GLOBAL REGULARITY AND FAST SMALL SCALE FORMATION
FOR EULER PATCH EQUATION IN A SMOOTH DOMAIN

ALEXANDER KISELEV* AND CHAO LI**

ABSTRACT. It is well known that the Euler vortex patch in R? will remain regular if it is
regular enough initially. In bounded domains, the regularity theory for patch solutions
is less complete. In this paper, we study Euler vortex patches in a general smooth
bounded domain. We prove global in time regularity by providing an upper bound on
the growth of curvature of the patch boundary. For a special symmetric scenario, we
construct an example of double exponential curvature growth, showing that our upper
bound is qualitatively sharp.

1. INTRODUCTION

The incompressible Euler equation in a compact domain D C R? with natural no-
penetration boundary conditions is given by

ou+ (u-V)u=Vp, V-u=0, u-n|y,=0.

We will only deal with the case d = 2, and it will be convenient for us to work with the
equation in vorticity form. Thus, setting w = curlu, we have

(1.1) Ow + (u-V)w =0,

(1.2) u=V(-Ap) tw.

Here V+ and xt denote (05, —0;) and (w9, —x;) respectively, and Ap is the Dirichlet
Laplacian (see e.g [16, 17]). Equation (1.2) is called the Biot-Savart law.

Global regularity for the 2D Euler equation with smooth initial data has been known
since 1930s [22]. In this paper, we are interested in a class of rough solutions called vortex
patches. These solutions need to be understood in an appropriate weak sense.

Assuming for a moment that wu is sufficiently regular, define particle trajectories asso-
ciated to the vector field u by

d
(1.3) Eq)t(x) = u(Py(x),t), Po(z)=x.
Since the active scalar w is transported by the velocity u from (1.1), it is straightforward

to check that

(1.4) w(z,t) = wo(®; H(x)).

The solution satisfying (1.2), (1.3) and (1.4) is called a solution to the Euler equation
in Yudovich sense (see [24, 16]).
An Euler vortex patch is a solution to the Euler equation in Yudovich sense of the form
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(1.5) w(z,t) = ZekXQk(t)(x)'
=1

Here 6, are some constants, and Q(t) are (evolving in time) bounded open sets in D
with smooth (in some sense) boundaries, whose closures () are mutually disjoint.

It is well known that Yudovich solutions to the 2D Euler equation with initial data in
L> N L' exist and are unique (see [24] or [16, 17] for a modern proof). The main reason
behind this result is the log-Lipschitz control on the velocity u, which allows to define the
trajectories uniquely and derive appropriate estimates on the flow map ®,. In this paper,
we study a stronger notion of patch regularity which refers to sufficient smoothness of
the patch boundaries 0€), as well as to the lack of both self-intersections of each patch
boundary and touching of different patches.

To be precise, we have the following definitions.

Definition 1.1. Let Q C D be an open set whose boundary 9 is a simple closed C*
curve with arc-length |0€|. A constant speed parametrization of 0f) is any counter-
clockwise parametrization z : T — R? of 9Q with |2/| = 5-|0Q| on the circle T := [—, 7]
(with £7 identified), and we define ||Q|| s = |12 cmon -

Definition 1.2. Let 60y, ...,0y € R\ {0}, and for each ¢t € [0,T), let Qy(t),...,Qn(t) C D
be open sets with pairwise disjoint closures whose boundaries 02 (t) are simple closed
curves. Let

N
w(zx,t) = Z Oe X ) (7).
k=1

Suppose w also satisfies
w(z,t) = wo(Py ' (x))

where %(I)t(x) = u(Py(x),t), Po(z) = x, and u is given by (1.2). Then w is called a patch

solution to (1.1) and (1.2) with initial data wy on the interval [0,7). In addition, if we
also have
sup HQk(t)HCmv <0
t€[0,17]

for each k and 7" € (0,7, then w is a C™7 patch solution to (1.1) and (1.2) on [0,7).

Remark. In the above definition, the domains €2 (¢) are allowed to touch D as long
as 0 (t) remain C™7.

Possible singularity formation for two dimensional Euler vortex patches has been con-
jectured based on the numerical simulations in [2] (see [15] for a discussion). In 1993,
Chemin [3] proved that the boundary of a two dimensional Euler patch will remain reg-
ular for all time if it is regular enough (C17) initially (see also the work by Bertozzi and
Constantin in [1] and Serfati [19] for different proofs). For vortex patches in domains
with boundaries, Depauw [7] proved global regularity of a single C? patch in the half
plane when the patch does not touch the boundary initially. Morgulis [18] showed a
similar result in a more general domain. Depauw [7] also proved that if the pathes are
allowed to touch the boundary, C7 regularity will be retained for finite time. Dutrifoy
[8] proved that for the initial patch touching the boundary, there is a global solution but
in a strictly weaker space C''* for some s € (0,7) - a version of this result also applied

in three dimensions. For more results in three dimensions, where much less is known
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about patch solutions, see [10]. Other related work has been done by Danchin [5, 6] who
considers evolution of patches with singularities in two dimensions, in particular cusps.
He shows preservation of regularity of the patch boundary away from singularities as well
as conservation of the cusp structure. As we will see below, due to reflection principle,
evolution of patches in domains with boundaries involves a related though different set-
ting; we do not make use of the techniques of [5, 6]. Recently, Kiselev, Ryzhik, Yao and
Zlatos [13] have proved global regularity for two dimensional C'*7 Euler vortex patch
solutions (which may involve multiple patches) in half plane without loss of regularity.

Our goal in this paper is to explore Euler patch dynamics in a general smooth bounded
domain. We derive global upper bounds on growth of curvature as well as construct an
example showing sharpness of the upper bound in some special scenarios with symmetry.

Here are our main results.

Theorem 1.3. Let D be a C* bounded domain, v € (0,1), then for each C* single patch
initial data wy, there exists a unique global C'7 patch solution w to (1.1) and (1.2) with
w(+,0) = wgy. The curvature of the patch boundary grows at most double exponentially.

Theorem 1.4. Let D be a C* bounded domain, v € (0, 1), then for each C'7 patch initial
data wy, there exists a unique global regular C*7 patch solution w to (1.1) and (1.2) with
w(+,0) = wo. The curvature of boundary grows at most triple exponentially.

In a special case where the domain D is a unit disk and the initial patch is odd with
resepct to x5 axis and consists of two symmetric single patches, we have a sharp upper
bound estimate on the curvature growth.

Theorem 1.5. Let D := By(0) be a unit disk centered at the origin, and let v € (0,1).
Suppose that the initial data has the form wo(x) = xq, () —xq,(x), where Q; C {(z1,x2) :
x1 > 0} is connected and Qo C {(x1,x2) : 1 < 0} is its reflection with respect to the xs
azis. Then for each CY7 initial data wy of this form, there exists a unique global C17
patch solution w to (1.1) and (1.2) with w(-,0) = wy. The curvature of the patch boundary
grows at most double exponentially.

Theorem 1.6. In the same setting as in Theorem 1.5, there exist an wy in CY7 such that
the curvature of the boundary of the corresponding patch solution does grow at a double
exponential speed.

Remarks. 1. To avoid excessive technicalities, we did not make an effort to optimize
the C* regularity assumption on the domain D in Theorems 1.3, 1.4.
2. It is not clear whether the triple exponential upper bound of Theorem 1.4 is sharp. We
have no concrete scenario for it, but at the same time improving this estimate requires
non-trivial new ideas.

