MATH 356 LECTURE NOTES
LINEAR ODES AND SYSTEMS:
GENERAL STRUCTURE; SYSTEMS IN R?

J. WONG (FALL 2019)

TOPICS COVERED

e Linear systems (homogeneous)
o Existence/uniqueness for linear systems
o Basis for solutions, linear independence
o Linear constant-coefficient (LCC) systems in R?
o Second-order ODEs as systems
o (The Wronskian and fundamental matrix)

1. LINEAR SYSTEMS OF ODESs

A linear system of first-order ODEs in R" (here, ‘linear system’ for short) for a
vector-valued function x(t) has the form

X' = A(t)x + £(t) (1.1)

where f : R — R™ and A(t) : R — R™™ (i.e. A(t) is an n x n matrix at each t).! Note that
the system is of the form L[x| = f for the linear operator

Lx] :==x"— A(t)x. (1.2)

Existence/uniqueness theorem: To discuss briefly, the existence theorem can be ex-
tended to show that

a unique solutions exists where the coefficients A(¢) and f(t) are continuous.

For simplicity, we omit the issue of the domain in this section. Results said or implied
to hold ‘for all ¢’ will hold in the interval I where the A and f are continuous. Also, we
assume the hypotheses of the theorem always hold.

We saw earlier that solutions to a homogeneous first-order linear ODE form a vector space
of dimension one. Let us now do the same for a homogeneous linear system of ODEs

x' = A(t)x, x:R — R" (1.3)
One key property is the principle of superposition, which says that
x1(t),X2(t) are solutions to (1.3) = any linear combination is also a solution.
This says that the set of solutions
{x(t) : X' = A(t)x}
INote that the most general linear function of a vector in R" is & — Az where A is an n X n matrix, so

it follows that the above is the most general form of a linear system.
1
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is a vector space. In practice, it lets us build solutions from linear combinations of others.

1.1. Linear independence. To find a basis, we must first define what it means for solutions
(which are functions) to be linearly independent. The motivation is this: if x1, - - x,, are to
be a basis for solutions to (1.3), then the set of solutions to the IVP

x' = A(t)x, x(to) =xo

must be spanned by the basis solutions {x;}. That is, there must be a solution to the
equation

C1X1(t0) + -+ Can(to) = X

for each xg, i.e. the vectors x;(ty), - - ,Xn(to) must be linearly independent.

Lemma (Linear independence of solutions) A set of functions xi, Xs, -+ , X}, is called
linearly independent if there is a value ¢y such that

x1(t),xa(t), - - - xx(t) are linearly independent vectors at t = t. (1.4)

If the functions are solutions to to the homogeneous ODE (1.3) then this is equivalent to
the stronger condition that

x1(t),xa(t), - - - xx(t) are linearly independent vectors for all ¢. (1.5)

The proof of the equivalence uses uniqueness to ‘transport’ the linear independence prop-
erty from to (where it is assumed) to all ¢ (which we want to show).

Proof. Clearly one direction is trivial.

For the other, let x;(%), - ,x(t) be solutions to x’ = A(t)x and suppose (1.4) holds. Pick
an arbitrary value t;.; we claim that the vectors x;(¢1),- - ,Xx(t1) are linearly independent.
Suppose that

e1xq(ty) + -+ axp(ty) =0
for some scalars ¢y, - -+, ¢;. We need to show that these scalars are all zero. Define
x(t) = e1x1(t) + - - - + cpxp(t).
Observe that x(t) solves the IVP
x' = A(t)x, x(t1)=0.

But the zero function also solves the IVP, so by uniqueness, x(t) = 0 (i.e. is zero for all ¢).
But this means that

0= X(to) = Clxl(to) + - F CnXk<t0).

At tg, the vectors in the above are linearly independent, so ¢ = --- =¢, = 0. 0

1.2. Solution space, basis. Now we can describe solutions to the homogeneous problem.

Main claim: The homogeneous solution space (the null space of L in (1.2)),
{x(t) : x' = A(t)x}
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has dimension n. That is, we can find a set of n linearly independent ‘basis solutions’ x;(t)
that span the set of solutions, i.e. the general solution to the ODE is

X = Z c;ix;(t).
j=1

1.3. Basis for solutions: proof. We return to the promised proof that the basis of n
solutions exists. The proof uses the existence theorem to construct n solutions, then show
that their span is all solutions.

