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Abstract, We discuss the discrete spectrum of the operator
K
Hy(e)=[—#*c?A+m>c* ]2~ 3 Zye?|x—Ry| ™"
k=1

More specifically, we study 1) the behaviour of the eigenvalues when the
internuclear distances contract, 2) the existence of a c-independent lower
bound for Hy{c)—mc?, 3) the nonrelativistic limit of the eigenvalues of
H {c)—mc?.

1. Introduction

This paper deals with the operator
K
Hy=(=#*c?A+m*c)' P — 3 Zie*x—Ry| ™! (1)
k=1

describing a relativistic charged particle with mass m in the presence of K fixed
nuclei (Born-Oppenheimer approximation). The kinetic energy operator for the
charged particle is obtained by straightforward “quantization” of the relativistic
formula for the kinetic energy [p*c?+m?c*]*/?; (1) can be considered as an
alternative to the Klein-Gordon equation for a relativistic model neglecting spin
effects. In what follows we shall, with a slight abuse of terminology, use the name
“electron” for the charged particle described by (1).

For the case K =1 the above operator has been studied in detail by Herbst [1]
and Weder [2]. One finds that

H,=(~#*A+m*c")'? - Ze|x| ™!

is bounded below if and only if the nuclear charge Z is less than a critical value Z_,,.
This phenomenon is typical for relativistic atom models; the value for Z_,,, in the
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present case, Z.,=20"'/n [where a=e?/hcx~(137)" '], lies between the
corresponding critical values for the Dirac and Klein-Gordon theories (where
Z.w=0"1 and «™?/2, respectively). For Z<Z_,, the discrete spectrum of H,
consists of infinitely many eigenvalues between 0 and mc?, accumulating at mc?;
the remainder of the spectrum is purely absolutely continuous and consists of the
half line [mc?, c0). Moreover [1], the eigenvalues of H, are separated from 0 by a
gap increasing with Z—Z_.:

Gdisc(Hl) C [(1 - ZZ/Zgrit)l/zmcza ch) . (2)

In the nonrelativistic limit, this gives a lower bound on the difference between the
ground state energy E, of H, and the rest energy mc?:

Eo(H))—mc?= —(n?/8)Z%¢*mhi~ >+ 0(c™?). (3)

Up to terms of order ¢~ ? this lower bound is independent of c; it has the same
dependence on Z, e, m, and # as the ground state of the true hydrogenic atom [the
coefficient 7%/8 is larger than the true coefficient 1/2, but after all, (3) only gives a
lower bound].

For arbitrary values of K, a first study of H, was made in [3]. As in the case
K =1, the operator H is bounded belowifand onlyif Z, < Z ;.= 2a~ */z, for all k.
We shall always restrict ourselves to this case. Again one finds for Z, < Z,;,, that

K

the essential spectrum of Hy is the half-line [mc?, o0). If ¥ Z,>Z,,,, negative
k=1

eigenvalues occur [unlike the K =1 case: see (2], which may be made arbitrarily
negative by bringing the nuclei close enough together. This “collapsing” tendency
is, however, held in check by the electrostatic repulsion between the nuclei: it was
proved in {3] that the total energy (including the electrostatic repulsion between
the nuclei) for the ground state of the one electron — K nucleus — system is positive:

K
EfHo+ ¥ Z,Ze’|R,—R| 1 20. (4)
k=1

k<1

This means that the system is stable (see [3]).

In the present paper we want to address three further questions concerning the
spectrum of Hy: 1) the behaviour of the energy levels when the internuclear
distances |R, — R,) tend to zero, 2) the existence of a lower bound analoguous to (2),
for the case K#+1, and 3) the non-relativistic limit of the eigenvalues of H.

When the electron mass is put equal to zero, m=0, it is easy to see what

X
happens if the |R,—R;| all shrink to zero. If 3> Z,>Z_,, one finds that g (R)
k=1

= H(m=0;R) has non-empty discrete spectrum (we use the notation R for the
set {Ry}i=1,.. x)- Since he(R) and Jhg(/R) are unitarily equivalent, the eigen-
values ¢,(R) of hy have the property

e, (UR)=1"1e,(R). ()

As J tends to zero, the eigenvalues of hgx(AR) all tend to — co. We prove in Sect. 2
that a similar phenomenon takes place if the clectron mass is different from zero:
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Theorem 1. Let Hy be defined as in (1), with 0L Z, < Z_,;, for all k. Suppose that
X

> Zy>Zoyyy. Then VE<0, VN eN: 34, such that

k=1

AL Ay = #{E,;E, eigenvalue of Hy(AR),E,<E}=N,.