The rest of the paper is organized as follows. In section 2, we give the proof of Theorem
1.3. In section 3, we deal with the multiple patch case, and provide the proof of Theorem
1.4. In section 4, we look into the special symmetric case, and prove Theorem 1.5. In
the last section, we extend the example of [14] to show that the upper bound obtained in
section 4 is actually sharp, thus proving Theorem 1.6. Throughout the paper, we denote
by C(v), C(D), C(r), C(D,~) etc. various constants that depend only on the arguments
in the bracket. We denote by C universal constants. All these constants may change

from line to line.
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2. SINGLE PATCH CASE
We consider a single patch Q(¢) C D, with

w(x,t) = boxow ().
Without loss of generality, we set 8y = 1 throughout this section.

Following the ideas of [1], we reformulate vortex patch evolution in terms of the evo-
lution of a function ¢(x,t), which defines the patch via

(2.1) Q(t) ={x: p(x,t) > 0}.

If 992(0) is a simple closed C7 curve, there exists a function @y € CH7(92(0)), such
that ¢o > 0 on ©(0), ¢o = 0 on 9Q(0) and aign(l(“)) Vol > 0. Such ¢y can be obtained, for

instance, by solving the Dirichlet problem

—Ago = f on Q(0),
o = 0 on 9Q(0),
with an arbitrary 0 < f € C§°(©2(0)) (see discussion in [13], or [12] for a complete proof).

In what follows, we retrace some computations done in [1, 13]; more details can be
found there. For x € Q(t), we set p(z,t) = ©o(®, (), with ®, ' being the inverse map
of ®;. Then ¢ solves

Op+(u-V)p=0
on {(t,z) : t > 0 and = € Q(¢)}. Therefore for each t > 0, ¢(-,¢) > 0 on (¢), and
vanishes on 9€(t) (note that ¢ is not defined on R?\ Q(¢)). Let

(2:2) w = (w1, w3) = Vo = (dhp, —D1p),
and define

w(z, t) — wly, 1)

Ay (1) = llw(, Dllen ey = sup

Y

z,yeQ(t) |ZL’ B y|’7
(2.3) Aoo(t) = [[w(, )| oo (eaey) -
Aue(t) = inf |w(z,0)]

By our choice of ¢y, we have
A,(0), Ax(0), A;(0) < oo.

inf
Since w = V+¢, we know w is divergence free and one can check that it solves
(2.4) wy + (u- V)w = (Vu)w.
Using (2.4), one can derive the following bounds (we refer to [1, 13] for the details).

(2.5) AL (1) < CO) A (t) V(1) ey
(2.6) Alyy(£) = ~C () Auat () [V, | oy
(2.7) A (1) < COY [Tl 1) gy Ay (8) + IV D)0, 1) ey
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Thus it suffices to derive appropriate bounds on [[Vu(:, ) || oo g2y and || Vu (-, )w (-, 1) ¢ o) -
This involves some estimates on the Dirichlet Green’s function Gp(x,y).

Recall that Gp(z,y) can be written as

1
where
1
(2.9) Ayh =0, hlzeop = ~5- log |z — y|.

The following proposition summarizes some of the standard estimates on Gp(x,y) we
will need (see [17, 11]).

Proposition 2.1. Let D C R? be a C* bounded domain. Then the Dirichlet Green’s
function Gp(z,y) satisfies the following properties:

(2.10) |Gp(z,y)| < C(D)(log [z —y| + 1),

(2.11) IVEGp(z,y)| < C(D)|x —y|™*, k=123
Recall that C(D) is a constant only depending on D, changing from line to line.

We will need a more detailed representation of the Green’s function in the case where
x and y are close to the boundary 9D.
First we define the symmetric reflection y with respect to 9D for some qualified y.

Definition 2.2. Suppose y € D, and there exists a unique nearest point to y on 9D,
denoted by e(y). We define y = 2e(y) — y to be the symmetric point of y with respect to
0D, and define the mapping S : y — y.

The first half of the following proposition is standard; see e.g. Proposition 14 in [21]
for more details. The second half it is not difficult to verify and has been proved in [23].

Proposition 2.3. Let D be a C* bounded domain, k > 2. Define a tubular neighborhood
T(r) of D by T(r) = {y € R* : d(y,0D) < r}. There exists r(D) > 0 such that if
r < r(D), then OT(r) is C*1, and for any y € T(r) there exists a unique nearest point
e(y) € 0D.

If y € T(r), the reflection S(y) =y = 2e(y) — y is well defined and C*~ regular in all
T(r).

Now we state the estimate on Gp(x,y), with x,y close to dD. This representation is a
minor variation of the result derived by Xu [23]; we will provide a sketch of the argument
in the appendix.

Proposition 2.4. Suppose D C R? is a C* bounded domain. There exists r = r(D) > 0
such that for any x, y € T(r), we have

(2.12) Gp(x,y) = !

21
For anyw € L*(D), and 0 < a < 1, B(x,y) satisfies

/T L, By € (1)),

(log |z —y| —log |z — y[) + B(z,y).

More precisely, we have

(2.13) / Ly By

< OD)[|wl oo -
C2.9(T(r)ND)
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It is not hard to observe that, for each € > 0, there exists r(e) > 0, such that for any
p € 0D, we have

(2.14) [t —ta] <'e,
where t1, to are two arbitrary unit tangent vectors to 9D N B,.(p).

Indeed, since 0D is C*, we denote by rp the inverse of the maximal curvature of dD.
'p - €

Then we can choose r(€) to be any positive number less than

For convenience, throughout this section, we set 0 < r < 7(155) (we pick € in (2.14) to

be ﬁ) to be small enough such that both Proposition 2.3 and 2.4 apply.
With the above propositions, we begin by estimating ||Vu(-, )| o (ge)-

Proposition 2.5. Assume u is given by the Biot-Savart law formula (1.2) and A,(t),
Aso(t), Aine(t) are defined by (2.3). Then we have

(2.15) IV, )l oo ey < C(Dﬁ)(l +log. 2352))’

where log, (x) = max{log z,0}.

Proof of Proposition 2.5. By the Biot-Savart law, we know that

u(z,t) = VL/DGD(x,y)w(y,t)dy.

From Propositions 2.1 and 2.4, it is natural to consider three cases: the inner part
D\ T(r/2), the outer part R*\ (T'(r/2) U D) and the tubular neighborhood T'(r).
Now we analyze u(x,t) in these three cases as follows. The constants in the estimates
below may change from line to line. Recall that without loss of generality ||w|| e~ = 1.
Case 1: z € D\ T(r/2). By Proposition 2.1, Gp(z,y) = 5 log |z — y| + h(z,y), thus

w(z,t) = V* / G, y)dy
Q(t)

1
(2.16) _ VL/ — log |z — y|dy + Vi/ h(z,y)dy
Q(t) 271— Q(t)

= Jl(l’,t) -+ JQ(I’,t)
The estimate (2.15) for [V Ji (-, )| o (p\7(r/2)) has been done in Proposition 1 in [1].

