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Abstract

We study a pressureless Euler system with a non-linear density-dependent alignment
term, originating in the Cucker-Smale swarming models. The alignment term is dissi-
pative in the sense that it tends to equilibrate the velocities. Its density dependence is
natural: the alignment rate increases in the areas of high density due to species discom-
fort. The diffusive term has the order of a fractional Laplacian (—0,,)%/2, o € (0,1). The
corresponding Burgers equation with a linear dissipation of this type develops shocks in
a finite time. We show that the alignment nonlinearity enhances the dissipation, and
the solutions are globally regular for all & € (0,1). To the best of our knowledge, this
is the first example of such regularization due to the non-local nonlinear modulation of
dissipation.

1 Introduction

The Cucker-Smale model

Modeling of the self-organized collective behavior, or swarming, has attracted a large amount
of attention over the last few years. Even an attempt at a brief review of this field is well
beyond the scope of this introduction, and we refer to the recent reviews [13, 16, 39]. A
remarkable phenomenon commonly observed in biological systems is flocking, or velocity
alignment by near-by individuals. One of the early flocking models, discrete in time and
two-dimensional, is commonly referred to as the Vicsek model: the angle 6;(t) of the velocity
of i-th particle satisfies

1
0i(t +1) = T E%%t) 0;(t) + nAd. (1.1)

Here, N;(t) = {j : |z;(t) — x;(t)| < r}, with some r > 0 fixed, Af is a uniformly distributed
random variable in [—1,1], and 7 > 0 is a parameter measuring the strength of the noise.
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This model preserves the modulus of the particle velocity and only affects its direction. First
via numerical simulations and then by mathematical tools, it has been shown that this model
has a rich behavior, ranging from flocking when 7 is small, to a completely chaotic motion
for large n, with a phase transition at a certain critical value 7..

A natural generalization of the Vicsek model was introduced by F. Cucker and S. Smale [19]:

N
. ) 1
T; = Uy, V; = N Z:: |.T,L — QZJ Vj — 'U,L'>. (12)

Here, {z;,v;}, represent, respectively, the locations and the velocities of the agents. In-
dividuals align their velocity to the neighbors, with the interaction strength characterized
by a non-negative influence function ¢(x) > 0. The relative influence is typically taken as
a decreasing function of the distance between individuals. An important flexibility of the
Cucker-Smale model is that it both does not impose the constraint on the velocity magnitude
and allows to analyze the behavior based on the decay properties of the kernel ¢(r). One
of the main results of the Cucker-Smale paper was that, roughly, provided that ¢(r) decays
slower than r~! as r — +o0, then all velocities v;(t) converge to a common limit ©(t), and
the relative particle positions x;(t) — z;(t) — Z;; also have a common limit — the particles
form a swarm moving with a uniform velocity. This is what we would call a global flocking:
all particles move with nearly identical velocities.

One potential shortcoming of the Cucker-Smale model is that an ”isolated clump” of
particles may be more affected by ” far away” large mass than by its own neighbors. Essentially,
the dynamics inside a small clump would be suppressed by the presence of a large group of
particles "far away”. This can be balanced by a different kind of averaging, rather than simple
division by N in (1.2), as was done by S. Motsch and E. Tadmor in [33]:

k=1

A& al
di= v, b= oo ollm—a) =), ®i= Y élla — ). (1.3)
zj:1

with some A\ > 0. This modification reinforces the local alignment over the long distance
interactions.

A kinetic Cucker-Smale model

Kinetic models are also commonly used to describe the collective behavior when the number
of particles is large, in terms of the particle density f(z,v,t), with 2 € R? v € RZL A
kinetic limit of the Cucker-Smale model was obtained by S.-Y. Ha and E. Tadmor in [25], as
a nonlinear and non-local kinetic equation

fi+v-Vof+V,-(L[f]f) =0, (1.4)

with
Lifi(z,v,t) = [ oz —y)(W' —v)f(y, ', t)dv'dy. (1.5)

R2d

Together, (1.4)-(1.5) give a nonlinear kinetic version of the Cucker-Smale system.



It was shown in [14] that its solutions exhibit global flocking, in the sense that the size of
the support in x

S(t) = Sup{|£L‘ - yl : <x7v>7 (yav/) € Supp(f(’, '7t>>}

remains uniformly bounded in time, and the support in v shrinks:

V(t) = sup{lv — | : (x,v),(y,v") € supp(f(-,-,t))} — 0 as t — 400, (1.6)

“lasr — +o0o. A similar result was

under the assumption that ¢(r) decays slower than r
obtained in [38] for the kinetic Motsch-Tadmor system.
A kinetic model that combines the features of the Cucker-Smale and Motsch-Tadmor

models was proposed in a paper by T. Karper, A. Mellet and K. Trivisa [26]:

fe+v-Vof + Vo (LIfIf) + AV, - ((u(z, 1) = 0)f) = Auf, (1.7)

with L[f] as in (1.5), A > 0, and the local average velocity u(t, z) defined as

1
u(x,t):m/wvf(xvt) p(x,t) / flz,v,t)d (1.8)

The Laplacian in the right side of (1.7) takes into account the possible Brownian noise in the
velocity.

One should also mention a large body of literature on the kinetic versions of the Vicsek
model and its modifications, and their hydrodynamic limits: see [10, 20, 21, 22, 23] and
references therein.

An Euler alignment model

The kinetic Cucker-Smale model can be further "macroscopized” as a hydrodynamic model for
the local density p(t, z) and local average velocity u(t, x) defined in (1.8). The standard formal
derivation of the hydrodynamic limit for nonlinear kinetic equations often relies on a (often
hard to justify) moment closure procedure. An alternative is to consider the ”"monokinetic”
solutions of (1.4)-(1.5) of the form

f(z,v,t) = p(t,x)d(v — u(x,t)). (1.9)

In a sense, this is a ”local alignment” (as opposed to global flocking) ansatz — the particles
move locally with just a single velocity but the velocity does vary in space. Inserting this
expression into (1.4)-(1.5) gives the Euler alignment system, which we write in one dimension
as

up + D pu (1.10)
O (pu) + Ox( / oz — y,t) —ult,x))p(y, t)p(z, t)dy. (1.11)

The presence of the density p under the integral in the right side of (1.11) has a very reasonable
biological interpretation: the alignment effect between the individual agents becomes stronger
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where the density is high (assuming that the interaction kernel ¢ is localized). As far as a
rigorous derivation of the hydrodynamic limit is concerned, the aforementioned paper [26]
derives the hydrodynamic limit starting from the ”combined” Cucker-Smale-Motsch-Tadmor
kinetic system (1.7):

Owp + ax(pu) =

0, (1.12)
Bu(pu) + Dalpu) + Bop = / o — ) (uly,1) — ulz, 0)p(y, Op(e, Ody.  (1.13)

This system has an extra term 0, p in the left side of (1.11) that can be thought of as pressure,
with the constitutive law p(p) = p. The pressure appears as a result of the balance between
the local interaction term in the left side of (1.7) and the Laplacian in the right side. In
particular, the starting point of the derivation is not the single local velocity ansatz (1.9) but
its smooth Maxwellian version (setting A = 1 in (1.7) for convenience)

_ £))?
Flrv.t) = pla, tyesp (- L1000y (1.14)
together with the assumption that the interaction is weak: ¢ — ¢, and a large time-space
rescaling (t,z) — t/e,x/e.

Another version of the Euler equations as a model for swarming has been proposed in [32],
and formally justified in [17]:

Oup + 0u(pu) = 0, (1.15)
Ou(p) + 0u(pn?) + 0up = apu— fpluu— [ V(e = pply. (e, ).
R

The key difference between models like (1.15) and the ones we consider here is the absence of
the regularizing term w(t,y) — u(t, z) in the right side, so one does not expect the regularizing
effect of the interactions that we will observe here.