A similar theorem for the Dirac operator with several Coulomb singularities,
where E can be chosen arbitrarily in J—mc?, mc?[, was proved by Klaus [4]. Our
proof of the above theorem is inspired by the proofs given in [47]: the essential
ingredients are the use of the Birman-Schwinger-kernel, and an argument using
strong resolvent convergence.

In Sect. 3 we prove a lower bound for Hy analogous to (2). The following
simple argument already gives such a lower bound. For fixed Z, ..., Z, there

K

exists a value ¢, of ¢ such that 3 Z, <(2/n)ficy/e*. The same argument used by
k=1

Herbst in [1] to obtain (2) can then be applied in the present case, and we have
<Ztct = % Zk):
Czco = Gdisc(HK)C [(1 '—Zﬁ)t/zcgrit)l/zmczu mcl) (6)

[where again Z,;, =(2/x)(e*/#ic)” ']. This lower bound seems to be non-optimal
from two points of view:

1) Itis only valid for large enough values of ¢; the lower limit ¢, depends on the
choice for the Z,. It would be rather surprising if this were the best one can do.

2} If the nuclei are widely enough separated, one would expect the electron to
settle around the nucleus with the largest charge without “seeing” the other nuclei.
This would be reflected by a dependence of the lower bound on
Zo=max{Z; k=1, ..., K} rather than on Z,,. Both these criticisms of (6) are
avoided by the following theorem, proved in Sect. 3:

Theorem 2. For any K, and any Z, ... Zg with

6 § ml?x Zk é (2/n)hc/62 = Zcrit ’

we have
K
Hg+ ¥ ZkZzeZiRk —R|™'z mcz[l - (maka)z/me] 1z, (7
k1=1

k<1
For max Z, < 6 we prove aweaker result (see Sect. 3), The proof of (7) uses alower
k

bound similar to but stronger than (4), which was also proved in [3]. Note that (7)
contains the electrostatic repulsion between the nuclei: if the nuclei are far apart,
this term becomes negligible, and (7) is a much better bound than {6); if the nuclei
are very close however, the repulsion energy becomes rather large, and (6) may be
better than (7).

Finally, in Sect. 4, we study the nonrelativistic limit (ie. ¢c—>o0) of the
eigenvalues of H(c). The lower bounds (6) and (7) already imply a nonrelativistic
lower bound for the ground state energy E,(Hy)—mc?, similar to (3). As we noted
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above, these nonrelativistic lower bounds for the ground state energy are too
small by a factor n%/4 when compared with the expected limit. Moreover, these
lower bounds cannot give us any information concerning the excited states. We
prove in Sect. 4 that all the energy levels of Hy tend to the corresponding
bound state energy levels of the nonrelativistic Hamiltonian when ¢— oo:

Theorem 3. Define
K
HY=—(#12mA— Y Zelx—Ry|™*. (®)
k=1

Let E,(c), EQ respectively be the n'™ eigenvalues ( counting multiplicity) of Hy(c), Hy,
where H(c) is given by (1). Then lim [E,(c)—mc*]=E2.

To prove this, we show that there exists a c-independent z in € such that the
resolvent (H (c) —mc? —z) ™ ! isnorm continuous in ¢ ~ ! around the nonrelativistic
limit ¢~ '=0. The proof uses the fact that (7) implies the existence of a
c-independent lower bound for Hg(c)—mc?.

2. The Behaviour of the Eigenvalues under Contractions

For this and the next section we shall use units such that i=c=1. We can then
rewrite Hy as

Hy=(p* +m*)'"* — Va(x),

where p*= —4, and
K K
V()= :El Z(e*/he)lx—R| "' =(2/m) k; tlx =Ryl ™, )

Wlth M= Zk/Zcrlt
We consider the situation in which M = Z i, > 1; as always we have ;. < 1 for
all k, hence pu= Max p = <1.