To estimate ||V J2(, )| oo (p\1(r/2y)» Tecall that h(z,y) is a harmonic function solving

1
(2.17) Ayh =0, hlzeop = —5- log |x — y|.
s

By interior estimate of the derivatives of harmonic function (see e.g. [9]), we have for
any v € D\ T(r/2), y € D\ T(r/4),

[Vih(z,y)l < sup  |[VPh(z,y)]  (fixed y)

@€ D\T(r/2)
(2.18) < Cr7? sup [h(z,y)]
x€dD

< Cr2|log(r/4)| < C(D),
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the last inequality follows because r depends only on D. For any x € D \ T(r/2) and
y € DNT(r/4) we have, using estimates on derivatives of harmonic functions and Propo-
sition 2.1,

[Vh(z,y)| < sup  [VZh(z,y)|  (fixed y)
x€D\T'(r/2)

< COr2 sup h(z,y
(2.19) ot By Y

< %CTQ\ log(r/8)] < C(D).
By (2.18) and (2.19), we have
swp [V2h(z, )| < C(D)

z€D\T'(r/2),yeD
for any y € D. Therefore
IV ()| oo (pr7rj2y) < C(D).
Case 2: z € R?\ (T(r/2) U D). By Proposition 2.1, we have
[V2Gp(z,y)| < C(D)|z —y| ™
Thus

Vu(z,t)| < | V3G p(z,y)dy| < C(D)r2? < C(D)
Q(t)

since |z —y| > r/2.
Case 3: z € T(r/2). We have

u(z,t) = V+ /Q()GD(ZL",y)dy
t

2.2
(2.20) — vi/ GD(x,y)dy—FVL/ Gp(x,y)dy
Q)NT(r) Q)NT'(r)°

= Js(x,t) + Jy(z, ).

For Jy(x,t), note that for y € Q(¢t) NT(r)¢ and = € T(r/2), we have |z —y| > r/2.
Similar to the estimate of Case 2, we have |V Ji(, )| Lo (7, 2)) < C(D). Now we turn to
J3(z,t). By Proposition 2.4, we can rewrite J3(z,t) as

1 x—y)t 1 x—7)t
27 Jowore) 1T =yl 27 Jowore) 12 — 1l

- / ViB(z,y)dy
QWNT(r)

= J31($,t) - Jgg(l',t) + Jgg(.%’,t).
By estimate (2.13) on B(x,y), we have that ||V Jss(-, )| oo (p(,/2)) < C(D).

(2.21)

For Js1, we claim that

At
(2.22) IV 51 (5 )| oo 2y < C(D,7) (1 +log, A.Wf((t))>'

Indeed, we claim that the argument of Proposition 1 in [1] can be used to control Js;.

The only issue one has to address is that the region of integration in J3; may have a

corner created by intersection of T'(r) and (t). But this difficulty is completely artificial
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since © € T'(r/2) is at a distance r/2 away from the possible location of the corner on
OT(r). We can simply smooth out the integration region, and the error we would create
by doing so is bounded from above by a constant.

For the estimate of JgQ, note that by Proposition 2.3, S(y) is a bijective C® mapping

on T'(r). Let F(y be the Jacobian of S~*, and let €, (¢) be the image of Q(t) N

— ‘8"’
T'(r) under the mapping S(y) (recall y = S(y); we maintain this notation redundancy
for notational convenience). It is not hard to check that €2,.(t) C T'(r), simply by the
definition of S. Then we have

(2.23) Joa(, 1) = ;ﬁ / ) %F(y)d%

where F'(y) is non-zero and C? in T(r).

Since S is C3, Q(t) and ﬁr(t) have the same regularity, so J3» and J3; are quite similar.
The only difference is that J3; has a C? weight function F(y).
We rewrite Jz5 as follows:

1

(2.24) Jao(z,t) = L / M(F(y) — F(z))dy + i (m —y)

F(z)dy.
21 Jo, @) 1T —yl? 27 Jo, @) 17— yl? (=)dy

The estimate of the second term in (2.24) is identical to that of J3; term. On the other
hand, the derivatives of the first term are bounded by constant since the expression under
the integral is going to be L.

O

Given the inequality (2.7), we still need to derive a bound for [[(Vu)w||sn -

Proposition 2.6. Let u, w, A,, Ains and A be defined via (1.2), (2.2) and (2.3). Then

we have

A (t)
Alnf( )

Proof of Proposition 2.6. Since Gp(x,y) behaves differently depending on whether z, y
are close to the boundary or not, we consider two cases.
Case 1: z € Q(t) N (D \ T(r/4)). We have

(225)  (Vu)wlen e < OO A0 (1+1og, T2%) +C(D,7) A (t)

u(z,t) = V+ /Q()Gp(ﬂc,y)dy
t

1
(2.26) _ vl/ —log |z — y|dy + vi/ h(z, y)dy
o) 2T Q(t)

= Ji(z,t) + Ja(x, t).

J1 can be regarded as the velocity generated by patch w = xq() in R2. Note that by
definition (2.2), w is the vector field that is tangent to Q(¢). Thus by Corollary 1 in [1],
we have

A, (1)
||(V‘Jl)w||C’7(Q(t)ﬂ(D\T(r/4))) < ”(V‘]l)wHC’“f(Q(t)) < C(D,7)4, <1 + log, 1 f(( ))
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To estimate Jo, note that by the argument identical to that used to derive (2.18) and
(2.19), we have

swp  [V'h(z,y)| < C(n, D).

z€D\T(r/4),yeD

Then we calculate,

IV )wllen@mnmvre vy < IV T2 e ovreay 106 Dllen o)
(2.27) + [w(, Ol o ey IV 20 Dl e (orrrayy)
< C(D,7)(A, () + A (1)

Case 2: z € Q(t) NT(r/2). We write u(x,t) as

ulz,t) = V- /Q , oty
t

2.2
(2.28) = Vl/ GD(x,y)derVL/ Gp(z,y)dy
Q)NT(r) Q)NT(r)

= Il(il,‘,t) + [Q(JT,t).

For the estimate of I5(x,t), recall again that Gp(z,y) = 5= log |z — y| + h(z,y), where
h(x,y) is harmonic in x. Note that when y € Q(t) N T(r)° and x € T(r/2), we have
lz —y| > r/2. So by Proposition 2.1 we have |V3Gp(z,y)| < C(D)|x — y|™3, and
therefore HV’“IQ HLOO (Te/z) = C(D), for k = 1,2. Then we obtain

IV L)wll eviquynrez < CD7)(A4(1) + As(?)).

Now we turn to I;(z,t). By Proposition 2.4, we can rewrite I1(x,t) as

_ Nt _~L
Il(ﬂc,ff)zi Mdy— : (z ~9) ——5dy
27T Q()

Tty 1T —y[? 27 Jownre) 1T — Ul
+ / V. B(x,y)dy
Q)NT(r)
= I (z,t) + ha(z,t) + Lia(x, 1)
First by the estimate (2.13) on B(z,y), similarly to (2.27), we have

I(Vhg)wll gviquynr 2y < CD V) (A (E) + Aco(t))-

The estimate of ||(VIi1)w|| e o2 1S the same as that of Ji, as this term can be

(2.29)

regarded as generated by a patch in R2. Note that we still have the issue coming from
the corner created by the intersection of T'(r) and €(¢) in the region of integration in ;.
This difficulty is artificial since € T'(r/2) is at a distance r/2 away from the possible
location of the corner on 97'(r). We can simply smooth out the integration region, and
the error created by doing so is bounded from above by a constant.

