Exercise on September 16

Given
t

T(t)=| 232
142
2
Compute the arc length from ¢t =0 to ¢t = 1.

Soln:
First of all, we have

|Z'(t)| = V1+4t+12=/(t+2)2 -3

where we have completed the square t?+4t+1 = t2+4t+22 2241 = (t+2)2-3.
The arc length is

L/Olmdt/;\/mdu

where u-sub u = ¢t + 2 has been used.

Now, to evaluate f Vz? — a?dz we do trig sub z = asecf. In our case, we
do u = v3secl and du = v/3secOtanfdf. The arc length is therefore reduced
to

V3 sech=3

V3 secH=3
/ V3sec2 0 — 3v/3secltan 0dh = 3/ sec A tan? 6d0

V3 sec =2 V3 sec =2

By the formula of integration by parts [ udv =uv — [vdu:
I= /sec 6 tan® 0df = /tan 0 * d(sec) = tanfsec — /sec fd(tan )
where v = secf and u = tand. The right hand side is
tan 6 sec  — /sec3 6df = tan 6 secl — /sec f(tan? 6 + 1)df
=tanfsecd — I — /sec@d@ (1)
In other words, we have
21 = tanfsect — /sec0d9 =tanfsecf —In|secd + tan | + C

Since sec § = u/+/3, we have tan = v/u2 — 3/1/3. Therefore, we actually have

J[=:

} 5 ) V/3sec =3 _§ uvu? —3 . 7‘u2—3
32 [tanﬁbec 6—In | sec f+tan 0|} ‘\/gse09=2 =5 [ 3 —In]| \/§+ 73

What I get is 3v/6 — 1 — 2 1In(1 +v6/3)



