state the invariance result for the Reidemeister II move.

Proposition 5.12. The maps (f1, f2) are an Ly equivalence between ((AT)m™™ {¢1})
and ((A7)°m™ {4, }).
The remainder of this subsection is devoted to proving Proposition [5.12

In light of Proposition [5.10] it suffices to verify the Lo morphism property.
To this end, define the map F : (AT)®Omm g (A1)comm —y (A~ )comm fy.

F(x1,m2) = fild (z1,22)—Ly (frzr, fraa)— fo (0 w1, 22) = (=) fo(ay, 6 20) 0] fo(a, x2).

We want to show that F' = 0.

Since f1 is an algebra map and @t and fo satisfy the Leibniz rule, it suffices
to show that F(z1,2z2) = 0 for generators x1,x2 € {q1,.-.,qn,t1,---,ts}-
We break the verification of F'(x1,x2) = 0 for generators z1, z2 into several
cases.

CASE 1: 71 = ¢; AND x3 = ¢j FOR SOME 1,j > 2.
From the definition of F, f1, f2, to show that F(g;,q;) = 0 we need to
prove:

0 (a4, q5) = 1l (4, 05) — fo (6 @iy ) — ()% fo(qi, €5 q).

Note that we can write 45 (i, q;) = (63)5" (g, q5) + (63)*"(qi, q;), where
(@t)Str (¢i, qj) is the string contribution to @t and

() (i, 45) = (CD1{{h3, 4i}, 45
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A-
FIGURE 16. Following a disk in A, from A~ to AT. On
the right, a possibility for the corresponding picture in A™.
The core (“spine”) is a chain of two disks, one containing p;
and one containing p;, joined by a piqs bigon. There may

also be some number of branches consisting of disks in A;{l/
joined to the core by a p1gs bigon.

<O

I 11

111 vV
FIGURE 17. The four possibilities for the picture in A™
corresponding to a disk in A™ in A;i,pj' Each of these pic-

tures may have branches (not depicted) given by disks in A(J{l/
joined to the picture by a bigon.

is the SF'T contribution (counting disks with positive punctures at p; and
pj) to £F. The string contributions (5 )% (g;, ¢;) and (£3)*" (g;, ¢;) are equal
since the configuration of base points relative to the endpoints of the Reeb
chords a;, a; is the same for A* and A~. Thus we wish to show:

9) () (g q5) = 13> (g, 45) = ot @iy a5) = (=) folgi, £ g5).
To this end, consider a disk A contributing to (¢5)% % (g;,¢;): this is a

disk in A(A™) with positive punctures at p; and p;. As in the proof of

Proposition follow A from A~ through the Reidemeister IT move to

AT. The move pinches A into a union of disks in AT connected by pigo
bigons; see Figure [16] for an illustration. We call this chain of disks C'. Up
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to sign, the contribution of A to (¢ )57 T (g;, q;) is the product of the negative
corners of A. This is equal to the product of the negative corners of C, not
counting the go corners where disks are linked by bigons. We will show that
this last product is a term on the right hand side of @, and conversely that
every right hand term in @ comes from some such configuration C'. It will
follow that there is a correspondence between the terms on the two sides of
@D, not including signs. We will then check that the signs of corresponding
terms match.

Consider a chain C of disks in A" corresponding to A as above. Some
of these disks may be disks in A;’l,, with a single positive puncture at pi;
we call these disks “branches”. If we remove these branches, then what
remains is either a disk with positive punctures at p; and p;, or a chain of
disks connecting a disk with positive puncture at p; and a disk with positive
puncture at p;, with the chain linked by pig2 bigons. Since A has only
positive punctures at p; and p;, each pinch through the Reidemeister move
introduces a p1, g2 pair of punctures, and each disk in C' must have at least
one positive puncture, C' must fall into one of the four categories shown in
Figure [T7]

Up to sign, the contribution of A to (¢£5)5F7T(g;, q;) is the product of the
negative corners of A. We claim that, first up to sign, there is a correspond-
ing term on the right hand side of @ Which term depends on whether the
configuration in A" corresponding to A, which we denote by C, is of type
I, IL, III, or IV, in the terminology of Figure In each case, the negative
corners of A are the same as the negative corners of C', not including any
@2 corners.