For the remaining /5 term, similarly to (2.23), we have

L

(2.30) La(, ) = 217T /Q i (z—y)

F(y)d
NT'(r) |':C_y|2 (y) v

with F' € C?. In the remainder of this section, we will demonstrate that

(2.31) (¥ Dzl enrirray < O, A (8)(1+ log, inf(f )>>
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This would complete the proof. Indeed, note that the regions we consider in Cases 1 and
2 overlap, and therefore the Holder estimate in all Q(t) follows by a simple argument
using a bound on ||Vu||p~ we proved earlier. O

All estimates we will show hold uniformly in time. For this reason we will drop ¢ in
the arguments of all functions for notational convenience.

Proposition 2.7. Let I12, ¢, w, A, A and A be defined via (2.30), (2.1), (2.2) and
(2.3) respectively. We have
[(VI2)wll e omrrje) < C(D,v)A7(1 + log, 2;)

Before we give the proof, we need to introduce more notation. Recall that ¢ and w
have not been defined outside Q2. We use Whitney-type extension theorem (see page 170
in [20]) to extend ¢ to be defined on R? so that its C''*7 norm increases at most by a
universal factor C'(y) depending only on 7. It is not hard to make sure that the extension
is negative outside of Q2. We extend the definition w(z) = (V+¢)(x) for z ¢ Q. Now we
define @ to be ¢ 0.S and w to be V4. Since the reflection S is only defined on T'(r), so
are ¢ and . Recall the notation €2, for S(Q); in what follows we will omit the subscript
r for notational convenience and write simply 2. Note that (z) vanishes on 9Q N T'(r),

being positive on @ N T(r) and non-positive elsewhere inside T(r). We also have that @
is tangent to 02 inside T'(r). Direct calculation shows that

(2.32) w(x) = Cofactor(V.S(x))Vp(S(z))

where Cofactor(M) denotes the cofactor matrix of M. Since S is a C*® mapping with
nonzero and finite Jacobian, it is easy to check that

(2.33) w(@)| < C(D)|d(a)], Ve eT(r),

(2.34) ||177||c;w(T(r)) < C(D,7) ||w||CW(T(r)) :

We let d(z) := dist(z, Q), for any = € T(r)\ ©, and let P, € 8Q be the point such that
d(z) = dist(z, P,) (if there are multiple such points, we pick any one of them). We denote
as usual P, = S(P,) the symmetric image of P, over the boundary of D (see Figure 1).

FIGURE 1

Consider any two points z, 2" € QN T(r/2). Assume, without loss of generality, that
d(xz) < d(z"). With g := (VI12)w, we have
10



l9(x) — g(«")|

Tl < V(@) s nroa

|V112(x) — VIlg(ZL’/N |’w<,’1j‘)’

o= o
By the argument identical to the one in Proposition 2.5, we have that

(2.35)

A
||V112||Loo <C( 77)<1+1Og+A f)

Therefore the first term on the right hand side of (2.35) is bounded by C(D,v)A, (1 +

A,
log, 1 ) Hence it suffices to bound the second term.
inf
Note that
w(x)| < wﬁx —I—wﬁx —w(x
a0 0@)] < [w(Po)| + w(Pe) =~ w(o)

< [w(P,)| + C(7)Ayd(x)".

The last inequality holds because we have |z — P,| < 3d(z). Indeed by definition (see
Figure 1), we have d(z) > dist(P,, D), note that dist(P,, D) = dist(P,, D). So we have
|P, — P,| < 2d(x), therefore |z — P,| < 3d(z).
|V112(x) - v112($I)| .

e
provides us an appropriate estimate.

Proposition 2.8. Let I15, A, At and A be defined via (2.50) and (2.3), and let w,

¢ and P, be defined as in the paragraph below Proposition 2.7. For xz,x’ € QNT(r/2),

with d(x) < d(x'), we have
’V[lg(l') — V[lg(l',)‘

|z — 'y

Now it remains to estimate

n (2.35). The following proposition

A,
<C(D ,7)(1—|—log+A

inf

> min {’?1):(4—131)\7 d(x)‘”}.

Let us first prove Proposition 2.7 by assuming Proposition 2.8.

Proof of Proposition 2.7. By (2.36), we know |w(x)| < |w(ﬁx)|+0(7)Ayd(x)7. By (2.33),
we have that for x € QN T(r), |w(P,)| < C(D)|w(P,)|. Together with Proposition 2.8,
we have

[ViIia(z) — VIs(y)
[z =y

) e}
+ C(D,7)|w(P |<1 + log., Amf> min {W@(@—v}

< C(D,v)A, <1 + log | fiﬁ)

lw(z)| < C(D,7)A,d(z 7(1+log+Amf>min{|wA7
)

4

In its turn, Proposition 2.8 is a direct corollary of the following two lemmas that will
be proved below.

Lemma 2.9. In the same setting as in Proposition 2.8, for xz,x’ € QN T(r/2), with
d(z) < d(z'), we have

\V1s(z) — V(2]

[z =2

< C(D,v)d(x)™.

11



B(P
Lemma 2.10. In the same setting as in Proposition 2.8, let r, = <|w2(11 )|> , where
_ 2l
Ay = [0l en gy - For x,a’ € QNT(r/2), with d(z) < min{d(z’), 27417, }, we have
‘V[12(l') — V[lg(l'/)’ A A
< (D, (1 1 1 ) Bt B
|z —a'p < CD I+ loas 7.0 w(P)|
Indeed, here is the proof of Proposition 2.8 by using Lemma 2.9 and Lemma 2.10.
Proof of Proposition 2.8. Recall that (2.34) implies
(2.37) A, < C(D,7)A,.
Due to Lemma 2.9, we only need to consider the case where

”
We pick the constant C = 16(4C(D, v))*/7, where C(D,~) is the same as that in (2.37).

Note that by the choice of C, we have d(z) < 27*"'/7r,. Then Lemma 2.10 completes
the proof. O

Now it is left to prove Lemma 2.9 and Lemma 2.10. Let us remark that, without loss
of generality, we can always assume that | — 2’| and d(x) are sufficiently small. Indeed,
the estimates we are working on are of Holder type, and if |z — 2’| exceeds some small
constant that may only depend on D or « then these estimates follow easily from the
bounds similar to the one on ||Vul||,~ we already established. On the other hand, if
d(z) > C > 0, then in (2.30) we have |z —y| > C for all y. Then I;5 will be smooth, and
the estimates on VI, can be obtained without any effort.

We begin with an auxiliary claim that will be used in the proofs of Lemma 2.9 and
Lemma 2.10. Consider any z,2" € QN T(r), with |z —2'| <r, d(z) < d(2"). Given any
point z, denote (), the point on dD closest to z. Let 2" be such that x,2’,2” form an
equilateral triangle. Obviously, there are two possible choices of z” and we choose the
point which is further away from a line tangent to 9D passing through @,.

Lemma 2.11. Consider the points x, x' and x” as above. We parametrize the segments
[z2"] and [2'z"] by

21(s) =z + s(z" — z),

2(s) =2’ + s(a" — ),

0 < s < 1. Then there exists a universal constant C > 0, such that

(2.38) d(z(s)) > % max{d(z), sl — '|},

(2.39) d(z(s)) > % max{d(z), s|r — 2'|}.

Proof of Lemma 2.11. Let us consider (2.38). Observe that for any z € QN7 (r), we have
(2.40) d, <d(z) <2d,.

The second inequality is due to 2 € Q and dist(z, %) = 2d..

