
 

Vector and Matrix Algebra

These basic definitions don't need to be done in a

live lecture that's why I'm recording this one

Since we'll bedoing algebra withvectors matrices as
well as numbers we give numbers a new name to
distinguish them

definition'd

Def A scalar is a real number
is anelementof

Notation c e IR
the setof all
real numbers

Figgs 2 a er O E IR

Def A rector is a finite ordered list of numbers

The size of a rector is the length of the list
The numbers in the list are the coordinates

is anelementof

Notation v f R
the setofall lists
of a numbers n the sizeof r

o
coordinates

Eg n f e IR w 9 e 1134

size 3 size 4



Nit We will usually writerectors in a column like

v k a columnvector but this is just notation

well 2 3 means the same thing

NB Some people decorate vectors with
boldface v

arrow s F

but I won't do that since it's annoying and it's
usually clear from context which letters represent
vectors

Important Examples
The unit coordinate vectors in IR are vectors with

one coordinate I and the rest 0

Notation e ee en g elk

This notation is fixed for the whole semester

The size of e must be inferred from context

In IR the unit coordinate vectors are

e 8 e 8 e 8



Eg The zero rector is the rector

of e IR

again the size must be inferred from context

Def Two rectors are equal if they have the
same size and the same coordinates

Eg 8 8 since the sizes are different

Vector Algebra

You can multiply a vector by a scalar

Scalar Multiplication

car re In er us on EI er
scalar x vector vector

Eg 21s Es E 0.1s 18 o

1 1 15 11 1



You can add I subtract vectors componentwise

Vector Addition Subtractions

a In e IR r g e IR

us are III ER

vector vector vector

NB You can only add subtract vectors of the
same size

Eg 11 1 HEE G CH X
You can multiply two vectors but you get a scalar

Dot Product Inner Product

a In e IR r g e IR

u v x y t thayne IR
vector vector scalar



NB You can only dot vectors of the same size

Eg E 4 1 2 2.1 11 3.4 12

Eg E 1 1 4 21 11 212 0

Eg I g 1 1 2 2 33 14

NB If u xy xn then v r xie txt

This is a nonnegative number it is 0

p
v 0

if andonly if

Do not write Iv
You can't take any other powers of a

vector v r v r doesn't make sense

because ve IR and v ve IR

Rules for Vector Algebra CER answer
14 clue v cuter distributivity over scalar x

s u er clu r cu v associativity of

3 U v r u commutativity of

4 a rtu u ve w w distributivity over



Eg if u u x y on then

Catv xty utr x Cutty
EHuxtrxtay try

Upshot Foll works fine

You can add and scalarmultiply at the same time

Def A linear combination of vectors vs gunER
with weights xp shek is the rector

Xiv t X Vat take A

Eg If r lx n m ER then

re Ym x x E xml

Xie t X seat Xmem

The coordinates of u became the weights of
this linear combination of unit coordinatevectors



Matrix Algebra

Def A matrix is a box holding a 2D gridof numbers
The size of a matrix is rows x cols