According to the Birman-Schwinger principle, we have, for E <0,
#{E,; E, eigenvalue of Hg, E,<E}
=4 {e,; e, eigenvalue of Vg2 [(p? + mH)Y? +|E{]" Vg%, e,> 1} .
We shall therefore make a study of the spectrum of
V(0P +m) 2+ B[ .
We shall show that on the one hand
Oess( Vo PL(0? +m*) 2 +|E[]7 V%)= [0, ], (10)
while on the other hand every point in [0, M] is an accumulation point of
U o(Vah [(p* +m*) 2 +|E[]T™ 1 Vg)2)
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(see below). Since M > 1 = p, this will imply that the number of eigenvalues greater
than 1 of the operator Vg/[2[(p” +m?)'/* +|E|[]1™ " V)2 tends to infinity for n—oo.
We first compute the spectrum of |x| ™ }/2{p|~|x| ~ /2, where |p|=(—4)'/2.

Lemma. o(|x|™"2[p| ™ x| ) =0,.(Ix] " *?|p| x|~ %) =[0, m/2].

Proof. Since |x|™*2|p|” *|x| 220, and [/|p|”*2|x|”V?| =(n/2)"/* (see [1]), we
obviously have o(jx|~ ¥/2|p|~!|x|~*/?) [0, n/2]. We prove that this inclusion is an
equality by explicit computation. On L*(IR?), the operator |x| ™ */*|p| x|~ */* has
integral kernel

@n?) el T P x =y T2y

Defining the unitary operator U from L*(IR3) to I*(IR x §?) by
Uf) (t, w)y=e>2f (dw),
one finds that on L*(R x §?) the operator
Ulx|~Y3p| x| =20
is given by the integral kernel
F(ty, t,; 0, 0,)=(4n*) " [cosh(t, —t,)—w, - w,] 1.

Since F depends only on the difference ¢, —1,, we see that by a Fourier
transform |x|~*2|p|~%|x| /> is unitarily equivalent to the operator B on
L*(R x §%) defined by

(Bf ) (k, 0)=] dov'b(k; w, ") f (k, &)
with
b(k; w, ) =[ dte™F(t,0; w, »")

sinh [k(n —cos "t w - @')]

=) (@ )] sinhkn

2

where we choose cos™'w- w’e [0, n].
Since the integral kernel b (k; w, ") depends only on @ - «’, B can be written as

© 1
adirectsum & @ B,,, where each B,, acts on L*(IR) and is given by an integral
IS0 m="1
kernel too:
B ) (k)= by (k) f(K) ,
with

by(k)= sz dw, sz 43 Y ©1) Vi @2)b(k; 01, 7).

One can check that each of these functions by, is continuous, tending to zero for
k—oo. This implies that |x|~'?[p| ![x|~ 12 has onmly absolutely continuous
spectrum. Moreover one finds
byo(0)=7/2, hence byo(R)=[0, /2], which implies
o(lx|™*21pl ™ x| V%) 2 0(Boo) = boo(R) =[0,7/2]. [

In the following proposition we prove how this implies (10).
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Proposition. Let Vi be defined as in (9), with R, + R, for k=1. Then

Oess( Vo PL% +mM) 2+ E] R D) =0 R (ol + D1 IR)
=Q2/muo, ss(IXI Y2pl ™ x| T2y =10, 1]

Proof. For B,, B, bounded operators, we shall use the notation B, = B, if B, —

is compact. Choose a strictly positive § such that 20 < |R, — R;| for all k1. Define
fi(x)=1if |x— R, <6, fi(x) =0 otherwise. Define f = Z fe Since(Jp|+ 1)~ 12Kl s
bounded, we have (p-lim = norm limit)

(Ipl+ D71V = netim e (lpl+ )7 Wl

Moreover
e T (Ipl+ DR =n-lim e P (pl+ 1) S QW+ R —f(x))e” ]
is a compact operator {as the norm limit of Hilbert-Schmidt operators), which
implies that (jp|+ 1)~ *¥g/? is compact. Since
[E|-1<(p* +m?)' 2+ |E|—(pl+ D= E[+m—1,
we have therefore
W 20% +m®) 2+ B[] W2 = B2 (pl+ 1) T R

this proves the first equality of the proposition (by Weyl’s theorem). Since
(1—f)V&!? is bounded, we have also