Choose local coordinates (pi, p2) with center at @), and p; directed along the tangent
at @, and towards @, (if Q = @, then the estimate is immediate). Denote [ the angle
between py axis and zz” directed interval. Due to our choice of € in (2.14), definition of
r(€) and the choice of r < r(e, elementary geometric considerations show that cos § > %

Therefore, the second coordinate of z(s) satisfies (21(s))2 > d, + 35|z — 2’|. Using again
12



the control over 0D over scale 1 afforded by our choice of € and (2.40), it is not hard to
pass from the last estimate to (2.38).
The case of (2.39) is similar. We leave details to the interested reader. U

Now we prove Lemma 2.9.

Proof of Lemma 2.9. We consider two cases.
Case 1: |z — 2/| < d(z). By mean value theorem, for any z, 2’ such that the segment
[22'] is at a positive distance from (2, we have

|V112(Z) — VIlg(Z/)|

2 — 2P < V2o (Zow )2 = 217,

for some point Z.,, on the segment [22'].
Note that for any point Z ¢ €2, we have

o(D
(2.41) V21,5(2)] < / D)
R2\By(z(Z) |Z —

Recall that if we pick 2 as we did in Lemma 2.11, then we have d(Z,,),d(Zy ) >

d(x).
Then we have

]V [12(1') — V[lg(x”)‘

dr < C(D)d(2)™".

< C(D)d(Zyyr) Ho—2"|*7 < C(D)d(z) Hz—2"|"7 < C(D)d(z) 7,

|z — 2" -
I N _v] "
|V 12(|l’,> 7|712(«T >| < C(D)d(ZI/x//)—l‘x/_x//‘l—'y < C(D)d(x)—l‘x/_x/qldy < O(D)d(ﬁl’))i’y,
r —x

The last inequalities hold true because we have |z — 2/| < d(x).
Putting them together, we have
\V Ilg(ZL’) - v112($,)|
=P
Case 2: |z —2'| > d(z). Recall that if we define 2, z;(s) and 25(s) as in Lemma 2.11,
then we have

< O(D)d(z)".

d(z(s)) > = max{d(zx), s|lx — 2’|},

—=No | =

d(z9(s)) > 3 max{d(z), s|xr — 2'|}.
Integrating along the path x — 2 — 2’ yields

1
|VIs(z) — V(2] < / (V21 (2 + s(2” — 2))||z — 2/|ds

0

1
+/ (V212 + s(a” — 2'))||x — 2'|ds
0

d(x)

< O(D)|x — /| (/0 T dtayas / da)

lo—a']|

1

(s|lz — m’|)_1ds>

< C(D) (1 + log |xd(_x;”/|> .

Now we have
|V]12(l’) — VIlg(x/”

o= o

<o) (1+ 1055 ) o -1 < D

The last inequality follows that 1 4 loga < %cﬂ, for a > 1. O
13



Now we prove Lemma 2.10 by using Lemma 2.12 below, which we will prove later.
(B~ T il 3
Lemma 2.12. Letr, := i ) where Ay == [|0| ¢ (). For any x € T(r/2)\ Q,
Y

1
such that d(x) < 1’ and P, € T'(r/4), we have

V2 1ha(z)| < C(D,~)d(z) "7

Proof of Lemma 2.10. We consider two cases.

A
Case 1: |z — /| > 274" Y7, In this case, we have |z — 2/|™ < C’(v)r(; 1k Note
WLy

that by (2.34), we have that ;1#7 < C(D,7)A,. The proof follows directly from

/ A
[V Iis(x) = Vlho(e')] < 20(D,7)(1 +log, 7).

This bound can be derived by the same way as in Proposition 2.5.

Case 2: |v — 2| < 274 Y7r,. We define 2", z,(s) and 2z;(s) as we did in Lemma 2.11,
then we have

(2.42) A((s)) 2 g3l — ],

for i =1,2 and s € [0, 1].
Notice that

(2.43) zi(s) — Py| < |zi(s) — 2| + d(z) < 2]z — 2| + d(z).
So (2.43) and the facts that |z — 2| < 274V, d(z) < 274 Y7, give us
(2.44) d(z(s)) < 2727 Yy,

These inequalities imply
Pzi(s) € B, = BTI(PQC)
Note that we have

_ _ = |w(P,)|
[W(P.,(5) — W(P:)| < A|Pyo) — Pul” < :

Then it implies that

yielding
rzi(s) 2 2_%7‘95.
From (2.44) it follows that

1
d(zi(s)) < 17):

To apply Lemma 2.12, we also need to verify P., ) € T'(r/4). Without loss of generality,
we can assume |z — 2’| < r/32 and d(z) < r/8. So we have

d(zi(s)) < |zi(s) = Po| < Jzi(s) — x| + o — Pyl < /4
Now we can apply Lemma 2.12 to z(s) and get
V2 11a((5))] < CUD,7)d(z:()) 7, < C(D, ) (sl — 2475

Integrating along the path x — 2 — 2/ gives us
14



|V112(£C) - lez(.%/

o —oh

1
b [ 92 hate+ s(a = )l — o' vas
0
1
+/ (V212 + s(a” — 2'))||lx — 2| ds

1
< C(D e — 2 / (sle — /)5 ds
0

FIGURE 2

It remains to prove Lemma 2.12. First we need a result from [13], which is in its turn
similar to the Geometric Lemma of [1].

Lemma 2.13. For any x € T(r)N D, with P, € T(r/4), let n, :== Vo(P,)/|Ve(P.)| and

T = (%)i Define

”

(2.45) Sy ={P.+pv:pel0,r,),|v]|=1, <£) >2|v-ng|, Pe+pr € T(r)}.
Tz

If v is a unit vector and p € [0,7,), then the following statements hold.

1. Ifv-n, >0 and P, + pv & S,, then P, + pv € QNT(r);

2. Ifv-n, <0 and P, + pv & S, then P, + pv € T(r) \ Q (see Figure 2).
Lemma 2.13 is slightly different from Lemma 3.7 in [13] in that D is a general smooth

bounded domain. However the proofs are virtually identical. For the sake of completeness
we present the original proof here.

Proof of Lemma 2.15. We only need to prove the first statement, as the proof of the
second statement is analogous. Let us assume v -n, > 0 and P, + pv ¢ QN T (r), with
lv| =1 and p > 0. Then we have,

Vo(P,) v >0 and o(Py + pv) <0.
15



So we must have Vp(P,) - v < gvpV due to C7 estimate on V¢ and because ¢(P,) = 0.
Thus _

< 2A,p7 _ <£>7
T Ve(B)l Ao/
so either p > r, or P, + pv € S,. O

2V -n,

Now, let us prove Lemma 2.12.

FIGURE 3

Proof of Lemma 2.12. Let n,, S;, v be the same as in Lemma 2.13 and let B, := B, (F,)
and B, := B, (0,), where O, := P, + r;n, (see Figure 2). Then P, € 0B, and the unit
inner normal vector to 0B, at P, is n,.

First we claim that, B
s

Indeed, let £, be the vector tangent to 8§x at P, and let 6 € [0, 2] denote the angle
between ¢, and v (see Figure 3). Note that P, + pv € 9B, N B,NT(r) implies that § < %

By the law of sines, we have
P s
sin20  cos@’

2l
Since v-n, = sin 6, <£> > 2|v-n,| follows immediately from the fact that when 6 < %,
Tx
(2sin @)Y > 2sin 6.