The Euler alignment system for Lipschitz interaction kernels

When particles do not interact, that is, ¢(x) = 0, the system (1.10)-(1.11) is simply the
pressure-less Euler equations. In particular, in that case, (1.11) is the Burgers equation:

ur + vy = 0. (1.16)

Its solutions develop a shock singularity in a finite time if the initial condition wuy(z) has a
point where J,ug(x) < 0. In particular, if uy(x) is periodic and not identically equal to a
constant, then u(z,t) becomes discontinuous in a finite time. The function z(z,t) = —u,(x, t)
satisfies the continuity equation

2z + (2u), =0, (1.17)

and becomes infinite at the shock location.
The singularity in the Burgers equation does not mean that there is a singularity in the
solution of kinetic equation: it only means that the ansatz (1.9) breaks down, and we can not



associate a single velocity to a given position. This is a version of ”a shock implies no local
alignment”. To illustrate this point, consider the solution of free transport equation

fe+vfe =0, (1.18)

with the initial condition fy(z) = d(v + x). The solution of the kinetic equation is
f(z,v,t) = fo(r —vt,v) =0(v+ x — vt), (1.19)
hence the ansatz (1.9) fails at ¢ = 1. This is the time when the corresponding Euler equation
Uy + utty = 0, (1.20)

with the initial condition u(0,z) = —z, develops a shock: u(z,t) = —z/(1 —t).

The integral term in the right side of (1.11) has a dissipative nature when ¢ # 0: it tries
to regularize the velocity discontinuity. When the function ¢(z) is Lipschitz, this system has
been investigated in [12] and [37] that show two results. First, a version of global flocking:
if ¢ decays slower than |z|™! at infinity, and the solution remains smooth for all ¢ > 0 and
the initial density po is compactly supported, then the support S; of p(¢,-) remains uniformly
bounded in time, and

sup |u(z,t) —u(y,t)| = 0 as t = +oo. (1.21)
z,yESt
An improvement in global regularity compared to the Burgers equation (1.16) was also ob-
tained in [12] and [37]. As we have mentioned, solutions of the latter become discontinuous
in a finite time provided there is a point € R where the initial condition uy(z) has a nega-
tive derivative: d,up(z) < 0. On the other hand, solutions of the Euler alignment equations
remain regular for initial data such that

Opug(x) > —(¢p % po)(x) for all z € R, (1.22)

while the solution blows up in a finite time if there exists xy € R such that

Optup() < —(d * po) (). (1.23)

Thus, the presence of the dissipative term in (1.11) leads to global regularity for some initial
data that blows up for the Burgers equation: the right side of (1.22) may be negative. How-
ever, a Lipschitz interaction kernel ¢(x) arrests the shock singularity for the Euler alignment
equations only for some initial conditions.

Singular alignment kernels

Our interest is in singular interaction kernels of the form ¢(z) = |z|7#, with 8 > 0. One
reason to consider such kernels is to strengthen the effect of the local interactions compared
to the effect of ”far-away” particles, in the spirit of the Motsch-Tadmor correction. The
well-posedness of the finite number of particles Cucker-Smale system with such interactions
is a delicate issue — the difficulty is in either ruling out the possibility of particle collisions, or
understanding the behavior of the system at and after a collision. This problem was addressed
in [35, 36] for § € (0,1) — it was shown that in this range, particles may get stuck together
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but a weak solution of the ODE system can still be defined. When g > 1, a set of initial

conditions that has no particle collisions was described in [1]. The absence of collisions was

proved very recently for general initial configurations in [11]. As far as flocking is concerned,

unconditional flocking was proved in [24] for 5 € (0,1), while for § > 1 there are initial

configurations that do not lead to global flocking — the long distance interaction is too weak.

The well-posedness of the kinetic Cucker-Smale system for 5 € (0,1/2) was established in [34].
We consider here the alignment kernels ¢(x) with 5 > 1:

bu(1) = T (1.24)

with @ > 0. In particular, the decay of ¢(x) at large |z| is faster than the 1/|x| decay
required for the Cucker-Smale and other proofs of flocking. It is compensated by a very
strong alignment for |z| — 0. The constant ¢, is chosen so that

pf ey [T ZTG (g 2

g |v—y|tT

Then the strong form of the Euler alignment system is

Ot Orlpu) =0 (1.25)
atu + uaxu — Ca/ u(y7 t) - U/(I, t)

R |?/ - x|1+a

p(y, t)dy. (1.26)

Let us first compare the Euler alignment system (1.25)-(1.26) to the Burgers equation
with a fractional dissipation
Oyu + udyu = —A%u, (1.27)

obtained by formally setting p(t,2) = 1 in (1.26) and dropping (1.25) altogether. This
neglects the nonlinear mechanism of the dissipation. Global regularity of the solutions of
the fractional Burgers equation has been studied in [30]. One can distinguish three regimes:
first, when o > 1, the dissipative term in the right side has a higher order derivative than
the nonlinear term in the left side. This is the sub-critical regime: the dissipation dominates
the nonlinearity, and global existence of the strong solutions can be shown in a reasonably
straightforward manner using the energy methods. On the other hand, when 0 < a < 1, the
dissipation is too weak to compete with the nonlinear term, which has a higher derivative,
and solutions with smooth initial conditions may develop a shock, as in the inviscid case.
The critical case is &« = 1 when the dissipation and the nonlinearity contain derivatives of
the same order. One may expect that then the nonlinearity may win over the dissipation
for some large data. This, however, is not the case: solutions with smooth initial conditions
remain regular globally in time. The proof of the global regularity when o = 1 is much less
straightforward than for o > 1 and does not rely solely on the energy methods.

One may hope that the nonlinearity in the dissipative term in the right side of (1.26)
is actually beneficial, compared to the fractional Burgers equation (1.27). Indeed, on the
qualitative level, as the shock would form, the density p would be expected to increase near the
point of the shock. This, in turn, would increase the dissipation in (1.26), moving the problem
from ”like a super-critical Burgers” to ”like a sub-critical Burgers”. This intuition, however,



may be slightly misleading: for instance, as we will see, strengthening the dissipation by
increasing o does not appear to make the problem any easier, or change its critical character.
The competition between the Burgers nonlinearity in the left side of (1.26) and the nonlinear
dissipation in the right side is rather delicate.

The aforementioned results of [12, 37] may lead to a conjecture that a dissipation term
involving the convolution kernel ¢ ¢ L', as in (1.26), should lead to global regularity. However,
this is far from obvious. The global regularity argument of [12, 37] uses two ingredients: first,
if initially

Optty + & x po > 0, (1.28)
for all z € R then
Ou+d*p>0 (1.29)

for all z € R and ¢t > 0. Second, an L*®-bound on p is established. When ¢ is an L!-
function, one deduces a lower bound 0,u > —Cj, which is crucial for global regularity. One
may combine an argument of [12] with the Constantin-Vicol nonlinear maximum principle
to establish the L°°-bound for p in our case, as well. However, in our case, the analogous
inequality to (1.29) is

O,u— A% > 0. (1.30)

This fails to give the required lower bound on d,u based on just the L*> control of p, and
the global regularity does not follow easily from the uniform bound on the density. Instead,
we have to deploy a much subtler argument involving both upper and lower bounds on the
density and a non-trivial modification of the modulus of continuity technique of [31].

The main result

We consider here the Euler alignment system (1.25)-(1.26) on the torus T, for o € (0,1).
In particular, this range of a corresponds to the supercritical case for the fractional Burgers
equation (1.27). We prove that the nonlinear, density modulated dissipation qualitatively
changes the behavior of the solutions: instead of blowing up in a finite time, solutions are
globally regular.

Theorem 1.1. Fora € (0,1), the Euler alignment system (1.25)-(1.26) with periodic smooth
initial data (po,uo) such that po(xz) >0 for all x € T, has a unique global smooth solution.

The regularizing effect of a non-linear diffusion has been observed before, for instance, in
the chemotaxis problems with a nonlinear diffusion — see [5, 6, 7, 8, 9]. The main novelties
here are that the nonlinearity is non-local, and that, as we will see, increasing a does not,
contrary to a naive intuition, and unlike what happens in the fractional Burgers equation,
strengthen the regularization effect.