Ve (pl+ D7 1R 2= 2(pl+ 1) RS (1)

It is easy to check that fVg/2 =3 £.(x) Qu/n)*?|x — R, ~*/* is bounded. Using the
k
fact that |p|—1 has integral kernel (27%)~![x—y| =2, one sees moreover that

[lx =Ry |7 2(pl+ D)7 Hx — RV,
is Hilbert-Schmidt for k<. Hence

SVl + 1)“1V&/2f=c(2/ﬂ)§#kﬁclx—Rkl‘"2(lp!+ D7 Ux—R T2 (12)

Since the f, are the characteristic functions of disjoint balls, the sum in the right
hand member of (12) can be considered as a direct sum of unitarily equivalent
operators (up to the coefficients y,). Defining g(x) =1 if |x| £ 5, g(x) = 0 otherwise,
we can therefore conclude from (11) and (12) that o (V4 /2(|p|+1) W2y s
completely determined by

alglxl ™ 2(lpl+ D Hxl M 2g).

Again, we have that (1 —g) x|~/ is bounded, while (Jp}|+ 1)~ *|x]~*/? is compact,
which implies

gl 2(lpl+ 1) xl T 2g = xl (e + D T ] T
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Hence
Tessglx] ™2 (pl+ 1) 7 x| T 2g) = 0o 2 (pl + D 7 X TR (13)

One easily sees that all the operators x| /2(Jp|+ 1)~ '|x|~ ¥/?, 41> 0, are unitarily
equivalent under dilations. This implies that o(x| Y2(|p|-+A) " Yx| Y?) is
independent of A. On the other hand |x]~*/*(|p| + 1)~ !|x|~'/? converges strongly to
|x|~2|p|~|x| = */* for A—0. This implies that every e € a(|x| ~ */?|p| ~*|x|~*/*) can be
written as e=lime,, with

e €o(lx|”2(pl+ 1/m) " x| 7 H2).
Combining these two facts gives
[0, z/21=0o(x|™*2|p| ™ x|~ Y2y Callx] ™ 2(pl+ 1)~ Hx| 7 1/2).
Since also
0= x| 2(lpl+ 1)~ x| V2 <1 ™V pl x| T2 = /2,
we find o(|x| " *(jp|+ 1)~ |x|1/2) =[0, n/2], hence, by (13), and because
0=glx|~"2(pl+ 1)~ ?|x| " V2g<mn/2,
a(glx|™(lpl + 1) x|~ V2g)=[0,7/2] .

Together with (11) and (12) this implies (,u = max yk>

OV 2(Ipl + 1) ) =[0,p]. O
With the help of this proposition we can now prove Theorem 1.
Proof of Theorem 1. We have (s-lim =strong limit)
s-him VAR[p? +m®)' 2 + B VAP
A—=O
=(Q2M/m) |x|72[(p* +m*)V2 +|E[] 7 x| 12 (14)

[aﬂ these operators are bounded, and V=5 CM/m) [x]”! ae., where

M =Zﬂk]'
k
For A—0, we have
eV ’L?> +m»)"? + [E17'VH =10, ],
while
Oess(QM/m) x|~ 2[(p* +m?)' 2 + |E[]~ x| V%) =[0, M].

Since <1< M, the strong convergence (14) implies that every ee (1, M] can be
written as e = lim e,, with e, an eigenvalue larger than 1 of

RO

Vain' [(0* +m* 2 + B[] W12



530 1. Daubechies

{see Theorem VIIL.24 in [5]). One easily sces that this implies

lim 4 {e>1;e eigenvalue of Vg 2[(p*>+m?) > +|E[] ' Vgi2} = 0.

