1 Version 1
Consider the equation where y = y(¢):
L{y) =y" =5y’ + 6y =0
Answer the questions below.

e (a). (3 pts) If yi(t) and yo(t) are two solutions, verify that y(t) =
V21 (t) + mys(t) is also a solution.
Since y; is a solution, then if you plug 1; into the equation, the left
hand side equals the right hand side, which is zero. In other words,
L(y1) = y{ — 5y + 6y; = 0. Similarly, L(y,) = 0.
To verify y, we simply plug it into the left hand side of the equation
and have

L(y) = L(\@yl + mYs) = \@L(yl) +7L(y2) = V250 +7%x0=0
This means y is also a solution.

e (b). (245 pts) If y; = €* and y, = €*, check that the Wronskian at
t = 0 is nonzero; Given any solution ¢(t) of the ODE, explain why it
can be written as ¢(t) = Ciyi(t) + Coyo(t). (Hint: Use the Existence
and Uniqueness Theorem as we did in discussion. Comment: This then
explains why {y1,y=} is a fundamental set.)

The Wronskian is W = y195 — yjys = €*3e3" — 2e*e3', which is 1 at
t=20.

Consider the initial conditions of ¢: ¢(0), ¢'(0). Now, since the Wron-
skian is nonzero, there exist a unique group of {C7, Cy} such that

C1y1(0) 4+ Cay2(0) = ¢(0)
C1y1(0) + Cays(0) = ¢'(0)

For this particular choice of C7, Cy, Cyy(t) + Caya(t) solves the same

IVP as ¢ does. The Existence and Uniqueness theorem says that any
IVP has one solution exactly. The only possibility is that ¢ and Cy; +
Csy, must be the same. In other words, ¢ must be in the form as
indicated.



2  Version 2
Consider the equation where y = y(¢):
L(y) =y +4y=0
Answer the questions below.

e (a). (3 pts) If yi(t) and yo(t) are two solutions, verify that y(t) =
V3y1(t) + mys(t) is also a solution.
Since y; is a solution, then if you plug y; into the equation, the left

hand side equals the right hand side, which is zero. In other words,
L(y1) = v} + 4y, = 0. Similarly, L(y2) = 0.

To verify y, we simply plug it into the left hand side of the equation
and have

L(y) = L(V3y1 + my2) = VBL(11) + 7L(y2) = V35 0+ 750 =0
This means y is also a solution.

e (b). (245 pts) If y; = cos(2t) and yo = sin(2t), check that the Wron-
skian at ¢ = 0 is nonzero; Given any solution ¢(t), explain why it can
be written as ¢(t) = Ciy1(t) + Coya(t). (Hint: Use the Existence and
Uniqueness Theorem as we did in discussion. Comment: This then
explains why {y1,ye} is a fundamental set.)
The Wronskian is W = yyy5—y|y2 = cos(2t)*2 cos(2t)—(—2sin(2t)) cos(2t) =
2, which is nonzero everywhere.
Consider the initial conditions of ¢: ¢(0), ¢'(0). Now, since the Wron-
skian is nonzero, there exist a unique group of {C}, Cs} such that

Ci11(0) + Cay2(0) = ¢(0)
Chy1(0) + Cays(0) = ¢'(0)

For this particular choice of Cy, Cy, Cyy(t) + Caya(t) solves the same

IVP as ¢ does. The Existence and Uniqueness theorem says that any
IVP has one solution exactly. The only possibility is that ¢ and Cyy; +
Csys must be the same. In other words, ¢ must be in the form as
indicated.