To explain the ideas behind the result and its proof, it is convenient to reformulate the
Euler alignment system (1.25)-(1.26) as the following system for p and G = d,u — A%p:

Op + Ox(pu) =0, (1.31)
0G + 0(Gu) = 0, (1.32)

with the velocity u related to p and G via
ou=ANp+G. (1.33)
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We show in Section 2 that (1.25)-(1.26) and (1.31)-(1.33) are, indeed, equivalent for regular
solutions. Note that (1.33) only defines u up to its mean, which is determined from the
conservation of the momentum:

/Tp(x,t)u(aj,t)d:c:/Tpo(x)ug(a:)daz. (1.34)

Somewhat paradoxically, (1.33) seems to indicate that increasing the dissipation o makes the
velocity more singular in terms of the density rather than more regular.
The solutions of (1.31)-(1.32) with the initial conditions pg(z), ug(x) such that

Go(z) = dyup(z) — A%po(x) =0, (1.35)
preserve the constraint G = 0 for all ¢ > 0, and (1.31)-(1.32) then reduces to a single equation
Op+ O0p(pu) =0, Oyu = A, (1.36)

that is simpler to analyze. Note that (1.36) defines u(z,t) only up to its spatial average — we
assume that it has mean-zero for all ¢ > 0. The model (1.36) is interesting in its own right.
When a = 1, so that the velocity is the Hilbert transform of the density, it was introduced
as a 1D vortex sheet model in [4], and has been extensively studied in [15] as a 1D model of
the 2D quasi-geostrophic equation. In particular, the global existence of the solution if pg > 0
is proved in [15] using the algebraic properties of the Hilbert transform. Our results in this
paper can be directly applied to (1.36), and show the global regularity of the solutions for
all @ € (0,1). The strategy of the regularity proof here is very different from that in [15].
A quintessential feature of (1.36) is that increasing « does not help the dissipation in its
competition with the Burgers nonlinearity. Indeed, the toy model (1.36) can be written as

Oip + (0, A% p)Dup = —pA°p. (1.37)

Thus, the scalings of the dissipation in the right side and of the nonlinear transport term in
the left side are exactly the same, both in p and in z, no matter what a € (0,1) is. While the
proof of global regularity for (1.37) is inspired by the nonlocal maximum principle arguments
of [31, 30|, the nonlinear nature of dissipative term necessitates significant changes and new
estimates. The upgrade of the proof from global regularity of the model equation to the full
system is also highly non-trivial and requires new ideas.

We note that our results can be applied to the case a € (1,2), where the global behavior is
the same as for the fractional Burgers equation. One can also extend our results to influence

kernels of the form
o(z) = —X(|x|)7 (1.38)
|z
with a non-negative smooth compactly supported function y(r). This is the analog of the
kernels in (1.24) for « = 0. We expect that as soon as the influence kernel is not integrable,
solutions remain regular. The proofs of these extensions require some nontrivial adjustments
and further technicalities compared to the arguments in this paper, and will be presented

elsewhere.



Our results also lead to global flocking behavior for (1.25)-(1.26). The periodized influence
function
dp(z) = Z ¢(x +m)

meR\T

has a positive lower bound for all x € T. Since the solution is smooth, one can use the
argument in [37] to obtain asymptotic flocking behavior in the sense that

sup |u(z,t) —u(y,t)| = 0 as t — +o0. (1.39)
z,yeT

This paper is organized as follows. In Section 2 we prove an a priori L>*-bound on p, that
is the key estimate for the regularity of the solutions, as well as lower bound on p. The local
well-posedness of the solutions is proved in Section 3. Section 4 contains the proof of our
main result, Theorem 1.1. Apppendix A contains the proof of an auxiliary technical estimate.
Throughout the paper we denote by C, C’, etc. various universal constants, and by Cjy, C]
etc. constants that depend only on the initial conditions.

Acknowledgment. This work was was partially supported by the NSF grants DMS-
1412023 and DMS-1311903.

2 Bounds on the density

In this section, we prove the upper and lower bounds on the density p(¢,z). The upper bound
is uniform in time, and is crucial for the global regularity. The lower bound will deteriorate
in time but will be sufficient for our purposes.

2.1 The reformulation of the Euler alignment system

We first explain how the Euler alignment system (1.25)-(1.26) is reformulated as (1.31)-(1.32),
as we will mostly use the latter. We only need to obtain (1.32) for G defined in (1.33). The
idea comes from [12]. We apply the operator A* to (1.25), and use the identity

u(®)py) —u(z)p(r) = [uly) — uw(@)]p(y) + u(@)[p(y) = p(2)];

to obtain

DA p = D, A (pu) = cads / wmwdy 0, (@A) (21)

_xll—f—a

On the other hand, applying 9, to (1.26), we get

0 (0yu) + 0r(ud,u) = caaz/ Mp(y)dy. (2.2)

B |y —altte
Subtracting (2.1) from (2.2) gives an equation for the function G = d,u — A%p:
0,G + 0,(Gu) =0,

which is (1.32).



Let us comment on how to recover u from (1.33). Let us denote by

f;|m/ (z,t)d (2.3)

the average of p in T, which is preserved in time by (1.31), at least as long as p remains
smooth. Note that G(z,t) has mean zero automatically:

lﬁmmmzég@mza (2.4)

We also define
9(1’,t> = p(l’,t) — Ky (25)

AW%WM=O

Thus, the primitive functions of (z,t) and G(x,t) are periodic. We denote by (¢,%) the
mean-zero primitive functions of (6, G), respectively:

so that

0(x,t) = Opp(z,1), /Tgo(x,t)dac =0, (2.6)
and

Gla ) = Duib(, 1), Aw@wmzo 2.7)
Then, u can be written as

w(z, 1) = A, 1) + (e, 1) + Io(t). (2.8)

To determine Iy(t), we use the conservation of the momentum. Note that the conservation
law form of (1.26) is

Oy (pu) + 0, (pu?) = co /R ult.y) — ult, x)p(t, y)dy. (2.9)

|y — x|+

Integrating (2.9) gives

d ZL’ t
dt pqu; = Cq / / x|1+a >p(y> t)p(x,t)dydx (2.10)
— u(z,t)
Z // — 14+« p(y’ t)ﬂ(‘r)t)dydl' = 07
meR\T ly + m — x|t

thus
/p(x,t)u(a:, t)dr = /po(x)ug(a:)da:.
T T
Together with (2.8), u is now uniquely defined, with I,(¢) given by
1
0t = w20 | [ mlohatorde = [ o) 4eten) +win ). @
T T
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Note that we have

/Tp(:c,t)Ao‘go(x,t)dx = /ﬁ/TAo‘go(x,t)d:c + /(3x90(1:,t))/\a<p(x,t)dx =0, (2.12)

T
thus

Jao:E%ﬂA}wm%@mx—Af@Jmmimﬁ. (2.13)

In particular, Iy(t) is time-independent in the special case G = 0, that leads to (1.36), and
then we have

2.2 The upper bound on the density

We now prove an a priori L*> bound on p.

Theorem 2.1. Let p(x,t),u(x,t) be a strong solution to (1.25)-(1.26) for 0 <t < T, with
smooth periodic initial conditions po(x), uo(x) such that po(z) > 0 on T. Then, there exists
a constant Cy > 0 that depends on py and uy but not on T, so that ||p(-,t)|| < Cy for
all t > 0.

This bound already indicates that the Euler alignment system behaves not as the fractional
Burgers equation. Indeed, if we couple fractional Burgers equation with (1.25), the density
may blow up for @ € (0,1) for suitable smooth initial conditions.