If Cis of type I, then the product of the negative corners of C', without the
branches but including any ¢ adjacent to a branch, is a term in E;r (955 45);
thus, with the branches, the product of the negative corners besides ¢3’s
is a term in f145 (q;,q;). If C is of type II, write Ay and Ay for the p;go
disk and the pp; disk, respectively, where each disk may contain gz corners
attached to branches. The product of the negative corners of As is a term in
€3 (q1, g;); attaching branches and taking the product of all negative corners
besides g2’s then gives a term in fi1€3 (q1,¢;) and thus a term in fa(qe, q;)
by the definition of fs. On the other hand, if the product of the negative
corners of Aj is vge for some v, then attaching branches to A; and taking
the product of all negative corners besides ¢2’s gives a term in f1(v). The
total product of negative corners between A1, Ao, and their branches is thus
a term in f1(v) f2(ga, ¢;) and consequently a term in fo(¢{ (¢;), g;). Similarly,
if C is of type III, then the product of the negative corners of C besides ¢o’s
is a term in fa(q;, £ (g5))-

If C' is of type IV, there are two contributions to the right hand side of @
coming from C. One comes from fo(¢; i, qj): fa(q2,q;) contains a term of
the form f1 (43 (q1,q1){p2, ¢ (¢;)}) which corresponds to the product of the
negative corners of the pip; and gop; disks in C along with their attached
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U3V4q U4 U3

0

U102 U1 V2
U4U5V6 V6 Us Vg

g

U102V3 U1 U2 U3

F1GUure 18. Top row: a disk A for A~ with corresponding
type II configuration C' for AT; bottom row: a disk A for
A~ with corresponding type IV configuration C for A~. For
the diagrams in A", the v;’s denote the product of the disk
corners along the indicated arcs; for the corresponding dia-
grams in A7, the products of negative corners are products
of v;’s as shown.

branches, and passing from f2(ga, g;) to fa(¢] ¢i, ¢;) is multiplication by the
negative corners of the p;qs disk along with its branches. There is symmet-
rically another contribution from C' coming from fa(q;, ] g;). Each of these
contributions is multiplied by %, and (again up to sign) it follows that the
contribution of C' to the right hand side of @D is equal to the contribution
of A to the left hand side.

Conversely, every term on the right hand side of @ comes from some
chain C of disks in A", and passing C' through the Reidemeister IT move to
A~ gives an honest disk in A~ and thus a term on the left hand side of @D
Thus we have verified @D up to signs.

Finally, we check that the signs agree. For type I, this is clear from the
definition of Ezi. We will check type II (type III is very similar) and type
Iv.

For type II, we label the negative corners of A and C as shown in Fig-
ure [I8] where for simplicity we remove all branches from C' and correspond-
ingly ignore the action of the f; map on the right hand side of @ (As
shown earlier, adding the branches is precisely the same as applying fi.) If
we write sgn(A) for the product of the SF'T orientation signs of the corners
of A according to Section (cf. Figure @, then the disk A contributes
€1(sgn A)vivap;vavap; to hy and thus

e1(sgn A)(_1)|‘Ii|{{vlv2p‘jvgv4pi’ ¢}, q;} = ei(sgn A)(_1)|Pj|(|v3\+|’U4|)+|¢Ii|vlv2v3@4
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to £5 (¢, q;)- Similarly, the disk Ag contributes ez (sgn Ag)(—1)Psllvsl+latlygq,
to €5 (q1,q;) and the disk A; contributes € (sgn Aq)vigovs to £f (g;). From
the definition of fo and the Leibniz rule, it follows that the configuration C'
contributes

to — fa(¢{ i, ¢j). But we see from Figurethat sgn A = —eex(sgn Aq)(sgn Ag),
and thus the above expression is equal to e (sgn A)(—1)IPsllvslHlarl+vallas Pl py g0y,
Since |py|+|qx| = —1 for all k and |p;|+|v1|+]|g2|+|va| = —2 (since |hd | = —2
and A; gives a term in h;), it follows readily that this expression is equal
to the contribution of A to £5 (¢, ¢q;).
For type IV, label as shown in Figure[I8 It is readily checked that Ay con-
tributes €; (sgn Ay)v1gavg to Efqi; A, contributes ez (sgn Ag)(—l)‘q1|+‘”5”p1‘vgv5
to E;(ql, q1); and Ag contributes e3(sgn Ag)(—1)“12‘+|”4||pﬂ"q2v31;4 to Equ.
From this it is straightforward to calculate that the chain of disks contributes

1
—iezes(sgn Ag)(sgn Ag)(—1)lalFlslpil+lvallps+lael o g,00,, 05

to the —%E;(ql, q1){p2, ] (¢;)} term in f2(q2,q;), and consequently it con-
tributes

1
5616263(5@ A1) (sgn Ag)(sgn Ag)(—1)larlF(valtlvslHvslps [Hlazl+oily, 4000040506

_ %q(sgn A) (= 1)l o+l 08D s

to — fo (¢ gi, g;), where the equality follows from the fact that (—1)19:1+1(sgn A) =
e2€3(sgn Aq)(sgn Ag)(sgn Az), as can be deduced from Figure Similarly

it can be computed that the chain of disks also contributes the same quan-
tity, with the same sign, to —(—1)|ql"f2(qz-,£qu). These sum together to
give

e1(sgn A) (= D)l (val+losl+osDIpsly 10 pav,05 06,

which is exactly the contribution of the original disk A to (¢5)5FT(g;, q5)-
This completes the verification of @ and finishes Case 1.