Structure of the solution space: There are n linearly independent solutions
x1(t),- -+ ,%,(t) to the homogeneous ODE

x'(t) = A(t)x(t)
that form a basis for the solution space.

The proof is useful to see (optional, but worth understanding). It is an application of the
existence theorem to generate the n basis solutions.

Proof. First, we use linearly independent initial conditions and existence to produce linearly
independent solutions (the basis). Let vq,--- v, be a basis for R" and pick any ;. By the
existence theorem,

x' = A(t)x, x(tp) = v; has a unique solution for i = 1,---  n.

By construction, the x;’s are linearly independent at ¢y so they are linearly independent
functions by the lemma. This gives the proposed basis.

Now we show the x;’s are really a basis for solutions. Let x(t) be any solution to the
ODE; we wish to show it is a linear combination of the x;’s. To do so, pick a point ¢, and
let xg = x(ty). Then x(t) solves the initial value problem

x = A(t)x, x(to) = Xo. (1.6)
Since x1(tg), -+ ,Xn(to) are linearly independent vectors, there are scalars ¢y, - - - ¢, such that
c1x1(to) + -+ + nXn(to) = Xo.
Now combine them into a solution
y(t) == caxi(t) + -+ cnXxn(t).
Both x(t) and y(¢) solve the IVP (1.6). By uniqueness, they are equal as functions:
x(t) = y(t) = e1x1(t) + coxa(t) + - - - + X, (t)  forall ¢

so x(t) is indeed in the span of the basis solutions. 0
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So what is the basis? The proof demonstrates that the basis exists but does not construct
it. So how do we compute solutions? Short answer: In general, we can’t expect to have
explicit solutions. There are only special cases where the basis solutions can be found,
and a few tricks for obtaining solutions from other solutions.

2. SYSTEMS IN R? (PLANAR SYSTEMS)

The most important class of linear systems where the equation can be solved exactly is a
linear constant coefficient system (LCC system)

x'(t) = Ax(t).

where the matrix A is constant. To get the idea, we leave the general case in R" to later
and first consider planar systems,

x' = Ax, where A € R**2. (2.1)
It suffices to find two linearly independent solutions x1,Xs. Once we do, solving an IVP
x' = Ax, x(tg) = xo
is simple since we need only find constants ¢q, ¢ such that
c1x1(to) + caxa(ty) = xo

which is just the linear system
c
i) ()] (1] =0

2.1. The basics: Obtaining the basis solutions is really just a linear algebra problem. Define
p(A) = det(A — A1), (2.2)

the characteristic polynomial whose roots are the eigenvalues of A. It is easy to check
that if A\, v are an eigenvalue/vector pair for A then

x(t) = eMv
is a solution to (2.1). If the eigenvectors of A form a basis {v{, vy} for R? then
{eMivy,  eMlvy})

is a basis for solutions to (2.1). In particular, this works when p has two distinct roots Ay, As.

Example (distinct real eigenvalues): Consider the system
iy |04
x'(t) = L O} X.
The eigenvalues/vectors are
M=2 vi= (110" M=-2 vy,=(1,-1)7

Thus the general solution is
x(t) = cre® (1, )7 + cpe (1, —1)".
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IVP: Now suppose we add an initial condition
x(0) = (2,0)".
Plugging ¢t = 0 into the general solution at and using the IC gives the system
b))
1 —1{ |c 0
which is solved to obtain ¢; = ¢ = 1. Component-wise, the solution is
ri(t) =+ e, py = e

We see that z1,x9 — 00 as t — 0o and 1 — 00, Ty — —00 as t — —oo (exponentially).

2.2. Complex roots: First, a useful result:

Real/imaginary parts: If a complex function z(t) solves the linear system
Z'(t) = A(t)z(t)

and A(t) is real-valued, then the real and imaginary parts of z(t) are also solutions.

Short proof: write z(t) in terms of its real/imaginary parts,
z(t) = 21 (t) + iza(t)
and substitute into the ODE to get
7] + 12y = Az + 1 Azs.

The real/imaginary parts on either side are equal, so z] = Az, and z, = Az, for all t.