The proof of Theorem 2.1

As the functions p and G obey the same continuity equation, their ratio F' = G//p satisfies
O F 4+ ud, F = 0. (2.15)

It follows that F' is uniformly bounded:

8;,;’&0 — Aapg
Po

< 400,

VEC8) e < [ Follo = \
Loo

as po and ug are smooth, and pq is strictly positive.
In order to prove the upper bound on p, for a fixed ¢t > 0, let = be such that

p(Z,t) = max p(z,t). (2.16)
It follows from (1.31) that
Op(T,t) = —u(Z,1)0pp(Z,t) — p(Z,t)0,u(Z, t) = —p(T,t)0pu(z, t). (2.17)

Thus, to obtain an a priori upper bound on p, it suffices to show that there exists Cj that
depends on the initial conditions py and ug so that if p(z,t) > Cp, then

O,u(z,t) > 0. (2.18)
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To obtain (2.18), note that
O,u=Np+Fp>Ap— | Fo|lp. (2.19)

In order to bound A“p in the right side of (2.19) from below, we use the nonlinear maximum
principle for the fractional Laplacian, see [18, Theorem 2.3]:

o1 (z)

cll @z

either A%p(Z) = A“0(z) >

or 6(z) < || Le- (2.20)

Here, the constant ¢ > 0 only depends on a. Recall that we denote by 0(x,t) the mean-zero
shift of p(z,t), as in (2.3) and (2.5), and by ¢(x,t) the mean-zero primitive of 6(x,t), as
in (2.6). Note that ||¢(+,t)]| L= is uniformly bounded:

(s Dl < CNOC, D[ < Cllp( )z = Clipollzr- (2.21)

Therefore, if
p(z,t) > 2k + C|lpol L1, (2.22)

with a sufficiently large C', which depends only on py and ug, then
9(£,t) =p(Z,t) — K> 26”¢<'>t)|’L°°7
and the second possibility in (2.20) can not hold. Thus, as soon as (2.22) holds, we have

- _ 1+«
ool

Z C()p(i'7t)1+a7 (223)

with a constant Cj that depends on the initial condition pg. Going back to (2.19), this implies
Opu(Z,t) > Cop(Z, )" — || Fo|| e p(Z,t) > 0.

Thus, (2.18) indeed holds if p(z,t) > C, where C] is a constant that depends only on py and
ug, and the proof of Theorem 2.1 is complete. O

One immediate consequence of Theorem 2.1 is that Iy(¢) in (2.13) is uniformly bounded
for all time. Indeed, it suffices to bound

/?r ol (e, D)z < o)l ¢ )l e,

while
[0(C, e < CINGC D)2 < CIGC )| < Cllp(, )]z Fol [ < C, (2.24)
where C' is a universal constant independent of . Summarizing, we have
[o(t)] < Co, (2.25)

with a constant Cy that depends only on py and wuy.
Thus, we have the following a priori bound on ||u/||yz.
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Corollary 2.2. Let p(x,t),u(x,t) be a strong solution to (1.25)-(1.26) for 0 <t < T, with
smooth periodic initial conditions po(x), uo(z) such that po(x) > 0 on T. There exists a
constant Cy that depends only on py and ug but not not on T so that ||u(-,t)||2 < Cy for
all0<t<T.

Proof. This follows immediately from the bound
lul 2 < TA%e( )|z + 9G]z + o),
together with the bound
A% (D)l < COC, D2 < Clip( D) e, (2.26)

and (2.24)-(2.25). O

The uniform upper bound on the density also implies a uniformly Lipschitz bound on F'.
Lemma 2.3. The function F' = G/p is Lipschitz, and the Lipschitz bound is uniform in time.

Proof. Recall that F satisfies (2.15), thus p = 0, F satisfies the same continuity equation

as p:
Op + 0, (up) =0, (2.27)
and w = p/p is a solution of
oyw + ud,w = 0.
It follows that ||w(-,¢)||z= = ||wo|| L=, and therefore,

102 (5 1) oe < [lwoll L lp( E)] Los -

Theorem 2.1 implies now that F'is Lipschitz, with a time-independent Lipschitz bound. O

2.3 A lower bound on the density

A uniform lower bound on p plays an important role as it keeps the dissipation active. The
following lemma ensures no creation of vacuum in finite time.

Lemma 2.4. Let p(z,t),u(z,t) be a strong solution to (1.25)-(1.26) for 0 < t < T, with
smooth periodic initial conditions po(x), uo(x) such that po(z) > 0 on T. There ezists a
positive constant Cy > 0 that depends on py and ug but not on T, so that

1
plx,t) > GaTD forallz € T and 0 <t <T. (2.28)

Proof. Fix some t > 0 and let x be such that

pla,t) = min p(a, ).

xT

Then we have
Ap(z,t) <0,

13



and thus

Pm(t) = P(L t) = I:?el%rl p(:v, t), (2‘29)
satisfies
dp;;f” = Oip(z,t) = [—Osulz, t)]p(z,t) > —(A“p(z,t) + || Foll e pn () i (2)

> Byl pm(t)2

If the minimum is achieved at more than one point, we just need to take a minimum over all
of them in the above estimate, which leads to the same bound. Notice that p,,(t) is Lipschitz
in time, so the estimate is valid for a.e. t, and dp,,/dt determines p,,(t). Integrating this
differential inequality, we get

1

ol 2 [ O TR (250
finishing the proof. O
In particular, in the special case G = 0, that is, for (1.36) we have the following.
Corollary 2.5. Let p(x,t) be the solution of (1.36). Then, we have
px,t) > I;lel%l po(z), for allt >0 and x € T. (2.31)

3 The local wellposedness

The a priori bounds on p established in the previous section rule out some kinds of finite time
blow up, but do not imply that there is no finite time shock formation. This remains to be
shown. To proceed further, we first establish a local well-posedness theory for solutions of the
Euler alignment system with smooth initial conditions.

Theorem 3.1. Let o € (0,1). Assume that the initial conditions py and ug satisfy

po € H*(T), minpo(x) >0, Oyug— Ay € H 2(T), (3.1)

z€eT

with a sufficiently large even integer s > 0. Then, there exists Ty > 0 such that the sys-
tem (1.25)-(1.26) has a unique strong solution p(x,t),u(z,t) on [0,Tp], with

p € C([0,To), H*(T)) x L*([0, To], H**3(T)), we C([0, T, H*'7(T)).  (3.2)

Moreover, a necessary and sufficient condition for the solution to exist on a time interval [0, T
18

T
/0 10,0+ 1)[2wdt < o0 (3.3)

Condition (3.3) is a Beale-Kato-Majda type criterion. It indicates that the solution is
globally regular if 9,p is uniformly bounded in the L* norm. We will show that such bound
actually does hold in Section 4, using the modulus of continuity method.

14



3.1 The commutator estimates

We will need some commutator estimates for the local well-posedness theory. We will use the
following notation:

(L, flg = L(fg) — [Lg.

Lemma 3.2. The following commutator estimates hold:
(i) for any n > 1, we have

110z £, alll 2 < C 10 fllz=llgllzn—r + 10agll L [l £l z-1), (3.4)
(i1) for any v € (0,1) and € > 0, we have

ITAY, £ 9lllz2 < Cll fllzzllgllorse, (3.5)

(iii) for any v > 0, we have

A7, flgllze < C(10ufl=llglla— + [ fll e llgllze).- (3.6)

Let us comment briefly on the proof of these estimates. Estimate (3.4) can be obtained
by the standard Gagliardo-Nirenberg interpolation inequality. As A? = —@?_, this estimate
holds if we replace the operator 97 by A® with an even integer s.

A version of (3.5) is discussed in [28, Theorem A.8]. We sketch the proof in Appendix A.
Finally, estimate (3.6) is due to Kato and Ponce [27]. The proof is similar to that of (3.5).

3.2 The proof of the local well-posedness
It will be convenient to use the variables (6, G), so that equations (1.31)-(1.32) take the form

00 + 0,(0u) = —k0pu, O0,G + 0,(Gu) = 0, (3.7)
dyu=A"0+G. (3.8)

Here £ is the constant in time mean of p, as in (2.3).
Let us fix 7' > 0 and take a sufficiently large even integer s > 0. We will aim to obtain a
differential inequality on

Y(t) =1+ 100,05 + 1G04 (3.9)

H‘97§ )

that will have bounded solutions on a time interval [0, 7], with a sufficiently small Ty de-
pending on the initial conditions. To this end, we apply the operator A® to the equation for 8
in (3.7), multiply the result by A*f and integrate in x:

e

Lo i, = —/(ASQ-Aséz(Qu))dx—n||9(-,t)|2 —m/(ASQ-ASG)dx. (3.10)

The second term in the right side produces the dissipation. We shall use it to control the
other two terms.