The remaining cases are easier to handle than Case 1. We first note the
following result, which is readily checked from the definition of F', the L.,
relations for {Ef}, and the chain-map property of f; from Proposition

Lemma 5.13. For any x1,x2, we have F(xo,z1) = (=1)P1llm2 1 Bz 2)
and

07 F (1, 29) = F(0F 21, 20) + (=1)1P P (21, 07 20).

In particular, by the symmetry of F, it suffices to check that F(x1,22) =0
in the following cases: x1 = t; and x9 is arbitrary; x1 = ¢; and x9 is some
¢j; and x1 = g2 and x2 is some g;.
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CASE 2: x1 = t; FOR SOME i. By symmetry, we can assume z1 = t;, in
which case
F(ti,x) = fils (ti,x2) — 45 (i, fraa).

We first consider the case where z2 € {gs,...,qn,t1,...,ts}, 1.e., T2 # q1, 2.
By definition, when ¢; is one of the inputs to f2i, the result is precisely the
string portion of £2i: 05 (ti, x9) = (03 )% (i, 22) = atjxg and £ (t;, frm2) =
Uy (ti,xa) = (65" (i, 32) = o~ t;ao for some aF € 1Z. Furthermore, since
the placement of base points relative to zo is the same in AT and A~, we
see from Proposition that at = a~. We conclude that F(t;,x2) =
fi(aTtzs) — o t;ze = 0 in this case.

If 25 = ¢q, then since ﬂg(ti,ql) is a multiple of t;q; and fi(q1) = 0, we
have F(t;,q1) = 0. Finally, if 9 = ¢o, it follows from Lemma that
([F(ti,q1) = F(ti, ({q1) = e(F(ti,q2) — F(t;,v)). Since v does not involve
g2, we now know that F'(¢;,v) = 0, whence F'(t;,q2) = 0.

CASE 3: 21 =q1, 22 € {q1,...,qn}. We further break this down into three
subcases.
If 9 = q; for j > 2, then we have

Flqi,qj) = f163 (q1,05) — f2(¢F a1, q5) + (D)1l gy (0 g5, 1),
The second term on the right hand side is —efa(q2 — v, ¢;) = —€fa(q2, q5)

while the third term is (1)l f5(q1, £ ¢5) = —§/1(63 (a1, 01){p2, 47 45})
by Lemmal5.11] It follows from the definition of f2(g2, ;) that F(q1,q;) = 0.

If zo = ¢1, note that F'(q1,q1) is trivially 0 by symmetry if |¢| is even. If
lg1] is odd, then

Flq,q1) = 1163 (g1, q1) + 2fo(q1, 0 1)

= fils (q1, 1) — ef1(03 (q1, @1 ){p2, 67 1 })

=0
where the second equality comes from Lemma and the third equality
uses ({ q1 = €(q2 — v).

Finally, if 9 = ¢2, we want to show that F(qi,q2) = 0. If |g1] is

odd, then from Lemma and the fact that F(qi,q1) = 0, we have
0 = 2F(q1, 4 q1) = 2e(F(q1,q2) — F(q1,v)). Since v does not involve g2,

we know from the above cases that F'(q1,v) = 0, whence F(q1,q2) = 0. If
|q1] is even, then ¢ (g1,¢1) = 0 and thus f2(g2,¢1) = 0, and we have

F(q, @) = fitd (q1,92) — 2067 a1, q2) — €7 f2(q1, q2)
= fils (q1,q2) + efaq2,v) — €f2(q2, q2)
= fily (q1,q2) + f1l3 (q1,v) — €fa(qa, ¢2)
-0,

where the third equality comes from Lemma and the final equality is
the definition of f(g2, q2).
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CASE 4: 21 = q2, x2 € {q1,-.-,qn}. Asin Case 2, we note from Lemma|5.13
that

(7 F (g, m2) = F(0 qu, 22)+(=1)\ 9 F(qr, 6 29) = €F(qa, w2)—€F (v, 29)+(—1)1" F (g1, ¢ ).

Since v does not involve ¢, if x9 # o then all of F(q1,x2), F(v,x2), and
F(qu,¢{ x2) are 0 by previous cases; thus F(go,72) = 0 if 29 # go. Finally,
if 29 = g2, then F'(v,g2) = 0 since we have established that F'(x2,qg2) = 0 if
T2 # q2. Thus again all of F(q1,¢2), F(v,q2), and F(g1,¢{z2) are 0, and it
follows that F(g2,q2) = 0.

This completes the proof of Proposition and thus the proof of invari-
ance.
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