Consider the system of equations, where x; = z1(t), zo = x5(t) are two
unknown functions:

) —3x1 + 42y =0
.TIQ — T+ X9 = 0
Assume that the two functions satisfy the initial conditions x,(0) = 1,

x9(0) = 2. Please find the function x(t).
We define the vector
xr = .
{5

and the system of equations can be written as 2/ = Az with

a=(7 )

Some people didn’t change the signs for the coefficients when moving them
to right. I didn’t penalize too much in this quiz.
The characteristic equation

det(A—X)=B-AN)(-1-A)+4=XN=-22+1=(A-1)

0.
Hence there is a repeated eigenvalue A = 1. We solve (A — 1% ) = 0:

wi= (3 ) =e (1)

One solution is 1) = e'¢.This is not the x1 in the problem. We need another
solution. We solve the generalized eigenvector problem (A — I)n = &.

(3 2)o- (1) =-(3)

We can simply choose p = 0 to get the generalized eigenvector and have

another solution
2 1
(2) _ 4t ¢
T\ =te (1>+e (0>

The general solution is # = CyjzM) + Cox® = U(t)e. At t = 0, we have

(3)-(Fa)(@)=-(a)-5(5% )0)- (%)

Hence, z1(t) = 2 = (2¢") + (—3)(2te’ + €') = €' — 6te’.



(Bonus 1. 2 pts). Consider 2/ = Ax where A is the identity matrix
I5. Is the eigenvalue repeated? Can you find a fundamental matrix for this
system?

It’s easy to see that the characteristic equation is (A — 1) = 0 and
hence A = 1 is repeated. We have A — 1 * I to be the zero matrix. Hence,
any nonzero vector is an eigenvector. We thus can have two independent
eigenvector ¢ = (1,0)” and ¢® = (0,1)”. We thus have two independent
solutions M = ef¢M and 2 = !¢ which will make a fundamental matrix.
Note that the fundamental matrix always exists. We need two solutions. In
this case, there is no generalized eigenvector 7 that is not an eigenvector.

(Bonus 2. 2+4 pts). Suppose matrix A is 2 x 2. It has two eigenvalues
1,2 and the corresponding eigenvectors are £V = ( ; ) and £?) = ( _11 >
(a). Write A into the form A = PDP~! where D is a diagonal matrix.(Hint:
P = [¢W ¢@]). (b). A fundamental matrix for the system 2/ = Az is
U(t) = exp(At). Use the form obtained to compute this fundamental matrix.

By the eigenvalue definition, we have A(M = M) and AE® = 263, If
P is defined like that, we have

Ap:[g(l)’%@)]zp(é g>:>A:PDP—1:<; —11>((1) g)(_lz/?i’, 1@)

We thus have a fundamental matrix

t
U(t) = exp(PDtP~") = Pexp(Dt)P~' = P ( o gt ) P
(Bonus 3. 4 pts). Consider the linear system 2’ = Ax where A =
1 10
0 1 0 |. Find the general solution.
001
The eigenvalue is easy to see A = 1 which is repeated. We can have two
independent eigenvectors €1 = (1,0,0)” and ¢? = (0,0,1)”. Hence, we
can construct two solutions from them. However, we need three solutions.
Another one must be from the generalized eigenvector 7. In this case, only
€W gives a generalized eigenvector

(A=Dn=¢Y =n=(0,1,0).
Hence, z = C1e!¢W) + Cy(te' €M + eln) + Ciel¢™®.



Consider the system of equations, where x; = z1(t), zo = x5(t) are two
unknown functions:

(E/l—ZL‘l—i-QZg:O
xh—x1 — 3wy =0

Assume that the two functions satisfy the initial conditions x;(0) = 2, 22(0) =
1. Please find the function zo(t).
We define the vector
(%)
T = .
o)

and the system of equations can be written as 2’ = Az with

A:<}§).

Some people didn’t change the signs for the coefficients when moving them
to right. I didn’t penalize too much in this quiz.
The characteristic equation

det(A=X)=(1-XN)B-N+1=X -4 x+4=(A-2)>=0.
Hence there is a repeated eigenvalue A = 2. We solve (A — 27)¢ = 0:

= ()= ()

One solution is () = e%¢.This is not the 2; in the problem. We need another
solution. We solve the generalized eigenvector problem (A — 21)n = &.

(37 )= L) == ( 2 ) +ue

We can simply choose p = 0 to get the generalized eigenvector and have

another solution
1 0
(2) _ 4 2t 2t
T —te<_1>+e(_1).

The general solution is 7 = Oz + Cox® = U(t)e. At t = 0, we have

(1) -4 2)(@) == (&) - 0)(1)-(5)

Hence, x5(t) = 2% (—e?') + (=3)(—te* — ') = e + 3te*.



(Bonus 1. 2 pts). Consider 2/ = Ax where A is the identity matrix
I5. Is the eigenvalue repeated? Can you find a fundamental matrix for this
system?

It’s easy to see that the characteristic equation is (A — 1) = 0 and
hence A = 1 is repeated. We have A — 1 * I to be the zero matrix. Hence,
any nonzero vector is an eigenvector. We thus can have two independent
eigenvector ¢ = (1,0)” and ¢® = (0,1)”. We thus have two independent
solutions M = ef¢M and 2 = !¢ which will make a fundamental matrix.
Note that the fundamental matrix always exists. We need two solutions. In
this case, there is no generalized eigenvector 7 that is not an eigenvector.

(Bonus 2. 2+4 pts). Suppose matrix A is 2 x 2. It has two eigenvalues
1,2 and the corresponding eigenvectors are £V = ( ; ) and £?) = ( _11 >
(a). Write A into the form A = PDP~! where D is a diagonal matrix.(Hint:
P = [¢W ¢@]). (b). A fundamental matrix for the system 2/ = Az is
U(t) = exp(At). Use the form obtained to compute this fundamental matrix.

By the eigenvalue definition, we have A(M = M) and AE® = 263, If
P is defined like that, we have

AP:[g(l)’gg(Z)]:P(é g>:>A:PDP‘1:(; _11><é 3)(;?2 _11/?3>

We thus have a fundamental matrix

t
U(t) = exp(PDtP™") = Pexp(Dt)P~' = P ( o gt ) Pt
(Bonus 3. 4 pts). Consider the linear system 2’ = Ax where A =
1 10
0 1 0 |. Find the general solution.
001
The eigenvalue is easy to see A = 1 which is repeated. We can have two
independent eigenvectors £ = (1,0,0)” and ¢@? = (0,0,1)”. Hence, we
can construct two solutions from them. However, we need three solutions.
Another one must be from the generalized eigenvector 7. In this case, only
€W gives a generalized eigenvector

(A=Dn=¢Y =n=(0,1,0).
Hence, z = C1e!¢WM) + Cy(te' €M + eln) + Ciel¢™®.