Together with Lemma 2.13, we have
(QAB,) N B, NT(r) C S,.

ug, (2) = 1/ MF(y)dy,

2w Jp, [z yP
recall that F'(y) is the Jacobian of the reflection map S(y).
We claim that

Define

(D)

Tz

(2.46) [Vug, (2)] <
16




We will prove (2.46) in Lemma 2.14 later.
By (2.30) and definition of uj_, we have

(D)
V2] 20~ (2)] < /
| 12( ) Bz( )| T()\B. |J,'—y|3
C(D
(2.47) + / (—)?’dy
(QAB)NBLNT(r) |z — |

C(D
+/ —( )3dy
ByNT(r)e [z — |

3 1
To bound the first term, note that if y € BS, we have |z —y| > 1 due to d(z) < ik

Therefore the first term in the right hand side can be bounded by C(D)r;!
For the second term, we claim that,

d
(2.48) dist(z, S,) > %
: 1 3
Indeed, if P, + pv € By 2(x) NT(r), we have |v - ng| > 3 and p < §d(x) < 1y, hence

P, + pv € S, by definition in Lemma 2.13.
Also we note that, if |P, — y| > 2d(z), we have

(2.49) [Pr =yl < |z —y|+d(x) <20z -yl
Denoting by /I the second term in (2.47), we have that
II < LD)g
s, lz =yl 5
c(D d(z)\
< / ( )3dy +C (%) Sz N Baaga) (Pr)]
S2\Ba(z)(Px) @ —( yl )
C(D) C(D
Lo |P —yp Y a5 1 a2
7 O(D) 2d(x) P\
< / pdp+ O /0 (E> pdp
) 1+7r v,

Here we used (2.48) in the first step, (2.49) in the second step, and (2.45) in the third
step.

Now we consider the third term in (2.47). Suppose r, < r/4, so that B, C T'(r). Then
the region of the integration is empty and the third term vanishes. Otherwise, if r, > r/4,
we can redefine S,, B,, B, by replacing r, with /4 and all the arguments remain true.
The reason behind this is that Lemma 2.13 tells us that 0QN B, C S,. If we shrink both

B, and S, to by the same factor, the inclusion still holds.
Combining with (2.46) and (2.47), we obtain

V2 1s(z)| < C(D,~)d(z) """ r7 + C(D)r;?

The result follows from d(z) < ;lrr

g

Next, we are going to prove (2.46). To make the argument simpler, we let B, = {z €

R?: |z — (0,—7)| < r}, f be a function such that |f|, |V f| and |V?f| are bounded by a
17



universal constant C' in B,. Define

(2.50) ) =5 [ @V oy,

_% Br |x—y|2

By setting B, to be B, and f(y) to be F(y), (2.46) can be derived from the following
Lemma.

Lemma 2.14. Let x = (0,h), where h < 1 is any positive real number. For h < r <1,
the vector field u defined by (2.50) satisfies

V(o) <

Proof of Lemma 2.14. First, by assumption, for any y in B,, we have

() = £(0) = VF(0) -yl < ClyP.
By (2.50), we write u(z) as

ulz) = 2 /B CZV iy = L (F 4 K+ K).

"2 Jp, o —yP? o
where
Ko [ Hf@)dy,
K= [ T wa»m
Kam [ 200 - 50) - V50

C
It suffices to prove |V2K;(z)| < —, for i = 1,2,3.
r

For i = 1, we use the argument from [13]. Observe that

Ky(z) = f0)(VAT xp, )(2).

Since |x — (0, —7r)| > r, we have by the rotational invariance of K;(x) (and with n being
the outer unit normal vector to dBj,_(o_p((0, —1)))

_ (:U— (0, —7’))L
K@) =0, o)

— (0. —
(I ( ) T) ][ n- f(O)VAileTdO'
|ZL' - (07 -r ’ OBz (0,—r)| ((O,—T))

= (é:((% ::))IQ % / F(0)xs, (y)dy
) By,

1

= §f(0)7"2

| Ky ()]

(2.51)

SN— —
}7




For i = 3, since |x — y| > |y|, we have
2 < |y|2 1 <
[V Ks(2)] S sdy < [ —dy S
B, [T =yl 5, Yl

For i = 2, first note that it suffices to control |V2(k - Ky(x))|, for any constant unit
vector k = (ky, k2). Denoting a = V f(0), we have

—y) -kt

2k - Ky(z) = —2/ %(a - y)dy

- 1Ty

:/ Yy ((Infz —y[*)k") (a - y)dy

T

— [ (ke yPa)as() - () [ nle - Py
0B, r
= K21<.’L') - KQQ(.Z’).

Here n is the outer normal vector for 0B,.

Controlling V2 Ky () is straightforward. Indeed, V Ky () is the velocity field gener-
ated by the vorticity patch 2(k* - a)xp, (z). By estimate (2.51), we have

VKy(z) =2(k" - a)rr? (|Z: (((())’ :Z)))|2 )

So |V2Ky ()| < C, where C' is a universal constant.

For K21 (I), note that 822K21 (.Z‘) = —811K21 (.I) and 812K21 (ZL’) = 821K21 (l’), so it suffices
to consider two cases.

(2.52) 011 Ko (x) = Q/BBT (n- kﬂ%(alyl + a2y9)dS(y),
(253) 812K21 (.CE) =4 /aBT (77, . k’ﬂ%(alyl + agyg)dS(y).

C C
First note that when |y| < r/4, we have yo < —y? and that |n -k — ko < —|y1|.
r r

For (2.52), we have, with a constant C' < co that depends on a and k:

311K21(96) = 2/ (n : kL)w(alyl + a2y2)d5(y)

OB, N{|y|>r/4} |z —y|*

+ 2/ (n- k) ——""—aydS(y)
OB,N{|y|<r/4} lz —y|*

-
vz f (n- LS U as(y)
OB, N{|y|<r/4} lz —yl*
<C+ 2/ (n -kt — ko) ——"—"La,ydS(y)
OB, N{|y|<r/4} lz —yl

h — 2,2
+ 2/ kQWalyldb’(y)
OB,N{|y|<r/4} lz —yl

C h — 2 .2\,,2

+ = (( y2) - y12)y21 dS(y)

7 Jo,ogyl<r/ay (B —y2)? +y7)
19




<c+0+¢ dS(y) < C.

T JoB.n{|y|<r/4} N

h — 2 .2
Note that / kzw

T ay1dS(y) = 0, because the integrand is odd in y;.
OB, N{|y|<r/4} |z —y

Similarly, we can derive that 019K5(z) < C. We leave details to interested readers.
O

Now we are ready to prove Theorem 1.3.

AL () + As(t)

Proof of Theorem 1.3. Let A(t) := yweo)
inf

(2.15), and (2.25), we have
A'(t) < C(D,v)A(t)(1 + log, A(t)).
We thus obtain that A(t) grows at most double-exponentially in time, and therefore, the

. From inequalities (2.5), (2.6), (2.7),

ALt
same estimate applied to 1 7((3) . Given that, double exponential upper bound on growth
inf
can be obtained for A (t), Aine(t)™' and A, (¢) from (2.5), (2.6) and (2.7) respectively.
The proof is completed. O

3. GENERAL CASE

In this section, we consider the general case, where the initial data is

N
wo(r) =Y Okxa, ().
k=1

By Yudovich theory (see [24], [16] or [17]), there exists a unique solution in the form of
N

(3.1) w(z,t) == ZekXQk(t)(fﬂ),

with Q(t) = D4(2(0)) for each k. Also note that ®;(x) is uniquely defined for any
x € R?, due to time independent log-Lipschitz bound
(3.2) [u(z,t) — u(y, t)] < C(D) ||woll o [ — yllog(L + |z —y[ 7).