15



We split the first term in the right side of (3.10) into three pieces:
/ASG - N0, (Ou)dx = /(ASH - N°Ou)0dx + /(Asé’ ~u)(A°0,0)dx + /ASQ - [A°0,, u, O)dx
=1+I1I+1II (3.11)
Let us start with I:

I= / (A*~20,u) - A2(0- A*F)dx

[e3

:/(Asg&vu) (A*T20) - Odx + /(Asa
S (3.12)

For I;, we have, using (3.8):
I = / |AST20)% - Odx + /(AS-‘SG) (AF20) - Odx = Iy + I
The term I; is controlled by the dissipation in the right side of (3.10): set
pmlt) = OSTiSngET plx, 7).

Note that p,,(t) > 0 by Lemma 2.4. Then we have, using Lemma 2.4:

Iy = 101 < (10 = 0Oy < —pm(IIOIZ g (3.13)
To bound I, we use the Holder inequality:
Lol < NIG | o 16 e 16| e < 2 H9\ serg _HQHLOOHG‘ ey (3.14)

In order to control the term I, in (3.12), we, once again, use (3.8), and the Holder inequality:

|Ia| < (HG\ ~3) 1017 A% 0)| =

s
OO0 + (o + 5 ) IATONE 101 + 5] (3.15)
The contribution of I3 in (3.12) is bounded using the commutator estimate (3.5):
1Is] < (0]l 55 + Gl go-g ) I[AZ, A%0, 6] 2 < C (H@HHH@ NG -5 ) 1161 25 10]] 5+
< B s + (o +5) OO0 1 + SIGIE . (3.16)
Next, we estimate the term I7 in (3.11), integrating by parts
11| = % ‘/(Asef Oy dz| < C (|A%]| 1 + | Gl1) (3.17)

16



For the term /7] in (3.11), we apply the commutator estimate (3.4) and get

[I1T] < ||]

[A°Dr, w, 0]]|2 < C|6]

s u (

To estimate ||u||ys in the right side, we apply Corollary 2.2 to get

ullgs = w2 + ||Octe||grs-1r < C(1 4+ ||0|| grs-14a + ||G|| gs-1)-
We also have, using the uniform bound on the density:
o \9 y)ldy _
[A%0] < c ’1+a < C([10]lzee 4 110201 o) < Co(1 + [|0:0]| <),

with a constant Cy that depends on py and ug. Therefore, J,u satisfies
[0zl e < [A%O| Lo + (|Gl < C(1+ [|000][ Lo + (|G| L)
Together, (3.18)-(3.21) give

[II] < C(1L+ 0,8l + 1Gl=) (1 + 161 + [Gl%e)-

The third term in the right side of (3.10) can be estimated as

(A*0) - (A*G)da| < w]j6]

+—|| I3

e Gl g < ||9|Hs+2

Putting the above estimates together, we end up with the following inequality:

10117

1
2. < (1 - p—) (1102017 + 1G]l o< ) (11617

HS

o 1—— 0
=2 2y )=o)

In order to close the estimate, and obtain a bound on Y () defined in (3.9), we write:

Gl = —/(AS—%‘G)-(AS—%ax(Gu))dx

|| oo 10| 225 + 1]000| oo [ 5)

A%

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

. (3.23)

(3.24)

= /(AS—‘SG) - (uA*20,G) dx — /(As-‘SG) C[AT20,,u)Gdr = TV + V.

The term IV can be treated as I via integration by parts, together with (3.20):

1 o
V] =3 ’/(AS2G)2 Oy de| < O (14 0.8] = + 1G] =) G125

To bound V| we apply the commutator estimate (3.6), as well as (3.21):

VI<1IGl o5 Il
< C(1+[0:8] = + [|Gll=)

A5, 0G|z < CIGl| g (I0sulliI|G
2 g +C|Gll< |G|

H ™%

d

H™ S | HTS

Pm
< = ||9| v O (1 + p—||G||Loo +1[0:0]| = + ||G||Loo)) [tellis

H~%"
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Now, estimates (3.23)-(3.26), together with the uniform bound on |G|z, yield an inequality

Gy =0 (142 (106 0lEv o - e o)

For s > 3/2, H?® is embedded in W1, This, together with Lemma 2.4, implies

2 (3.27)

HS

d
%Y@) <Cl+t)(1+Y(@)Y(1), (3.28)
and the local in time well-posedness for solutions with H? initial data follows. Moreover, it

follows from (3.27) that
T
Y (T) <Y(0)exp {C’/ (1+ )1+ [|0:0(-, 1) || 7 )dt | - (3.29)
0

For all finite T > 0, if the Beale-Kato-Majda criterion (3.3) is satisfied, the right side of (3.29)
is finite, whence

0 € C([0,T], H(T)), G(-t) € C([0,T), H*3(T)),

and thus p € C([0,T], H*(T)). Furthermore, integrating (3.27) in [0, 7], we see that if (3.3)
holds, then

oL 2

6 L2(orats) < T

thus p € L%([0,T], H**%). To recover the conditions on u in (3.2), we apply Corollary 2.2
and get
(e, OllFreer-a = lul OlIze + 110su(, )70 < C+ CY(¢) < 0.

This ends the proof of Theorem 3.1.

4 The global regularity

In this section, we derive a uniform L*°-bound on 0,p, using a variant of the modulus of
continuity method. Together with the Beale-Kato-Majda type criterion (3.3), this will imply
the global well-posedness of the Euler alignment system (1.25)-(1.26), and prove Theorem 1.1.
We will first consider the special case G = 0, that is, the system (1.36). The nonlinear diffusive
term makes the problem subtler than in the SQG or Burgers equation case. Finally, we prove
the result to the general Euler alignment system, using a combination of an appropriate
scaling argument, estimate on the minimum of p, and additional regularity estimates. In this
case, the bound on d,p will depend on time and may grow, but remains finite for every ¢t > 0.
For convenience, we work on R, and extend p and u periodically in space.

18



4.1 The modulus of continuity

We say that a function f obeys modulus of continuity w if

flz)— fly) <w(lx—1y|), forall z,yeR.

We will work with the following modulus of continuity for the density p:

w(§) =

{f i 0<E<d 1)

vlog(&/6) +6 — o'/ ¢ >4,

so that w is continuous at £ = §. The parameters ¢ and v are sufficiently small positive num-
bers to be specified later. The modulus w is continuous, piecewise differentiable, increasing
and concave, and satisfies

w"(0) = —o0. (4.2)

The following proposition describes the only possible modulus breakthrough scenario for evo-
lution equations.

Proposition 4.1 ([31]). Suppose py obeys a modulus of continuity w that satisfies (4.2). If
the solution p(x,t) violates w at some positive time, then there must exist t; > 0 and x1 # 1
such that

p(z1,t1) — p(yr, t1) = w(|zr — y1l), and p(-,t) obeys w for every 0 <t < ty. (4.3)

Thus, to prove that p obeys a modulus of continuity w for all times ¢t > 0, it is sufficient
to prove that if (4.3) holds, then

O(p(x1,t1) — p(y1,t1)) <O. (4.4)

As a remark on the notation, we will again use C' as a notation for various universal constants
that do not depend on 7T, § and ~.

4.2 The global regularity for the special system with G =0
Let us first consider the special case G = 0, or, equivalently, the system (1.36):

Op + 0z (pu) =0, 0Oyu= A%. (4.5)

As the mean of u is preserved by the evolution — see (2.14), we may assume without loss of
generality that

/u(az,t)d:c =0, (4.6)

for otherwise we would simply consider (4.5) in a frame moving the speed equal to the mean
of ug. Thus, we have
u(z,t) = A%p(z,t). (4.7)

Here, ¢(z,t) is the mean-zero primitive of 0(x,t), as in (2.6). We will prove the following
result.
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Theorem 4.2. The system (4.5) with a smooth periodic initial condition py such that po(z) >
0 for all x € T has a unique global smooth solution.

