
#1 (6.1-18)
f(t) = tneat. According to the requirement, we evaluate

In =

∫ ∞
0−

e−steattndt

Assuming s > a, integrating by parts, we have

In =

∫ ∞
0

e−(s−a)ttndt = − 1

s− a
e−(s−a)ttn|∞0 +

n

s− a

∫ ∞
0

e−(s−a)ttn−1dt

If n ≥ 1, the first term is zero since limt→∞ e
−(s−a)ttn = 0 and 0n = 0.

Hence

In =
n

s− a
In−1, n ≥ 1

This implies that

In =
n!

(s− a)n
I0

We evaluate that

I0 =

∫ ∞
0−

e−(s−a)tdt =
1

s− a

Hence the answer is

F (s) = In =
n!

(s− a)n+1

If we are not required to use integration by parts, we can do it as following

L(1) =
1

s
L(t) = − d

ds
(
1

s
) =

1

s2
, . . . ,L(tn) = − d

ds
L(tn−1) =

n!

sn+1

L(eattn) = L(tn)|s→s−a =
n!

(s− a)n+1

#2 (6.1-31)
(a).

L(tp) =

∫ ∞
0−

e−sttpdt

We do substitution x = st and have dt = dx/s.

tp = xp/sp

1



Hence, we have

L(tp) =

∫ ∞
0

e−x
xp

sp
(
1

s
dx) =

1

sp+1

∫ ∞
0

e−xxpdx =
Γ(p+ 1)

sp+1

(b). If p = n, then Γ(n+ 1) = n!. Hence, we have

L(tn) =
n!

sn+1

(c). Let p = −1/2, we have

L(t−1/2) =
Γ(1/2)

s1/2

Let’s look at Γ(1/2):

Γ(1/2) =

∫ ∞
0

e−xx−1/2dx

We do substitution x = y2 and get

Γ(1/2) =

∫ ∞
0

e−y
2
y−1(2ydy) = 2

∫ ∞
0

e−y
2
dy =

√
π

Hence, we have

L(t−1/2) =
2

s1/2

∫ ∞
0

e−y
2
dy =

√
π

s1/2

(d). Let p = 1/2. We then have

L(t1/2) =
Γ(3/2)

s3/2

By the identity Γ(p+ 1) = pΓ(p), we have

Γ(3/2) =
1

2
Γ(1/2) =

√
π

2

The answer then follows.
Another way is to use the property

L(t1/2) = L(t ∗ t−1/2) = − d

ds
L(t−1/2)

The same answer then follows.
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#3. Let’s write the right hand side as g(t). We take the Laplace
Transform on both sides.

LHS = L(y′′) + L(y) = s2Y (s)− sy(0)− y′(0) + Y (s) = (s2 + 1)Y (s)

For g, we rewrite it as

g = t(u0 − u1) = tu0 − tu1 = tu0 − (t− 1)u1 − u1

Since L(1) = 1
s ,L(t) = 1

s2
, we have

RHS = L(g) =
1

s2
− 1

s2
e−s − 1

s
e−s

Hence

Y (s) =
1

s2 + 1
(

1

s2
− 1

s2
e−s − 1

s
e−s) =

1− (1 + s)e−s

s2(s2 + 1)
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