Now suppose the matrix has complex eigenvalues (p has complex roots)
A=r+4wi, \=r—wi
(why are they conjugates?) with eigenvectors
V=vy+1ivy, V=V —1Vs.
We want a basis for real solutions. The function
x(t) = eMv

is a complex valued solution, but its real/imaginary parts will be two linearly independent
basis solutions. We get

Mv = ("™ (vi +iva))) = e (coswtvy — sinwtvsy) + ie” (coswtvy + sinwtvy),
so a basis for real solutions is
e"(coswtvy — sinwtvy), e (coswtvy + sinwtvy).
Note that using the other eigenvalue \ yields the same results (check this!).

Remark: Of course if we wanted a basis for complex solutions, then {e*, eXt} would be
fine, with no further work.
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Example (complex eigenvalues): The system

o=y, Y =-u

is of the form x’ = Ax where x = (z,y) and
0 1
A=)

A=i v= (19"
and —i and (1, —4)T. Write the first eigenvectors in terms of real/imaginary parts:

v =v;+ivy, vi=(1,0),vy=(0,1).

The eigenvalues/vectors are

One complex solution is ' ‘
x(t) = e'v = e"(vy + ivy).
Taking real /imaginary parts, we get two solutions:
cost
—sint|’

sin t]

X; = coste; — sintey, = [

X9 = sinte; + coste, =
2 ! 2 cost

It is easy to verify they are linearly independent (plug in ¢t = 0). The general solution is

x(t) = ¢ cost Y sint
— | —sint 2 lcost|”

Now suppose we want to solve the IVP

2(0) = zo,  y(0) =yo
Since x(0) = (c1, c2)” the linear system is easy to solve; ¢; = xg and ¢, = yo. The solution
moves clockwise on a circle of radius \/x3 + y32 starting at (zo, yo).

2.3. Repeated roots. Suppose now that there is a single repeated eigenvalue . There are
two cases:

i) There is a basis of eigenvectors vy, vy
ii) The eigenspace is deficient (only one eigenvectors vy)

Case (i) is easy: eMvy and eMv, are two linearly independent solutions.
For Case (ii), the procedure is given here and justified later. We have one solution,
x,(t) = eMvy.
To get the second, find a vector v, (a generalized eigenvector) such that
(A= A)vy = vy.

This vector satisfies

(A - )\])QVQ = O, (A - /\])Vg 7é 0.
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The second solution is then
Xo(t) = eM(vy + t(A — M)vy) = eM(vy + tvy)

which can be checked explicitly (we’ll see why this is the case later).

Example (repeated, but easy): The system

X = |} 0 X
101
has one eigenvalue A = 1 and eigenvectors v; = (1,0), vo = (0,1). The solution is
x(t) = eM(c1vy + cava) = M (cr, ¢2)"

which makes sense, of course since this is just the trivial system 2’ = z,y = y.

Example (repeated eigenvalue): We solve

x' = Ax, x(1) = (1,e*)” where A= {_04 ﬂ :

The characteristic polynomial is p(A\) = A2 — 4\ +4 = (A — 2)? so there is one eigenvalue
A = 2. The only eigenvector is v; = (1,2)7. Solve

(A — 2I)V2 = Vi
to get

vy = (—1,-1)%.
A solution basis is then

{e*'vy, e*(vy +tvi)}.
To solve the IVP we need ¢y, ¢y such that
c1%(1,2) + c2e?(0,1) = (1,¢€%).

solving this linear system, we get ¢; = 1, ¢co = —1 so the solution is

)= 3] e | 515
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3. SECOND ORDER ODESs

Second-order ODEs (and higher order as well) can be converted to systems; the theory
developed in the previous section can be used to solve them as well. Consider the second

order ODE
Y +p)y +alt)y = f(t) (3.1)
and associated IVP
y" +p)y +q)y = ft), y(to) =a, ¥ (to) = . (3.2)
This is a system for (y,y). To convert to a system, define
v =y, ra=1Y.
Then (3.1) becomes the two-dimensional system
Ty =x9, Ty = f —qr1 — pra.
Letting x = (x1, x2), this is in the form
x' = A(t)x + £(¢)

where

Alt) = [—c?(t) —pl<t>] 0= [? ] |

The existence theorem, dimension of solution space and variation of parameters all apply;
to get back to y, simply take the first component of x(¢). Thus the solutions to (3.1) form
a vector space with a basis of two solutions ¥y, 2. These solutions are linearly independent
in the sense of the associated system:

Definition (linear independence of solutions) Two solutions y;,ys to the ODE (3.1)
are said to be ‘linearly independent’ if

B}} : B;] are linearly independent vectors for all t. (3.3)
1 2

This is equivalent to ‘at a point ¢y’ by the lemma from earlier.