By the Birman-Schwinger principle this implies (E <0)
lim # {e<E;e eigenvalue of (p? +m?)'* = Vg, } = 0. (15)

n-* oo
Since (p? +m*)1/? —V,, is unitarily equivalent with
iR yeq

ATH@+22m) 2 —Te],
the negative eigenvalues of (p? +m?*)Y/?—V,, decrease monotonically as A\O.
Together with (15} this proves the theorem. [J

Remarks. 1. Using the continuity in 1 of the eigenvalues of (p? + m?)!/* — V,g (which
follows from the wunitary equivalence of this operator with
A7 (p* + A*m®Y? — V,]), one can rewrite the conclusion of Theorem 1 as:

VE<0, VYig:#{A<lgEea((p*+m®)'2—Vy)t=00.

It is in this form that the analogous theorem for Dirac operators was stated in [4].

2. In order for the conclusion of Theorem 1 to hold, it is not really necessary

that all the internuclear distances shrink to zero, nor that the shrinking is an

orderly, simultaneous contraction. The argument of the proof also works in the

following situation. Let S be any subset of {1, ..., K} such that Y p, > 1. Define
keS

ds=max{|R,—Ry;k,leS}.
Then, for any E<0,
# {e<E; e eigenvalue of (p> +m?)'> —V}

tends to oo as dg tends to zero.
3. If we put m=0, we find that |p|—V,g and A7 '(|p|]—Vp) are unitarily
equivalent. The number of negative eigenvalues of |p|—V,z is therefore

independent of A, which implies that |p|— Vi has infinitely many negative
K

eigenvalues if 3 p.>1.
k=1

3. A Lower Bound on Hg

Following the same strategy as in [37, we shall first prove (7) in the case where all
the Z, are equal, and then use a concavity argument to extend this result to
arbitrary Z,.

Proposition. Tuke 6<Z<Z ., =(2/ma"". Then

X K
(p2+m2)1/2-fok21 [x—R,™! —I—ZZOCk ;1 IR,—R,| *=m[1 —-ZZ/ng]l/z. (16)
k<1
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Proof. The following inequality [stronger than (4)] was proved in [3]:

Ipl— (2/?5{2 X—Ry|7"—6 Z [Re—R)|™ 1} 20.

k<l

This implies

lpI~ ' ZOCZ lx—Ry| ™' —6Zu Z IR —Ry| ™"

k<l

IpI™ S Z/Z s

‘With the notation
K
v()=Za Y Jx—Ry| "1 —Z% Z IRe—R{™,
k=1 k<I
we have therefore
Z26= |p|”Polp|" VP L Z/Z .

For Z=Z_,,, (16) was already proved in [3]. We shall therefore assume Z<Z_,.
We now borrow an argument from [1] to prove (16). Fix A€ [0,m), and define
Ho=(p?>+m?)'2. Then

B=(Ho— )" "Pu(Ho—~2) "2 S(Z/Z ) |(Ho—2) Y 2pY2|?
=(Z/Zhm(m* —32)" 12
This implies that 41— B is invertible for A<m[1—Z?/Z2, 1%, hence that
(Ho—v—2)" =(Ho—2) "*(1—B) (Hy— 1) '
is a bounded operator. We have therefore proved that
[0, m(1 —Z2/Z2:)"*)Co(Ho ).
Since H,—v=0 by (4), this proves (16). [

By means of a concavity argument we can cxtend this to obtain the following
result:

Proposition. Fix Z, with6<Z < Z,,.. Choose Z , ..., Z . such that 0L Z, < Z for all
k. Then
X
P +m*)V2~ ¥ Zolx—R| "'+ ¥ Z,ZoIR—R| T 2m(1— 2%/ Z2;)' 2.
k=1 k<l
(17
Proof. We use the notation Z for the set {Z,, ..., Zi}. Define for all Z [0, Z]¥,

K
G(Z)=infspec {(p2+m2)”2-— Z Zox—Ry| 1 —m(1 — ZZ/ZC,,,)”Z}.

G(Z) is a jointly concave function in the Z,. According to (16) we have at every
cornerpoint P of the cube [0, Z]¥,

GP)z -~ 3 Pszode—Rzr1 -
k<t
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By concavity it follows that (see Lemma 2.3 in [3])
G(Z)z-Y Z,ZuR,—R|™* forall Ze[0,Z]%. O
k<l

Theorem 2, as it was stated in the introduction, is essentially a reformulation of
this last proposition: for given Z,, ..., Z,, with Zmax=mfx Z,26, we choose
Z=7_,,.; the theorem then follows immediately.