The key step in the proof is

Lemma 4.3. Suppose that m = mingerpo(x) > 0. Then there exist 6, and 7y, independent
of the period of the initial data, such that if po(x) obeys the modulus of continuity w given
by (4.1), then p(x,t) obeys w for all t > 0.

Theorem 4.2 is a consequence of Lemma 4.3. Indeed, suppose that Lemma 4.3 is true.
Notice that the equation (4.5) has a scaling invariance: if p(z,t) is a solution, then so is

p)\(x7 t) = p()\l’, )‘at)v (48)

for any A > 0. From the properties of the modulus of continuity w given by (4.1) (in particular
its growth at infinity) it follows that we can find A > 0 sufficiently small such that p(z) =
po(Ax) obeys w with 6 = d,,, ¥ = 7y, provided by Lemma 4.3. Note that the rescaling (4.8)
does not change the minimum of p. As 9, and ~,, do not depend on the period, Lemma 4.3
shows that py(z,t) obeys w for all ¢ > 0. In particular, it follows that

|0zpa(t,x)] <1, forallt>0and zeT. (4.9)

As we have mentioned, (4.9) together with the Beale-Kato-Majda type criterion (3.3), implies
that py(t, ) is a global in time solution of (4.5), and thus so is p(t, x).

Therefore, we only need to prove Lemma 4.3. Our strategy is as follows. Let us assume
that a modulus of continuity w, with some § and +y is broken at a time ¢, in the sense that (4.3)
holds for some z1,y; € T. We denote

{ = |LL’1 — y1| > 0, (410)
and, for simplicity, drop the time variable ¢; in the notation. We compute:

A(p(z1) — p(y1)) = =0 (p(z1)u(x1)) + 9 (p(y1)ulys))

= —(u(1)0up(x1) — u(y1)0up(pn)) — (p(z1) — p(41)) Opi(x1) — p(y1) (Oxu(w1) — Opuu(yn))
— [+ IT+1II.
(4.11)

We will obtain the following estimates for the three terms in the right side of (4.11). To bound
the first term we note that if () is a modulus of continuity for u, then it follows from [31]
that

1] = [u(z1)0up(z1) — uly1)dup(y1)] < w'(§)E). (4.12)
The modulus (&) for u is given by the following.

Lemma 4.4. Let p obey the modulus of continuity w as in (4.1). There exists a universal
constant C > 0 so that then u(x) obeys a modulus of continuity

C¢, 0<E&<,
Q(¢) < {Cglaw(g), > (4.13)
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We will prove Lemma 4.4 later in this section.
Asw'(§) < 1for 0 <& <6, and w'(&) = v/ for € > §, we conclude that

C¢, 0<E&<,
I <) < 4.14
N<WOUAN< ] w5, (1.14)
é‘a
again, with the constant C' > 0 that does not depend on py.
To bound the last two terms in the right side of (4.11) purely in terms of £ = |z; — ;| we
will use the following lemma.

Lemma 4.5. Let p obey the modulus of continuity w as in (4.1), and let xy, y; be the
breakthrough points as in (4.3). There exists a constant C' > 0 that may only depend on «
such that

C 1 )
A*pl) = —A(E), A(€) = { RS (@.15)
and )
Cgla 2 5
A%p() ~ A%(r) = Di(€). Du(e) = { N (S0

The first estimate in the above lemma gives a bound for the second term in (4.11):

11 = —(p(x1) — p(y1)) A%pl(a1) < w(§)A(8), (4.17)
while (4.16) leads to:
11T = —p(y) (A*p(z1) — A%p(y1)) < —mD:(§). (4.18)

Here, m is the minimum of py and is preserved in time: see Corollary 2.5. Putting (4.12), (4.17)
and (4.18) together, we obtain

d(p(x1,t1) — p(y1, 1)) < W'(E)QUE) + w(§)A(E) —mDy(§). (4.19)

For 0 < ¢ < 0, using (4.13), (4.15) and (4.16), as well as the inequalities

w() < W) <1, 0<E<d, (4.20)
we see that .
W (RAE) + w(A(E) = gmDi(€) < CE — Cme =2 <0, (4.21)
provided that
5 < Cm?®. (4.22)
On the other hand, for £ > ¢, the above bounds tell us
1 C C
SEAE) +(©AE) — gmDy(6) < T CMAD) (123

£ £«
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if

v < Cm. (4.24)
Therefore, for § and v sufficiently small, we have
O(p(z1,t1) — p(yr,t1)) <0, (4.25)

which is a contradiction to the assumption that ¢; is the first breakthrough tine. Thus, w can

never be broken, and the proof of Lemma 4.3 is complete, except for the proof of Lemmas 4.4
and 4.5. O

4.2.1 The dissipation bound in Lemma 4.5
We first prove the dissipation bound (4.16) in Lemma 4.5. It was shown in [29] that

A%p(z1) — A%p(y1) > D(¢) (4.26)
with
B §2 20(€) — w(€ +2n) — w(€ — 2n) % 2w(€) — w(€ + 2n) + w(2n — €)
D) =co [/0 nite ot /5/2 pite an
(4.27)

Both terms in the right side are positive due to the concavity of w.
To obtain a lower bound for D(§), we consider two cases. For £ < §, we only keep the
first term. Note that

w(€ +2n) < w(§) + 20 (&
due to the concavity of w, and

w(€ —2n) < w(€) — 2w (E)n + 2" ()77,

due to the second order Taylor formula and the monotone growth of
a2+a) 4.,
w/l<§> — _ ( 4 )é— 1+ /2'
This gives
¥ (—w"(€)

2
D(¢) > 0/ Ta”dn — gl for0< €<, (4.28)
0

which is the first bound in (4.16).
For £ > ¢, we only keep the second term in (4.27). Due to the concavity of w, we have

w21 +8€) — w(2n — €) < w(2E) = w(€) +7log2 < Sw(€), (4.29)
if

- w(5) _ 5_51+a/2
T=9%10g2 T 2l0g2
In that case, we have, using (4.29):
D(§) > ca /OO Mdn > Cw() - 1 (é) B = C’ﬁf;), for £ > 4, (4.31)
3

/2 n1+a - o

(4.30)

and the proof of (4.16) is complete.
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4.2.2 A lower bound on A“p in Lemma 4.5

The next step is obtain the lower bound (4.15) for A®p(xy,t;). As w is a modulus of p, we
have for any z € R

p(z) < py) +w(ly — z)), (4.32)
while
p(r1) = p(y1) + w(lzr — y1|). (4.33)

This implies a lower bound

A%p(z1) = ca /R px1) — p(yr) + p(y1) — p(Z)dZ > /IR w(§) —w(lyr — Z|)dz

w1 — 2|t |z — 2|1t
_ w(§) —w(E—ml) ,
= ca/R e dn =: —A(¢). (4.34)

Our goal is to bound A(&) from above. Let us decompose the integral in the second line
of (4.34) as

—A<5):CQ/R°"()_M°|"H|§ ”'d_/ / /25 / = Ay + Ay + A3 + A,

We claim that Ay and Az are positive, so that their contribution to A(&) is negative. Indeed,
we can estimate As using the concavity of w:

A2:/5 () —wE—n) —wltn), (4.35)

771—1—04

In addition, A3 > 0 simply due to the monotonicity of w, which implies

w(§) > w(|n —¢]), for n € [£,2¢].