The Wronskian is
W =y1vh — ¥i9o
so to check that y;,ys are linearly independent (i.e. a basis), we simply need to find a point
to such that W (ty) # 0. That is, if vy, yo are solutions then

{y1,y2} are a basis <= W (ty) # 0 for some .
Of course, it is then true that W (¢) # 0 for all ¢.

In general, we define linear independence of functions as follows:
Definition (linear independence of functions): Two functions y;, y» are called linearly

independent if
C1Y1 + C2Y2 =0 = C1 = Co =0.
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It turns out that two solutions are linearly independent in the sense of (3.3) if and only
if they are linearly independent functions. This requires proof, however (which we defer to
the more general case later). It is not true that the two definitions are equivalent if 3y, yo
are not solutions to the ODE (see homework for examples).

3.1. Constant coeflicient case. Here we solve
ay” + by +cy = 0. (3.4)

0 1

As a system, the matrix is A = [_C Ja —b /al which has characteristic polynomial

p(A) = ar\? + bA +c.

It is important to note that this equation inherits all the theory for the associated system.
However, because of the nice structure, we can say more (and solve the equation more easily).

Let L be the linear operator for this ODE. For any A,
L[] = aX?eM + bheM + ceM = p(\)eM.
We call e* an eigenfunction of L with eigenvalue p(\). In particular,
e* is a solution iff p(\) = 0.

The basis solutions depend on the roots of p(A). Note that in all cases, we must check the
solutions form a basis via the Wronskian.

3.2. Solution procedure. The process of solving second-order ODEs is the same as for
planar systems, but a bit easier in the repeated roots case (plus, no eigenvectors to worry
about). The case work is the same, since it deals with the same eigenvalues.

Real roots: If p has distinct real roots then
{e>\1t €>\2t}

form a basis.
Complex roots: If the eigenvalues are complex, then A = r 4+ wi. Taking real/imaginary
parts of e’ gives the basis solutions

e"sinwt, e coswt

which is much easier than for systems because we are working with scalar functions.
Repeated roots: If there is a single eigenvalue A, then the basis is

M e

There are a number of ways to derive this (see homework). One way is to use the
solution for the system,
x = eM(vy +tvy)

and then take the first component.
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Some examples:
Oscillation: The equation

y' +wry =0, weR
has characteristic polynomial

A+ w?

with roots +wi. A complex basis is then e*™?!. Taking real and imaginary parts, we get
the rela basis sin wt, cos wt so

Y = c1 Sinwt + ¢4 coswt.

The solution oscillates with frequency w. This equation describes a simple harmonic
oscillator - the most fundamental of systems that oscillate.

Repeated root: Consider the IVP
' =4y +y=0, y(0)=1, ¢(0)=3/2

The characteristic polynomial is p(A) = (2\ — 1)? so two linearly independent solutions
are '/ and te'/?. The general solution is

y = (c1t + cp)e!.
Plugging in y(0) = 1 we get co = 1; then ¢/(0) = 3/2 gives ¢; = 1.

4. LOOSE ENDS: SOME THEORY AND DEFINITIONS

4.1. Useful basis-related definitions. When manipulating general solutions, there are a
few quantities that are useful to have.

Fundamental matrix: The basis is also called a fundamental set for the ODE. It will
also be useful to define the fundamental matrix

@(t):[xl Xg v Xn}

which is just the matrix whose columns are the basis solutions. Note that in our construction,
the initial conditions for the basis solutions are the columns of ®(ty). Typically, they are
chosen so ®(ty) = I,,, in which case

x = A(t)x, x(ty) =x0 = x(t) = ®(t)xq.

Wronskian: The Wronskian W (t) of the ODE is defined as
W(t) = det(®(t)) = det([x1 x2 -+ X,]).
From linear algebra we know that
x1(t),x2(t), - - - x,,(f) are linearly independent at t <= W(t) # 0.
So in terms of W, the linear independence lemma states that
Wi(ty) #0 = W(t)#0forallt.

The Wronskian gives a succinct 'test’ for linear independence (compute W (t) at one point).
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