
 

Simplicialcategories

Def A simplicialcategory E is a category enriched

over sset in the sense that for every X Yale

we have G x y asset and a unital and

associative composition

o Y 2 ecx.FI CCX 2

IkS h categories can be identified with functors

AP Cat i.e simplicial objects in Cat

Category
of small
categories

whose face and degeneracy
morphisms are bijective

on objects

A simplicial functor F Y D can be viewed as

F ob 6 oh D and 7 GLX Y DC FIX FLY

respecting Id and sit Composition is map s Set

or as a natl transf of functors Aop Cat

Let scat denote category of simplicial lat
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For injen define Pij i ios i I Ein j a

Consider Pij as a poset ordered by reverse inclusion

path I Ci j N Pij af HTT
Def 1.1.5
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composition N Pij x NCP N Pin
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Deftop For a simplicial category le the

homotopycoherentner Ny y is the

a cat whose n simplices are

N 6 a scat Path 1,4
It turns out that the homotopy coherent nerve is

an D category at least when mappingspaces Kan

Ny scat o cat

TEN E X

I
Xo FT X

exercise NH 6 3

Rmf Converse every a cat is equivalent to the

homotopy coherent nerve of some topological category

which is essentially unique So 6 N y
determines an equivalent btw the theory of top cat
and the theory of a cat



Examples of simplicial categories

1 s Set K M asset

sSetck M asset defined by

SSet Ck M Ca HomCK An M

2 Kan C s Set full subiategory
whose objects are Kan

Kan Kim asset K M complexes

3 scat simplicial category of
D cats

objects are sSets which are a cat

scat Y D core set 6 D

g
largest Kan complex
inside of sset



We have

Kan scat s Set

Apply Na

N Kan NielsCata

11
o o

S Cato

infinitycategory infinity categoryof spaces of a categories

2nd Cato is also called the homotopy theory of

Immitphismthfi s cat F b D is a

natl transf of functors JP Set

we want a notion of categorical equivalence

for G ID a cat

or K M simplicial set



IET's
Yoneda I

s set

I left Kan extension

For Ke s Set

K colin D
Ca Shak

CK Colin Path I
Ca Sh K

For Kes Set define hok home CK

When K is an o category this will be equivalent to

ho K

Def F K M map in s set is

said to be a categorical equivalence

if F G CK M is an equivalence

of simplicial categories in the sense that it induces

a htpy equivalences on mapping spaces



an equivalence on htpy categories

Rink When K and M are a categories this

is the Same as

F is is in ho Cato

1mil totascheme
asn

atDPerf

p is an co cat

objects bounded chain complexes of

finitely generated projective R modules

3040 Pr Pm Pm 20 3

morphisms maps of chain complexes f P Q

2 Simplices diagrams y
with a chain homtop.fr g f

Ito fill in dot dot dot



Dold Kan chat I sit for A abelian

category

By taking chain complexes of modules we are giving
a simplicial direction

Mor P P asset

Mor P P a Morse P In P

Dor s set St
C I replate

by

So we can make a simplicial category D
R
Hf

ob bounded chain complexes of

finitely generated projective R modules

3040 Pr Pm Pm 20 3

D's DCP P MorCP P esset

Then D R Me D's n cat



ho
Perf
R is classical derived cat

meaning
them is an equivalents of D'd categories

Issy The S'd cats to DreFCR do

not satisfy Zariski descent

Def X scheme

pref Rperf x lim
SpecRCX
openaffine

Take limit in Cato
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