We usually but not always write

1 me rows n cols

so A B an men matrix

The lis entry of Ars the number in the
ith row and jth column

An An Aig Alt
Eg Az aa Aa aa aaa is a 3 4 matrix

Az Azz 933 934

The lip entry is ais
squarebrackets it
means the same

a.li S1
jI iiinat.x

The 13,2 entry is 6

Def The diagonal entries of a matrix are the list
entries for Ej

An An Aig Act
Aa Aaa aa aaa diagonal entries

Az Azz 933 Azt



Def A matrix is diagonal if all non diagonal entries
are zero

a 0 0 8
8 as O

any number

Def A matrix is square if I rows columns

3 3 us square

Eg The nm identity matrix is

In 1 field
This is a square diagonal matrix

Its columns are es g en S are its rows

Eg The mxn zero matrix is

0 1
This is a diagonal matrix because the non

diagonal entries are zero

so are the diagonal entries



Scalar Multiplication Matrix Addition Subtraction
are again done componentwises

4
EE L

As Ibs Az Ibsa

They satisfy distributivity c AIB cAIcB

NB You can only add subtract matrices of the
same size

NB A vectorof size n is just an nx 1 matrix

Def A row rector is a matrix with one row

we I 2 3 1 3 us row vector

You can multiply a matrix a vector



Matrix x Vector Vector
There are 2 ways to compute this

1 By Columns If A has columns via theRm then

Axe Yi ri E x int o tenner

for xo R

fth.it sEating
eights

combination

A Yen is the linear combination of

the columns of A with weights xg.nu

2 By Rows If A hare rows was comeIR then

Ax III x I Ends

The ith coordinate of Ax is

row i x

NB Youget the same answer either way
AI B probably easier by hand



Eg 5 114 4 1 1 1 E 1
KHE MEEEE EEE

NB Ax only makes sense when the size of x equals
the number of columns of A

A is mx n u xEIR AxeR

A x us Ax
mxn nd mel

Eg A e O Gol Dt 1 coli t to adn

Col i

Aei the ith column of A

Eg I 015 11 0 1 E



identitymatrix p 8

Eg In 4 Y x e t r ane Ea x

In X X for all x

Matrix x Matrix Matrix Column Form

Let A be an mxn matrix

Let B be an n xp matrix
with columns un super

The product AB is the nxp matrix

with columns Aug AupelR

AB A H d Ay Air

NB This only makes sense if I cels ofA rows of B

A B AB
mxn x n xp as nxp



NB You can compute the Ani using 1 or 2

Using 2 if A has rows win um then

Ani wi ur own ni so

will wz uz wa upI HiattI

So lis's entry of AB now i oft rowjofB

Eg Compute I 34 I
2 3 3 2 us 2 2

1 I
old 12 31 4 1 341 11 111

Is 3
I 2 3

2 4 I t 1 22 3 4 1.3 2 1 3.4

I I 2 2 14 4 4 342 1 1 4 s

L



identitymatrix p8

Eg Att A 4 ref tie tie
ist of A n In't

collofAl A
1

Eg Im A Im y y Imi Indy Eli in A
ImA A AI

Def A column rector times a new rector is called

an outer product

X1 g g y
Y XY Xy
Yay Yay Yay

2 1 1 3 2x 3

Eg s 3457 3 1 E s D

L



Matrix x Matrix Matrix Outer Product Form
Let A be an mxn matrix

with columns no une IR

Let B be an n xp matrix
with rows wa o un ERP

The product AB is the nxp matrix

AB Y YEE
VWitt vs wit union

wit means write wi as a now rector

Eg 1 I
I i 3 3 2 1 4 4 1

L 3 II 7 133

There is one more algebraic operation on matrices



Def Let A be an mxn matrix Its
transpose is the matrix At whose rows are

the columns of A vice versa

The lis entry of A is the Gsi entry of AT

A
a an a u At
Az Azz 923

sa entry ai entry

You can think of transposing as

reflecting over the diagonal

Eg A AE I 3 8

Eg If ra E e IR w In e IR then

Tw e x a xu gi x y e txayn v w

a 1 1 matrix is a scalar

Tw v w for u well



Compare

Wwe inner product scalar
rut outer product matrix

Def A matrix is symmetric if it equals its
transpose A At

NB symmetric matrices are square
C 2 3

Eg A g g g is symmetric

A is not At I
Eg Let A bean mxn matrix with columns
Vas gunGIR Then At is nxm us ATA is nxn

A fi ri At II
AA II H Y i I

Iv vii t.vn
Since Vi g g ri this is symmetric



ATA is the matrix of column clot products
It is symmetric

The matrix ATA will play a huge role in the 2nd

half of the course

Rules for Matrix Algebra
Let A B C be matrices Assume all sizes are

compatible in what follows

1 ALBC LAB C associativity

Thus it makes sense to write ABC
evaluate AB or BC first same thing

If Cr r a vector then AlBr AB u
2 A BIC AB IAC
AIB GAC BC

distributivity

3 Im A A AI identity
4 ALB C AB CA B for CER scalars

s CATIA double transpose

6 AIB
T ATI BT transpose sums

7 CAB T ABI BAT transpose products



NB ATBT may not even make sense

A mxn B nxp
AB mxn axp mxp

ATT nm pan

BAT pen nem pen

Eg CATASTEATCATT ATA

ATA is symmetric again

Eg If A B square then AA makes sense as do
A AA A A AA etc

Def If A B square then its nth power In o is

A A A In times
This only makes sense because of associativity

Question What about At week3



Caveats
Commutativity fails in general

AB BA

Eg o 3 9

9 o t
Cancellation fails in general

A O ABAC B C

Es 2 E

1 3 1 s