If Z .. <6, one can always choose Z =6, which gives for Z,,..., Z; <6:

K
@P*+m*)'2 = ¥ Ziolx—R|™' + T Z,Zo| R — R~ Zm(1 —36/Z%;)' 1% .(18)
k=1 k<l

If all the Z, are chosen equal, Z, = Z, and the limit Z—0 is taken, one expects that
the ground state E,(Hg) approaches m:;iné Ey(Hg)=m, physically. This is not

reflected by the lower bound (18). Actually, we can do slightly better than (18). If we

define G(Z) as above, we obviously have
GO)zm(l—a), G(Q)=0, where a=(1-36/Z%)"*

T

(we assume Z, 6, for all k), and where O, Q; are K-tuples defined as 0=(0, ..., 0)
(all entries zero), Q;=(0, ...,0,6,0, ...,0) (all entries zero except the jth which equals
6). By concavity this implies (Z,£6)

G(Z)gm(l—a)(l- ;zk/6) if 2,56,

hence

ey AP —k% ZZ W Ry —R | +m(l —a) max(l - Eijk/tS, O).
For Z,...,Zx <06, this can be rewritten as:
(pZerz)”z—kg1 Zyalx— Ryt +k2<‘,l Z,Zo\R,—R;| ™!
;m{l —min(l,%ka) [1—-( —36/me)”2]}. (19)

This lower bound has the advantage of tending to m when all the Z, are equal and
tend to zero. However, we strongly suspect that (19) is not optimal; physically one
would believe that Theorem 2 holds without restriction on maxZ,.

Remark. Wote that (17) implies the existence of a c-independent lower bound for
H(c)—mc?. Re-introducing ¢, we see from (17) that
K
P2 +micH) 2 —me? — 3 Zye*|x—Ry| 7!
K=1

>3 Z,Ze*R,— R +mc*[(1 —a*c™HMY? 1], (20)

k<l
with a=cmax(6, {Z,})/Z..;,=(e’n/2%) max (6, {Z,}). Expression (20) implies
Hy(c)—me*= -3 Z,Z,e*|R,—R)|™ ' —ma*= —b(Z,R). (21)
k<1
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4. The Nonrelativistic Limit

The naive way of obtaining the nonrelativistic limit of H(c)—mc?* would be to
write

P*cr+m*cHY? —mc? =p?2m+0(c™?), (22)

and to apply perturbation theory. This is actually what the Foldy-Wouthuysen
approach [5] does for the more complicated Dirac case. One readily sees however
that the next term in the development (22) is — —(p*/8m>)c ™2, which is far too
singular to be considered as a “perturbation” of the zeroth order term p?/2m. The
same problem occurs in the Foldy-Wouthuysen derivation of the nonrelativistic
limit of the Dirac Hamiltonian. Recently Gesztesy, Grosse, and Thaller showed
that the proper way of looking at the nonrelativistic limit of a Dirac Hamiltonian is
to study the resolvent. They showed that the Dirac resolvent is holomorphicin¢™*
around its nonrelativistic limit ¢ '=0 [7], and obtained powerful results
concerning the analyticity of the eigenvalues in ¢~ %, and an explicit formula, for the
first order relativistic correction term to the nonrelativistic eigenvalues [8]
(simpler than Foldy-Wouthuysen!). The same clue (i.e. studying the resolvent
instead of the Hamiltonian itself) works in our present case. We have

Proposition. Let Hg(c), HY be defined as in (1), (8) respectively. Then for all Z,R,
one can find ze €, c,, and k=0 such that cZc, = z is in the resolvent sets of
H(c)—mc?* and HY, and

I(H—2)" ' —(Hg(e)—mc? —z) ' <ke™'. 23)
Proof. Define T = p%/2m, T(c) = (p*c* +m*c)? —mc?, Vy(x) =3 Z,e*|x—R,| ™.

Obviously V,z = AV,. Fix Z,R. Choose 1> 1, and define ¢, = (ne?/2#)A max Z,. We
have, using (21), -

e=cy= T(c)— AV, =T(c)— Viz = —b(AZ, R).