It remains to bound A; and A4 from below. We first consider 0 < £ < §. In this region, we
can estimate Ay as follows:

b — £+ A1 _ _ sl+a/2
A42_/ w(n %72_/ n dn_/ vlog((n=§)/0) +3 o™
2¢ 2 £+

771+oz ¢ 771+a 771+a
20 o) o |
> _/ dn (6 — 51+a/2)/ il_jz - 7/ Og(n/d)d > —Co' " — Cyd*(4.36)
o ¢ s ne 5 ntt

Thus, if we choose § < 1 and v < ¢, as in (4.30), we obtain
Ay > —C, for 0 <€ <. (4.37)

The term A; can be estimated similarly for 0 < & < 4. Indeed, for £ < §/2, we have

[e’e] 575 5
P USSR 2n o vlog((n+€)/0) + i
= /é "= /g ntte ! /5 ¢

771—&—04 7]1-1—04

> O — Oy / loi(n/ Dy > —co1=e — Cyo—o > —C, (4.38)
5/2
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provided that ~ satisfies (4.30). On the other hand, for §/2 < ¢ < 4, we have

A s / Ylog((n+8)/0)+9, _/°° Ylog(2n/0) +9, _/°° Ylog(2n/0) +9
= ; nita = ¢ nite - /2 nlta
> 0§ -~ Oy > —C. (4.39)

Summing up the above computation, we conclude that
Ap(xy) > —A(&) > —Cif 0 <& <. (4.40)

On the other hand, if £ > ¢, we have the following estimates on A; and Ajy:

¢ log ¢ — log(¢ — 1) v [Tlegl=Q) Oy
A = dn = —— ——— 2 - 4.41
= e = [ ez =g e
d
" PR - R PA By S Ry
! 2 |m|t+e §* Js gl - f .

Thus, we have the bound
A%p(x1) > —A(€) > —Ce™ for € > 6, (4.43)

finishing the proof of (4.15), as well as of Lemma 4.5. O

4.2.3 The proof of Lemma 4.4

Next, we find a modulus of continuity €2 for u, if p obeys w given by (4.1). We start with (4.7):

p(r) — p(r +y) dy (4.44)
|y [+ ' '

u(z) = ¢o lim
"0 e

The first term in the right side can evaluated explicitly:

[ o) 2p() e
\

y|>e ’y‘1+a a €

The second term in the right side of (4.44) can be re-written using integration by parts as

/ w(xiy)d _ Lo +e)+olr—¢ 1/ Oz+y) (4.46)
wise |yltre a € e sgn(y)lyl®

As 0 € L™, so that ¢ is uniformly Lipschitz, we can combine (4.45) and (4.46), pass to the

limit € | 0, and obtain

u(w) = — 0(z +y)
a Jrsgn(y)lyl®

Let us note that, since #(x) is a periodic mean-zero function, the integral in the right side

of (4.47) converges as |y| — 400, and

G [O0@)—bx+y) ,  ca [ plx)=plrty)
ue) =7 /R sgn(y)|yl* W= g sgn(y)lyle - (4.48)

(4.47)

24



Using an argument similar to that in the appendix of [31], one can show that, as long as p(x)
obeys a modulus of continuity w, the function u(x) given by (4.48) obeys the modulus of

continuity
13 0o
o0 ([ e [0, i

with a universal constant C > 0.
Thus, for 0 < & < 6, we get

Q(&)sc(/ 1“dn+§/ -y +§/ “Og?ﬁi”dn)

<C (74 E57*+ &6 >+ &6%) < C¢, (4.50)

as long as we take v < §. This is the first inequality in (4.13).
For £ > §, we use (4.49) to write

é 1 1+a/2 1 1+o/2
(¢) SC(/ nl_adn+/ vlog(n/d) +d—0 d +§/ 7log(n/d) +6 — 4 dn)
0 5 n° nH‘“
2-a 1—a 1+a/2 l1-a ¢ logn o [T logn
SC(F7 4676 —6"2)) + Oy o dn + Cv&S TI“"‘d (4.51)
1 £/6

<O (I €100 = 81401) 4 O (1 + log(€/9)) < € (877 + €1 7w(€)) < CE - w(e),

finishing the proof of Lemma 4.4.

4.3 The global regularity for the full system
We now consider the full system (1.31)-(1.33)

Op + 0:(pu) =0, (4.52)
0,G + 0,(Gu) =0, (4.53)
O,u =N+ G, (4.54)

without the extra assumption G = 0. Let us recall representation (2.8):

u(z) = A%(x) + (Y(x) + L) = uP(2) + u? (). (4.55)

Here, ¢(z) and ¢ (x) are the mean-zero primitives of § and G, respectively, as in (2.6)-(2.7),
and Iy is given by (2.13).

Note that if p(z,t) and G(z,t) are solutions of (4.52)-(4.54), with the corresponding ve-
locity u(zx,t), then

pa(z,t) = p(Ax, \), Gy(z,t) = A\*G(Ax, A1), (4.56)
are also solutions, with the corresponding velocity

uy(z,t) = A~y (Ax, A1), (4.57)
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and

Fyx(z,t) = N*F(Ax, \*t), F(x,t) = (4.58)
Note that if py(z,t) obeys a modulus of continuity w, then p(x,t) obeys the modulus of
continuity

wr(€) = w(A 1. (4.59)

The proof of the global regularity for the solutions of (4.52)-(4.54) is based on the following
lemma.

Lemma 4.6. Let w and wy be as in (4.1) and (4.59), respectively. Given a smooth periodic
initial condition (po,ug) for (4.52)-(4.54) and T > 0, there exist 6 > 0, v > 0 and A > 0
so that p(x,t) obeys the modulus of continuity wy(§) for all 0 < t < T. The parameters 9, 7
and A may depend on «, py, ug, and T'.

This will imply a uniform bound on [|0,p||z~ on 0 < ¢t < T. As T is arbitrary, this
is sufficient for the global regularity of the solutions, according to (3.3). Note that p(x,t)
obeys wy until a time T if and only if py(z,t) obeys the modulus of continuity w until the
time T\ = A™%T, and this is what we will show. That is, given py and ug, and 7" > 0, we
will find A > 0, 0 > 0 and v > 0 sufficiently small, so that (i) pA(0,2) = po(Ax) obeys w,
and (ii) py(z,t) obeys w at least until the time A=*7T". The a priori bounds on p(z,t) and F'(x,t)
will play a crucial role in the proof.

As in the case G = 0 considered above, we assume that a modulus of continuity w of
the form (4.1), with some 0 and +, is broken by p, at a time t;, at some z1,y; € R, in
the sense of (4.3). If T = [0, L], then py is A~! L-periodic, and we can restrict our attention
to x1,71 € Ty := A"!T. We also set

&= |l‘1 — y1| > 0, (460)
and drop the time variable ¢; in the notation. We decompose as in (4.11):

A(pa(z1) — palyr)) = —0u(pa(x1)un(z1)) + Ou(pa(y1)un(y1)) = Ry + Ry, (4.61)

with the terms Ry and R, coming from the contributions of ug\l) and ug?) in (4.55). We treat R,
as before:

Ry = — (8 (21)Bupr(21) — ul” (41)0opa (1))

(1) 1) 1) (4.62)
— (pa(@1) = pa(11)) Ozuy (1) — pa(yn) (Bay (1) — Bpuy’ (1)) = I+ 11 + 111
Note that I and I can be estimated exactly as before: first, as in (4.14), we have
C¢, 0<E<),
I < 4.63
1= Cv—wf(f), £, (463)

with a constant C' > 0 that does not depend on pg or ug. The term I/ can be bounded as
in (4.17):
1T < w(§)A(©), (4.64)
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with A(§) defined in (4.15). The term I11] is bounded slightly differently from (4.18)
I1T < —pM(T) Dy (€). (4.65)

Here, pi (T) is the minimum of py(z,t) over 0 < ¢t < A7*T, and D;(§) is defined in (4.16).
The lower bound (2.30) in Lemma 2.4 implies that

(N) ! = :
) 2 O ARl O+ T
(4.66)
pm(0)

> = Pm T s
T 0l + TTApoll e PP

as follows from (4.58). That is, even though now, unlike in the special case G = 0, the
function p(z,t) does not necessarily obey the minimum principle, and p,,(f) may decrease in

time, the value of pﬁé) (t) does not depend on A > 0. Thus, we may first choose the parameters §
and 7 in the definition (4.1) of the modulus of continuity w so that (4.22) and (4.24) hold
with m replaced by p,,(T'), and, in addition, they satisfy (4.30). Next, we choose \ sufficiently
small, so that p§(z) = po(Az) obeys the modulus of continuity w with the above choice of &
and 7.

