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Please read all instructions carefully before beginning.

e | Please leave your GT ID card on your desk until your TA scans your exam.

Good luck!

MISS WORMWOOD, MY DAD
SAIS WHEN HE WAS IN
SCHooL, THEY TAUGHT HiM
TO DO MATH ON A SLIDE RULE.

You have 50 minutes to complete this exam.

Please show your work.

Each problem is worth 10 points. The maximum score on this exam is 50 points.

There are no aids of any kind (notes, text, calculator, etc.) allowed.

You may cite any theorem proved in class or in the sections we covered in the text.

HE SAYS HE MASNT USED A | GWEN THE PACE OF
SLIDE RULE SINCE, BECMISE | TECHNOLOGY, T PROPOSE

HE GOT A FINE-BUCK WE LEANE MATH TO THE
CALCULATOR THAT CAN DO MACHINES AND GO PLAY
MORE FUNCTIONS THAN HE QUTSIDE

COULD FIGURE OUT IF HIS
LIFE DEPENDED ON (T

MY BILLS ALWRIS
DIE N SUBCOMMITTEE .
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Problem 1.

Parts (a) and (b) refer to the following matrix:

1 -2
A= 2 —4 .
-1 2

a) What is the best way to describe the span of the columns A?

[2 points each]

a line in R? a line in R® a plane in R? a plane in R®
b) What is the best way to describe the solution set of Ax = 0?

a line in R? a line in R® a plane in R? a plane in R®

In the following questions, circle T if the statement is necessarily true, and circle F oth-
erwise.

o) T F  The following matrix is in row echelon form:
1 7 2| 4
0 0 1|-—2
0 0 0] 15
d T F IfAis a2 x 3 matrix, then Ax = b can have a unique solution.
e) T F If Aisan m x n matrix, then the solution set of Ax = b is empty or it is

a span in R".

Solution.

a) The columns are collinear nonzero vectors in R?, so they span a line in R3.

b) The reduced row echelon form of A is

1 -2
0 0 |.
0 O

There are two variables, one of which is free, so the solution set is a line in R.

c) True.

d) False. Since A has more columns than rows, one variable will always be free.

e) False. It could be a translate of a span in R".



Problem 2. [2 points each]

In this problem, it is not necessary to show your work or justify your answers.
a) Compute the product (your answer will be a single vector):

(5

b) Give an example of a 3 x 4 matrix A such that Ax = b is consistent for all b in R>.

¢) Find a matrix A with three rows such that Ax = b is consistent if and only if b is a
linear combination of the vectors

(5) = (2}

d) Find three vectors u, v, w in R®> whose span is

{(x, ¥,0) | x,y are in R} (the xy-plane).

e) If Ais a 2 x 2 matrix such that A((l)) = (_21) and A((l)) = (g), then what is A(_lz)?

Solution.
x+3y—z2
a) ( 2x + 4z )

b) We must write down a matrix with a pivot in each row. Here is one:

1 0 00O
01 0 0].
0 010

¢) The matrix equation Ax = b is consistent if and only if b is in the span of the columns

of A. Hence we may take
1 O
A= ( 7 1 ) .
-3 4

d) There are many correct answers. One is:

)
9 4( %) =a{(0)2(2))=40)24(2)=(5)-2()=(5)
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Problem 3.

Consider the following system of linear equations:
—2X; + Xy —4x3+x, = 4
Xy + 2X3 — X4 = —2
a) [2 points] Write the system as a vector equation.
b) [2 points] Write the system as a matrix equation.
c) [1 point ] Write the system as an augmented matrix.
d) [2 points] Row-reduce this matrix to reduced row echelon form.

e) [2 points] Write the parametric vector form of the general solution.

f) [1 point ] Write any solution of the original equation.

Solution.
—2 1 —4 1 4
a) x| =1 |+xy[1|+x3[—1]+x4] O |=| 1
0 1 2 -1 —2
—2 1 —4 1 ’;1 4
b)[-1 1 -1 o0 || ?]|=]|1
o 1 2 -1 3 —2
X4

—2 1 —4 1| 4
ol-11-1 ol 1
01 2 —-1|-2



d) We row reduce the augmented matrix:

21 —4 1 1 1 -1
R1<—>R2
11 -1 0 2 1 —4
01 2 —1 —2 0o 1 2
1 -1 1
Ry=—R,
Bl 0 1 —4
o 1 2
1 -1 1
Ry=R,+2R,
R 0 -1 —2
o 1 2
1 -1 1
Ry=—R,
Bl o0 1 2
o 1 2
1 0 3
Rl o0 1 2

This corresponds to the system of equations:

X1

The free variables are x5 and x,, so the parametric form is

x; = —3x3+x4—3
Xy = —2X3 + X4 — 2
X3 = X3

X, = X4

The parametric vector form is then

X -3 1 -3

x| -2 1 2

=% [TX%lo] | o

X, 0 1 0
-3

e) Taking x; = x, = 0, one solution is




Problem 4.

In this problem, we consider the matrix

a=(22)

\
4
A
4

.\O,D

o@a’%

~N-
"
h
=

”
/

On the grid on the left, draw and label:

a) [3 points] The solution set of Ax = (_21) If the system is inconsistent, write “incon-
sistent”.

b) [2 points] The solution set of Ax = 0. If the system is inconsistent, write “inconsis-
tent”.

On the grid on the right, draw and label:

¢) [3 points] The span of the columns of A.

d) [2 points] A vector b such that Ax = b is inconsistent. If no such b exists, explain
why.

Solution.

a) We form an augmented matrix and row reduce:

1 2|—1)RREF (1 2|—-1)PF x=—-2y—1 PVF (x ) -1
AWV AW AWV :y + .
-2 —4 0 y= Yy Yy 1 0

2 0 0
This is the line through (_01) parallel to the vector (_12)

b) The solution set of the corresponding homogeneous system is the parallel line through
the origin.

¢) The columns are collinear, so their span is a line.

d) We can take any vector b not lying on the column span.



Problem 5.

a) [6 points] Find all values of k such that

HERCIE

b) [4 points] For every number k that you found in (a), express (k) as a linear com-

6
2 —1
bination of (0) and ( 3 )
4 2

Solution.

a) We are asking when the vector equation
2 -1 1
x[O]+y| 3 |=|k
4 2 6
is consistent. We form an augmented matrix and row reduce:
2 —-1(1 2 1|1 2 1|1
R3=R;—2R, Ry«—R;
0 3|k|—— (O 3 k) —_ (0 4 4)
4 2|6 0 4|4 0 3|k

2 —11|1 2 —1 1
Ry=R,+4 R3=R;—3R,
—— (0 1|11 | — (O 1 1].
0 3|k 0 O0|k—3

This is consistent if and only if k = 3.
b) When k = 3, we have y =1 and 2x — y = 1, which implies x = 1. Hence

) 2)