[The value of ¢, was chosen so as to ensure that V,, is still T{c)-formbounded.] Put
b=J"'b(AZ,R). Then

(T +1)~ 2V =b)(T()+ 1)~ <271
This implies that
1—(T()+ 1)~ Y2V —b)(T(c)+ 1) 1% is invertible (V=1,),
with [|[1—(T(c)+ 1)~ 2(V—b) (T()+ 1) 2] *| S 4/(i—1).
Choose feR large enough so that
I(V=b)(T°+1+if)~ <271,
hence

1A= V=b)(T°+1+if) T =H(A-1).
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Put now z= —(b+1+if). Then
[H(c)—mc*—z] 7  —[Hg—z]""
=[Hgl(c)—mec*—z] '[T°~T(c)][Hg—2]1""
=[T()~V+b+1+if] *[T(c)—V+1+b][T(c)+1]
AT+ 1) V=) (T©)+ 1~ 1*1"
AT+ 2T - TEOIT+ 1) (T +)(T°+1+ip)~*
A= (V=b)(T°+1+ip)~ 1] *.
Hence
I[Hg(c)—mc>~2z]" ' —[Hg—2z]1""|
SPMA-DAT @+ T =TT +1) .
We have

T+ [T~ TENT+ D
= sup {L(P*+m*cH 2 —me? + 17712

Ap¥2m— (PPt +m* e + me* [1+p*2m] ™1}
= sup {4+~ Y22 2mc*) (1 + ¢ +t2/2mc*) ~ 1}

< sup {(t*?/2mc*) (1 +t/2mc*) '} < (8mc*) ™12,
teR +

This proves (23), with k=(8m) Y2)2/(i—1)*. O

As a consequence of (23), the eigenvalues of (Hg(c)—mc*>—2z) ! tend to the
eigenvalues of (Hy—z)~ ! for c— o0, with a difference of order ¢ ™! (or less). Since
the eigenvalues of H correspond to the eigenvalues of the resolvent (H —z) ™%, this
implies that the eigenvalues E,(c) —mc? of Hg(c) —me? tend to the eigenvalues EY
of HY, with again |E,(c)—mc? — E?| < k,c™ 1. This proves Theorem 3, formulated in
the introduction.

Remark. Tt is clear that our estimate (21) is weak when compared with the results
for the Dirac operator in [ 7, 8]. We havelittle doubt that stronger results also exist
for our present operator H(c). It seems improbable that the resolvent of H(c)
—mc? would still be holomorphic in ¢, because of the presence of the square
root, but it is possible that the eigenvalues still are holomorphic. We have
nothing to say about this.

Acknowledgement. I would like to thank Elliott Licb for suggesting problems 1)} and 2) to me, and
for several interesting discussions.

References

1. Herbst, I.: Spectral theory of the operator (p? +m?)'/? —Ze?/r. Commun. Math. Phys. 53,
285-294 (1977)
2. Weder, R.: Spectral analysis of pseudodifferential operators. J. Funct. Anal. 20, 319-337 (1975)



Discrete Spectrum of One Electron Relativistic Molecules 535

3. Daubechies, 1., Lieb, E.: One electron relativistic molecules with Coulomb interaction.
Commun. Math. Phys. 90, 497-510 (1983)

4. Klaus, M.: Dirac operators with several Coulomb singularities. Helv. Phys. Acta 53, 463-482
(1980)

5. Reed, M., Simon, B.: Methods of modern mathematical physics, Vol. I. Functional analysis.
New York: Academic Press 1972

6. Foldy, L., Wouthuysen, S.: On the Dirac theory of spin 1/2 particles and its non-relativistic
limit. Phys. Rev. 78, 29-36 (1950)

7. Gesztesy, F., Grosse, H., Thaller, B.: A rigorous approach to relativistic corrections of bound
state energies for spin 1/2 particles. Ann. Inst. H. Poincaré 40, 159-174 (1984)

8. Gesztesy, F., Thaller, B., Grosse, H.: An efficient method for calculating relativistic corrections
for spin 1/2 particles. Phys. Rev. Lett. 50, 625-628 (1983)

Communicated by B. Simon

Received January 19, 1984