It remains to take into account the contribution of ug\Q) to the right side of (4.61). The
goal is to control the corresponding terms in (4.11) by the dissipation, namely, to show that

Ry = [u? (21)0upa(w1) = u (42)3epr(92)| + |oa(@1) 00 (1) = pa(n) iy (1)

Note that the flow uE\Z) (x) is Lipschitz, as
0:uS? ()] = [GA(t, 2)] < [palt, )< [ Fa(t, )|z < CoA?, (4.68)

with a constant Cy that depends on the initial conditions py and ug but not on A > 0.
Therefore, ug?) obeys the modulus of continuity

(&) = CoA*E, (4.69)
and the first term in (4.67) can be bounded by
Boyi= [uf? (1) 0upa (1) =l (1) Oupa()| < CoX*€/(€). (4.70)

Let us recall from (4.1) and (4.16) that

W(€) <1, Di(€) =&, for 0 <€ <6, (4.71)
hence, we have
Ry < C’O)\O‘Sw'(ﬁ) < C()/\Of < C(lp%()fl_Q < Z_Lﬁm(T)Dl(f) for 0 < f < 5, (472)
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provided that § and A are sufficiently small. On the other hand, we see from (4.1) and (4.16)

again that

JE =L D)= D8 s <ce< it (4.73)

3 £
It is also straightforward to check that D;(&) is decreasing for £ > 0, provided that

v < ¢d, (4.74)

with a sufficiently small constant ¢ > 0 that depends only on a. We also have

w(ATIL)

7o +oo, as A — 0, with L > 0 fixed. (4.75)

Hence, taking A sufficiently small, depending on L as well, we have the inequality

_ 1 —
for § < & < LA7'. Together, (4.72) and (4.76) show that
Ray < S5 (T)Dy(6). (4.77)

4

For the second term in (4.67), we write

Ry = |pa(a1)8:u8? (21) — pa(y0)oul” (1)| = [ oa(1)? Fa(an) — pa(y1)*Fa(m)]
<20 pl T | Fll e < CoA?, (4.78)

with a constant Cjy that depends only on the initial condition py and ug. Then, for A sufficiently
small, we have, once again using the fact that w()/£“ is decreasing for £ > ¢ and (4.75):

Cipm(T)w(§) _ 1

Cipm(T) w(A'L) = 1om(T)Di(€), for § <€ <A'L.

Ry < CoA* <

<

4 (A1L)e 4 &
(4.79)
To bound Ry, in the region 0 < & < ¢, we write
Rop = |/),\(J:1)2F)\(x1) — px(yl)QFA(yl)‘ (4.80)

< |pa(@1)*Fa(x1) — pa(wn)*Fa(@) | + |oa(yr)* Fa(z1) — pa(yr)*Fa(yy)|
< 2||pallpee | Fallow (€) + || pall 7o |0 Fr || 1o €

Lemma 2.3 guarantees that F' is Lipschitz, and the Lipschitz bound is uniform in time,
thus (4.58) implies
[0, F)[| 1o < CoA'e,

with a constant Cy that depends only on the initial conditions. In addition, it follows
from (4.58) that
1EN]| pe < CoA™.
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Inserting the last two bounds in (4.80), together with the expression for D;(&) in (4.71), gives

Rop < Cox(w(€) +§) <« WnBerooe _ nll)py (g) (4.81)
Here the constant Cy depends only on the initial conditions py and ug, and the second in-
equality holds provided that ¢ and X\ are sufficiently small. This proves (4.67), and finishes
the proof of Lemma 4.6.

Let us recap the order in which we choose the parameters. The value of « is fixed through-
out the argument. Given the initial data, we also fix its period, L. We can also assume that A
does not exceed one. Next we choose  sufficiently small so that (4.22) (with m replaced
by pm(T)), (4.72), and (4.81) hold. Then we choose 7 so that (4.24) (with m replaced
by pm(T)), (4.30) and (4.74) hold. Finally, we choose A so that p,(0,z) obeys w with the
above choice of §, v and so that (4.76) and (4.79) hold. The proof of Theorem 1.1 is now
complete. O

A The proof of a commutator estimate
In this section, we prove the commutator estimate (3.5),

IA™, £ 9lllze S 11|z llgllorse, v € (0,1),

The proof is for x € R", though it can be easily adapted to periodic case. Let (x,7n) be
smooth functions such that x is supported in a ball {£ : |¢| < 4/3}, n is supported in an
annulus {¢ : 3/4 < |[¢| <8/3}, and

XO+) n@2%) =1, VEeR"
q=0
It is standard to take

n(§) = x(§/2) — x(§),

which we will assume. Denote the Littlewood-Paley decomposition of f as 22171 A, f, where

A~

A f = ((279€) F(€))Y for ¢ > 0, and A_y f = (x(€)£(€))Y. The Besov norm is defined as [3]

1/r
By, = (Z TSIIAquI’Lp> .
q

Let the partial sum S, f = Zpgq—1 A, f. The Bony decomposition states

/]

fg=Trg+T,f + R(f,9),

where
q+1

ng:ZSq_lf-Aqg, R(f,9) :ZAqf'Aq% Aqf: Z Apf.

p=q—1
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Proof of the commutator estimate. First, we observe

IFA gl < Al IN gl S I N2 llgllcmee.

Therefore, it suffies to prove

IAY(fg) = 9N Fllzz S ([ f 12 llgllovee.

We apply the Bony decomposition to both terms, to get

N (fg) =N (Trg) + N(Tof) + A(R(f,9)) =l + 1o + T,
gN f =Tanpyg + Ty (A f) + R(AVf, g) = T + 1T, + 1L,

The terms Iy, II;, I3, 113 can be estimated with standard paraproduct calculus, sketched as
follows.

ITlZe =D IAAY(Tpg)ll72 S D 227 A(Trg)llZe S D 257 1S0-1f - Aggllze < I1F 39l .

q q q

IEe =Y 1A Tiaopgllie £ Y 150187 f - Aggllis S D 118517 f 17211 A0 7o
q q q
<208 Izl Az < 1172 N90 5,
q
HI3||%2 < Z ”A’Y<Aqf ) Aqﬂ)”%2 S Z?WHAqJC ’ AqQ”%? < Z2zquAqf”%2“Aq9”%w
q q q

< 17BNl
IL)2e < STIALATS) - Agglz < SR A2 120012 £ S0 27, 121 A9 ]

q q
< I712:lg1 .

as C7*¢ is embedded in B ,. These terms are nicely controlled.
The commutator structure is mainly used to estimate Iy —II,. Let us denote the difference
as III. Given any ¢q € N,

AIII_ZA Sp1g-Apf) — Sp1g - A( ZHI

Note that III, = 0 for [p — g| > 5. Therefore, it is a finite sum. We discuss III, and the other
terms can be treated similarly.
Followed from [28], we estimate III, in the Fourier side,

111, // €+ ¢ — I mE(E + O (@ T 20)(2E) f(©)3(0)e = dgdC.

Define a multiplier m(&, () as

€+ ¢ =[]
<]
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It is easy to check that m is uniformly bounded, compactly supported and C*°. Let m, (¢, () =
m(279€,279C), then

111, / (€. O F()CH()e € ded = // (4, 2)- Dy f (1) - A7y 1g(x— 2)dydz,

where

ha(y. 2) / ma(€, O ded.

[ thatw. 2yt =20 [ [ fhstery,202)idyz = [ [ 1bato. 2lava < .

where the last integral is bounded due to smoothness of m, and the constant C' does not
depend on ¢. Then, applying Young’s inequality, we get

I e S Mhg (s el A S 2 1A Sgmagllzm S A Nz D 27129 .

p<g—1

Compute

We collect all modes and conclude

2
ITIfZe =D 1A= < ) 1A f 112 < > zmyyAngLoo)
q q

p<g—1

ST UASZ ST 2D A2
q p<g—1

:ZQZP(W
P

Apgllie D I18fII72 < ||fHL2||9||27+§ S £z llglleme.

q>p+1
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