By Definition 1.2, to show that w in (3.1) is a C''7 patch solution, we need to prove
that {0Q(t)}Y, is a family of disjoint simple closed curves for each ¢ > 0, and

sup max ||0Q(t)|| o1, < 00
tejo,1] K

for each T' < 0.

First note that (3.2) yields
min dist(€2;(t), Q(t)) > d(t) > 0

i#k
for all t > 0, where §(t) decreases at most double exponentially in time. This is going to
ensure that the effects of the patches on each other will be controlled. Now, it remains
to prove that each 0Q(t) is a simple closed curve with || 02 (t) ||c1.+ uniformly bounded
on bounded time interval.
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Next, we add sup in the definitions of A, A, and add i]%f in the definition of A;,¢. Let
k

us decompose

N
i=1
with each u; coming from the contribution of the patch €2; to u. If ¢ # k, then we have
IV i (- )| ooy < C oo, D)S(E) ™
for all n > 0. This yields
Hvui('7t)”6"7(9k(t)) < C(WO7D)5(75)_3‘

Analogously to Proposition 2.5, we also have the estimate by simple scaling,

(3.3) VUi, )l poo r2y < C(D,7)10i] <1 + log., izf((if)))

With all these in hand, let us prove Theorem 1.4.

Proof of Theorem 1.4. We now consider ¢, and wy, := V+y, for each . With © :=

max |6/, for each k and ¢t > 0, we have
1<k<N

A,
[(Vu)urlleso,) < C(D.7)OA, (1+1og, 57) + Ax
+ 52 IVl ol e

+Z!|Vuz||m y okl oo
i#k

A,
< C(D,y)NOA, <1+log+A f

) + CD, wo) NS (1) Ac.

Then we have estimates,

AL(t) < C(D,y)N@AW(t)(l +log, ;14 f( >)) + Cwo, D)NS(H) A (t).

Let A(t) := AL () Aine(t) 1 + A (), then a simple computation yields that
(1) < C(D.,0) A1) (300" + log, A1),

Since ()™ increases at most double exponentially in time, it follows that A(t) in-
creases at most triple exponentially. So ||0€Q4(t)|| 1., is uniformly bounded on bounded
time intervals, thus completing the proof.

U

4. ONE SPECIAL CASE WITH DOUBLE EXPONENTIAL UPPER BOUND

We consider a special case in a unit disc D := B;(0) with initial data in the following

form:

wo(z) = wi(z,0) — wa(z,0) = X0,(0) (%) = Xas(0)(¥)-
Here ©,(0) and €5(0) are two single disjoint patches that are symmetric with respect to
the line 1 = 0. The Euler evolution preserves the odd symmetry, so the solution is of
the form

w(z,t) = wiz, 1) — wa(z,t) = X, 1) () = Xau0)(2)
for all times, where Q(¢) and Qy(¢) are two symmetric single disjoint patches.
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Note that when D is a disk, we have an explicit formula for Gp(z,y). The velocity u
generated by single patch € is given by

- 1 (x —y)t 1 (z—y)t 1

-y T [ [

E and the Jacobian F(y) = %.
Here S(y) is defined on all D, not only restricted to 7'(r). Also notice that T'(r) is the
same as the annulus A(0;1 —r, 14+ 7r):={x:1—7r < |z] <14 r}. We will keep using
T(r) instead of the annulus A for convenience and consistency. In the argument below,
r will a sufficiently small universal constant.

Let us prove Theorem 1.5.

Note that the reflection map is defined viay = S(y) =

Proof of Theorem 1.5. From now on, we will drop ¢ from (), since the estimate is time
independent. We adopt ¢, and wy notation for £ = 1,2 from Section 3 and we also add
sup in the definitions of A, A, and add mf in the deﬁn1t1on of Ajyr as we did in Section

3 Note that u = u; + ug, and for ¢ =1, 2,

1 (af—y)Ldy+i (z—y)*" 1

G e Ja ey Y T 2

=yl [yl

From the proof in Section 3, our goal is to estimate || (Vu)wkHC‘”/(QkﬂT(r/2)) for k =1,2.
Without loss of generality, it suffices to only estimate ||(Vu)wil|¢n g, 72 We decom-
pose it to be sum of [|(Vur)wi|[¢nq,nr ey and [[(Vuz)wile@,qre2). and estimate
them one by one.

For the first term |[(Vu1)wi | ¢, qr(r/2)): t1 and wy are both generated by the patch
1, and the argument is identical to the single patch case in Section 2. Thus we have,

A,
H(vul)MIHCW(QmT(r/Q)) < C()(Ay + Ax) <1 + log,. 1 f>

For the second term [(Vuz)wi|¢n(q, 7 /2)), We decompose (Vus)w; as

(Vug)wy = (Vug)wy + (Vig)w;.

A,
First we claim that [|(Vv2)wi |l 9, qr/2)) can be bounded by C(v)A, (1 +log, T )
inf

Indeed, v, can be regarded as the velocity field generated by the patch Qs in R%. w, is a
divergence free vector field that is tangent to the boundary of €21, which is symmetric to
2y over z; = 0. This case has been treated in [13] from page 15 to the end of the Section
3. Note that the symmetry here is with respect to x; = 0, while in [13] the symmetry is
with respect to xo = 0.

For the second term, denote g(x) := (Vvg)w;(x). Then for arbitrary x, 2" € Q,NT(r/2),
we have

l9(x) — g(2")]

iz — 2/ < [Voy(2)]| le”cv(m)

| [V8(@) — V()|

o —of

(4.2)

|wi ()]

A,
The first term in (4.2) can be easily bounded by C(7)A, (1—|—log+ T ) by Proposition
inf

2.5 and definition of A, and w;.
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1

— M—dy, where 9 defines ﬁg
21 Ja, |z —yl?* lyl*
and Wy = V+@,. Then by Proposition 2.8, we have

For the second term, remember that v, =

Vs () — Vg ()]

o= oP

< C(”y)(l +log, %) min {@?—;ﬂm,d(m)V}.

Here d(z) = dist(z, ) and P, € 9, denotes the closest point. Note that 7, plays
the same role as 15 in Proposition 2.8. There is a minor difference that the region of
integral for v is not restricted to T'(r), since we have a more explict expression for Green’s
function in unit disk. However, the same arguments work here.

(4.3)

X]ZO

FIGURE 4

The symmetry of €2; and €2, implies that we can choose ¢ 2 so that

901(x>t) = 902(f7t)>
for all t, where & = (—x1, x2). This is the key observation that allows to reduce the upper

bound from triple to double exponential growth. Therefore, by definition w; = V=+y;, we
have

wy(x) = —wq(T).
For any x € © (see Figure 4)

fwn(2)] < [wn(z) = wn(Py)| + s ()]

From above, we know |wy(PB,)| = |ws(P,)|. Without loss of generality, we can choose r
small enough so that if = € T'(r/2), then we have |z — P,| < Cd(z). Thus we obtain,

Therefore,

B A
1(VB2)willen @unrryzy < €A + As) (1 +log, Afyf)‘
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Thus, we get

A,
[(Vu)wllenounrrz) < CO(Ay + Aoo)( + log, A f)

We conclude that A,, At and A,, grow at most double exponentially in time.

