
 

Complex Numbers Crash Course

Eg Diagonalize A 9 6 cow rotation by 909
The characteristic polynomial is

p a X TCA Xedet A Att
This has no real roots 741 0 I 7 1

Solution Add a F1 to our number system

Def The unit imaginary number is a number i
such that 12 1 A complex number is
a number at bi for a be IR

E Tat bi a be IR
is thesetof all complex numbers
If z at bi is a complex number its
real part is Retz a and its

imaginary part is Im z b

We can add subtract multiply complex numbers

atbi I cedi atc bed i

at bi cedi act adit beit bdi
Lac bdl ladtbeli

Divisions see p 4



Question Wait Why can I just declare that
I has a square root

Answer 1 Why can you declare that 2 has a

square root Youcan't write it down it's an

É infinite non repeating decimal

Answer 2 Take Math 401 501 for a systematic
treatment

Complex numbers have an additional algebraic operation

Def The complex conjugate of z atbi is

E a bi

replace i by i the other Fl

Check Get Eta Zo E T E Z

NB if z at bi then

Zte Catbi a bi 2 2Re z

z I atbi la bi 2 bi 2 Im z

Zt E 2Role Z 2 2 Im z



Since a complex number z atbi is determined

by to real numbers a and b we can draw 0
as a plane

The Complex Plane
Imaging
Axis z

Complex real
Conjugation axis

I 1 2 i

Complex conjugation negates the imaginary coordinate
it flips over the real axis

NB A real number is also a complex number

at IR us at Oi e 0

So I contains IR NB ZAIRE Z E

NB If z atbi then
nonnegative

ZE at bi la bi at bi able real
number

Z at bi us ZZ at b 20

Def The modulus of z is 121 275
This is its length as a rector in the complex plane



Eg 2 2 5

121 471 5 IF it

Eg If aelR then a at Oi and

lat at at lal
the modulus is the usual absolute value

Check lzwlalzl.tw IEklzl
Here's how to take a reciprocal of z atbi 0

I I É É É positive
realnumber

FF or Fbi age Fb i

Check F F
Eg 251 E ti
Check Gti E fi Etf E 3 I I

Now we can divide too E w YEE



Polar Coordinates

Recall that a point in the leg plane can be

specified in polar coordinates 6,0
r length of y Fg
angle y makeswith the Io D

positive x axis tartan

To go from polar coordinates back to Cartesian
x y coordinates

Ky
trains

ra
D r cos O

y r sin 0 rose

If we apply this to a complex number zatbi

r debt z us at la cos Gt b HsinO

2 121 cos Otis in 0

Def The argument of z atbi is

arg z Q the angle z makes with the
positive real axis



So you can specify a complex number in 2 ways
Cartesian cords real imaginary parts

Z at bi

Polar cards modulus argument

Ze lol cos Quisin a D arg z

Eg z Iti let H E Ita
ki

arg z 2450

us 2 52 cos 145 Tsin 450

Check cos 450 sin 450 Ya

Z Iti E YET TIES

Facts
angle ang z

flip over real axis
Iag
Is

arg
1
2 arg z

Yz 7 1212 positive number E



Fact arg zu ang a tangle
Proof This is a trig identity

2 121 cos Otis in Q Dearg z
w Iwl case ti since g anglo

zu IH Iwl cos Otis inG co sexism 6

Izu cosD case sin since cos since sin cosA i
am
and Izu cos 0 6 is in 0 6

formulas
Ote are laws

We like polar coordinates because multiplication is
easier

Z H cos Qtism O o Iwl case ism 6

us Zo all w cos 0 6 tism 10 4

ie law lol lol anglaw ang z tangle

7 171 loosO ism Q I cosO Tsin Q

Exercise expand the product

cos Otis in Q cos 30 ish 30

to derive the triple angle formulas



Euler's Formula For any real number 0

et cos Qt is in 0

Proof Take Tayler expansions of both sides

Polar Form of Complex Numbers Alternative

7 12110 Garg z

This makes the formulas on p 7 easier to remember

zu lol et lw ere zffwleilotes

E z e
iQ

1H e et

Eg I e it feint cf p 6

You can exponentiate any complexnumber

eatbi eaebi eafosbtia.inb

Since sint b sin b we have

É It for any ZEC



It turns out that once x 1 0 has a solution
then any polynomial has a root

Fundamental Theorem of Algebra

Every polynomial

p x an x tan ex t taita

Ao ay an E Q an O

can be factored into linear terms

p x an x X x Xu Xy nee

Eg pal x'txt I

Use the quadratic formula

1 It El KiB
I F F S IF

So pix x El it is x El I if

Eg p x x't l Gti x i

So now 9 I has two eigenvalues Ii

so it's diagonalizable



Real Polynomials
if p lx an x tan ex t taxtao has

real coefficients 90,9 an ER

then its complex roots come in conjugate pairs

p x 0 E p 151 0

Check

p 7 ant t an it t ta Ita

ai ai anxhtan ixnttata.tt

plat
So pH 0 Esp 5 0