5. EXAMPLE WITH DOUBLE EXPONENTIAL GROWTH

In this section, we are going to use an analog of the example constructed in [14] to show
that the upper bound obtained by the previous section is actually qualitatively sharp.

First we introduce some notation that will be adopted throughout this section. With
¢ to be the usual angular variable, we have

D .= Bl(eg), with €y = (O, 1),
DY :={(xy,22) € D : 71 > 0},

s
D} = {(z.2,) € D} 72 6 0},
T
Dg = {(1'1,33'2) € DJF’E 2 (b 2 7}7
Q(z1,22) == {(y1,y2) € DV |y > x1,y2 > 72},

4
Q(z1, 2, 1) = —/ y1y2w(y t)dy.
Q(

T J Q1m0 |YI*

Consider two-dimensional Euler equation on D, let w be vorticity. We will take smooth
patch initial data wy ao that wo(x) > 0 for ;1 > 0 and wy is odd in x;. Let us state the
Key Lemma (see [14] for Lemma 3.1).

Lemma 5.1. Take any vy, /2 >~ > 0. Then there exists 6 > 0 such that
(5.1) wi(z) = =211, 1) + 21 B1(2), |Bi] < C(Y) lwoll e V2 € DY, |z <6

(5.2) Uz () = 221, 22) + 22B2(2), [Be| < C(7) |woll o » Vo € D3, || <6

Note that, in [14] Lemma 5.1 applies only to smooth w, but at the same time the
argument can extend to patches without any effort. Following the proof in [14], expo-
nential growth of curvature can be achieved easily. Indeed, take initial data wg(z) which
is equal to 1 everywhere in DT except on a thin strip of width equal to §/2 (§ is cho-
sen from Lemma 5.1, for some small v < 7/10) near the vertical axis ;7 = 0, where
wo(z) = 0. Then we round the corner of this single patch to make the boundary so that
wp remains equal to one everywhere in DT except on a thin strip of width equal to at
most ¢ near the vertical axis x; = 0. Denote the patch in DT at the initial time by
P(0), s0 wo(x) = Xp)(®) — Xp@) (x), where P := {(z1,23) : (—x1,22) € P}. By odd
symmetry, two single patches P and P will stay in the two half disks respectively for all
time t. Due to incompressibility, the measure of the set in Dt where w(x,t) = 0 does
not exceed 24. In this case, for every x € DT with |z| < J, we can derive the following
estimate for Q(xq, zs),

2
21, 29,1) // 22 4y >—//
/6 /6 r
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The value of the integral on the right hand side is minimal when the area where w(r, ¢) = 0
is situated around small values of the radial variable. Since this area does not exceed 296,
we have

4 1 w/3 1
(53) —Q($1,I2, t) Z Cl/ / —d¢dT Z Cl IOg 571,
m Vs Jrse T

where ¢, ¢ and C are positive universal constants.

Let 29 € 0D, 0 < x91 < ¢ be the point with minimal value of x¢; such that wy(zo) = 1.
Consider the trajectory ®;(zg); due to the boundary conditions ®;(x) € 9D for all times.
If ¢ is sufficiently small (note that we can always make it smaller if needed), the estimates
(5.1) and (5.3) imply that the first component of ®;(zg), ®; (), converges to zero at an
exponential rate. Observe that for a curve, one can use the distance over which it changes
direction by /2 to estimate the curvature. In our case, ®;(xo) is being pushed towards
the origin from the along the boundary 0D, and by odd symmetry, the axis z; = 0 is a
barrier that patch P can not pass. So the tangent vector to P has to turn close to 7/2
angle over a distance that is exponentially decaying in time.

To achieve double exponential growth on curvature, by discussion above, we need an
example where we can track a point on the patch boundary that approaches the origin
at double exponential speed.

Let us prove Theorem 1.6 by using the example constructed in [14]; the proof is similar
to [14].

Proof of Theorem 1.6. We first fix some small v > 0 (take 7/10 for example). We choose
§ > 0 small enough such that Lemma 5.1 applies and that C;logd~! > 100C(v) with C;
from (5.3) and C(v) from Lemma 5.1. We take the smooth patch initial data wy as the
one constructed in the previous exponential growth example, with wy = 1 everywhere in
D7 except on a thin strip near z; = 0 line, except now with width equal to 6%°.

For 0 < zf,27 < 1, we denote
O}, o)) = {(z1,22) € DT |2} <x < af,my < 31}
For 0 < xy < 1, we let

u(xq,t) = max uy(xy, o, 1),
(z1,22)EDTz2<21

(5.4) _

u(zy,t) = min ur (w1, T2, 1),
(z1,22)EDTz2<21

and define a(t), b(t) by

ﬂ(a(t), t): CL(O) = 510;
V() = u(b(t), ), b(0) = .

This set up is a little simpler than in [14], where an additional scale € was introduced.
However, the rest of the argument remains the same. The estimates (5.1), (5.2) can be
used to control the region O ), to show that it does not collapse, and to trace its
approach to the origin. The result is an improvement of the bound (5.3) bound yielding
exponential growth of Q(a(t),0). This leads to double exponential decay of a(t). Since

the argument is largely parallel to [14], we refer to it for the details.

U
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6. APPENDIX
Here we give a sketch of proof for Proposition 2.4.

Proof of Proposition 2.4. Recall the representation

1 ~
Gp(z,y) = 5~ (log|z —y| —log |z — ) + Blz,y)
for y € T'(r). Note that B(z,y) satisfies
L, lz—yl
AxB(x>y) :07 B($ay)|xeaD: %log ’$_y’

In [23], the following estimate is proved. Let D € C®, and fix any z € dD. Then there

exists r = r(D) such that for any w € L>(D)

/ Bz, y)wly) dy
B, (z)ND

C2:2(9DNB, 5 (2))

o1 |

| L
—/ log @ y'W(y) dy
27 B, (z)ND |.1' - y‘

< O||W||Lo<>(f))~

C%(0DNB,2(2))
This estimate is a consequence of a calculation in the proof of Proposition 1 and Lemma 4
in [23]. The argument is fairly direct and uses estimates on y(y) and local representation
of dD as a graph of a function f € C?; the idea is that when z € 9D N B,5(z) and
y € DN B.(z) then |x — y| and |r — y| are very close. Note that even though the
statement of Proposition 1 in [23] makes an assumption that D has a symmetry axis
and z belongs to it, this assumption is never used in the proof (it is needed for later
applications in [23]).

Now it is straightforward to extend the estimate (6.1) to the function

1 |z — 9]
6.2 plz) = —/ log w(y) dy,
02 R A
yielding
(6.3) lellcza@pnB, o)) < Cllw|| e

Indeed, in (6.2) compared with (6.1) we are adding integration over a region where y
satisfies |y — x| > r/2, and if we choose r = r(D) sufficiently small, also |y — x| > r/4.
Then log % is a smooth function of z with uniform bounds on derivatives for all such
y € T(r), leading to (6.3). In fact, since z was arbitrary, we get that

l¢llo2a@p) < Cllwl| Lo (p)-
By well known results (e.g. Lemma 6.38 of [11], there exists an extension ¢ of ¢ to D
such that

[e°llcza(py < llellc2eop)-
Now observe that

o(z) = / oy By

defined for all € D satisfies

e

Ag =0, glop = ¢"
By Theorems 6.8 and 6.6 of [11] we obtain

9llc2epy < Cllollc2a@py < Cllwllpep,

completing the proof. O
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