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Abstract—This paper provides a mathematical analysis of
transform compression in its relationship to linear and nonlinear
approximation theory. Contrasting linear and nonlinear approximation spaces, we show that there are interesting classes of
functions/random processes which are much more compactly represented by wavelet-based nonlinear approximation. These classes
include locally smooth signals that have singularities, and provide
a model for many signals encountered in practice, in particular
for images. However, we also show that nonlinear approximation
results do not always translate to efficient compression strategies in a rate-distortion sense. Based on this observation, we
construct compression techniques and formulate the family of
functions/stochastic processes for which they provide efficient
descriptions in a rate-distortion sense. We show that this family
invariably leads to Besov spaces, yielding a natural relationship
among Besov smoothness, linear/nonlinear approximation order,
and compression performance in a rate-distortion sense. The
designed compression techniques show similarities to modern
high-performance transform codecs, allowing us to establish
relevant rate-distortion estimates and identify performance limits.
Index Terms—Besov spaces, linear approximation, nonlinear approximation, rate-distortion, transform coding, wavelets.

basis exactly may be cumbersome and computationally intensive, suggesting the use of a basis that is easier to work with and
that is still “close” to the KL basis, in the sense that it also decorrelates well (although not optimally). This has been argued as a
justification both for discrete cosine transform (DCT) methods
and for wavelet transforms.
Although the usefulness of KL bases is well documented
and beyond dispute in many applications, there has been a
growing realization that optimizing decorrelation for the stochastic process may not be the final or even the most important
point in signal compression. In the terms of mathematical
approximation theory, this corresponds to a shift from linear
approximation to nonlinear approximation.
Let us try to describe in a nutshell the difference between
linear approximation and nonlinear approximation. In linear approximation theory, given an orthonormal basis of functions
, one seeks to estimate, as a function of , the truncation error
(1)

I. INTRODUCTION

I

N theoretical models for the mathematical study of compression, signals and particularly images are often viewed
as realizations of an (unknown) stochastic process. The corresponding Karhunen–Loève (KL) basis, as the orthonormal basis
that optimally decorrelates this process, i.e., the basis
that minimizes

for every , is then viewed as the best possible basis to compress the signals or images. In practice, determining this KL
Manuscript received January 7, 2000; revised January 24, 2002. The work of
O. G. Guleryuz and M. T. Orchard was supported by the Army Research Office
under Grant DAA-HO496-1-0227.
A. Cohen is with the Laboratoire d’Analyze Numerique, Universite Pierre et
Marie Curie, 5252 Paris Cedex 05, France (e-mail: cohen@ann.jussieu.fr).
I. Daubechies is with the Department of Mathematics, Princeton University,
Engineering Quadrangle, Princeton, NJ 08544 USA (e-mail: ingrid@math.
princeton.edu).
O. G. Guleryuz is with the Epson Palo Alto Laboratory, Palo Alto, CA 94304
USA (e-mail: oguleryuz@erd.epson.com).
M. T. Orchard is with the Department of Electrical and Computer Engineering, Rice University, Houston, TX 77005 USA (e-mail: orchard@ece.rice.
edu).
Communicated by J. A. O’Sullivan, Associate Editor for Detection and Estimation.
Publisher Item Identifier S 0018-9448(02)05170-2.

as
for a deterministic function . The behavior of
increases gives us information about
and vice versa. For
are either the Fourier basis on
or a
instance, if the
in (1) is
wavelet basis (with its logical ordering), and if
-norm for functions in the unit interval,
taken to be the
, then the decay of
characterizes the smoothness of in an -sense:
for some
implies that
, i.e., that lies in a
, which
Sobolev space and its first derivatives are all in
(more details are given in
itself implies
can be rewritten as
Section II). The error

where
is the linear vector space spanned by the first
functions

basis

and denotes the set of complex numbers. The KL basis for
a stochastic process fits within this linear approximation theory
framework. For a stochastic process , it is the basis for which
is minimized, for every .
Nonlinear approximation of a function , with the same oras before, seeks to estimate, as
thonormal basis
increases, the decay of the distance between and the best posthat uses
sible approximation to by a linear combination of
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terms (as opposed to the best linear combination with
basis functions, as before). That is, we now have

The set
is no longer a linear space (since the sum of two argenerally uses more than basis funcbitrary elements of
tions), hence the name nonlinear approximation. Nonlinear approximation in a basis (as well as other types of nonlinear approximation, e.g., by rational functions or by free knot splines)
has been studied in various contexts, see [8] for a substantial
review. Using nonlinear approximation one typically obtains
approximation estimates that are different from those obtained
using linear approximation with respect to the same basis. Or
turning this upside down, in nonlinear approximation a given
characterizes
decay behavior of the truncation error as
different behavior of than it would in linear approximation.
Another manifestation of this difference is that for stochastic
processes, the KL basis need not be the basis that minimizes the
nonlinear approximation error.
The difference between linear and nonlinear approximation
was illustrated in [2] where a one-dimensional (1-D) model of
piecewise-smooth processes, inspired by images, was analyzed.
For this toy model, it was shown that the expected nonlinear approximation mean-square error using a wavelet basis is asympfor
totically superior (with a decay at least as fast as
) to the best expected linear approximation error, even
though wavelets are not the KL basis for the stochastic process.
The linear approximation error, with respect to the KL basis, is
for
.
no better than
The success of wavelet bases in nonlinear approximation, as
first analyzed in [9] and illustrated by the piecewise-smooth
toy model in [2], was interpreted by mathematicians to be the
“true” reason of the usefulness of wavelets in signal compression, rather than their potential for decorrelation. Yet nonlinear
approximation estimates are still a long way from a mathematical analysis that would be directly related to compression issues. The compression practice is not, as suggested by nonlinear
approximation, to “compress” all the information into coefficients, discarding all the other information, and checking how
well one does. A model closer to practice would estimate the
error or distortion on the condition that all the information (truncated/quantized coefficients as well as the choice of which indexes to retain) has to fit within a certain bit budget. Such “operational rate-distortion” estimates are closer to the practice of
coding for compression, and therefore more convincing from
the point of view of engineers. On the other hand, coding techniques for compression have become increasingly sophisticated
in the last few years, steadily obtaining better results. Some of
the improved strategies for wavelet or subband image coders,
such as [22] or [21], were inspired by, or can be heuristically
explained by mathematical arguments. Yet there exist no mathematical estimates for these coding strategies of the same level
of detail and depth as for the coding-wise more naive nonlinear
approximation theory. The goal of this paper is to provide such
a mathematical analysis.

This paper is structured as follows. First of all, in Section II,
we recall several results from mathematical approximation
theory on linear versus nonlinear approximation, both for functions and stochastic processes “living” in various Besov spaces.
We also review in this section the results proved in [2] which
contrast, for a particular 1-D model of a piecewise-smooth
process (called PSM in the remainder of this paper), the best
possible linear approximation with a qualitatively much better
nonlinear approximation. The point we want to make here is
not that the PSM model should be taken completely seriously
for the modeling of images. But, since one can prove for this
simplified 1-D “caricature” model of image rows (or columns)
that nonlinear approximation works better than KL transforms,
the same superiority of nonlinear approximation over KL
transforms can reasonably be expected in less simplified
mathematical representations, closer to real images.
As pointed out above, nonlinear approximation theorems do
not give coding algorithms. In order to make a transition from
approximation theory to results in a rate-distortion sense, we
must discuss bit allocation, and see how the approximation
bounds fare. This is the subject of Section III. In the case of
nonlinear approximation with a wavelet basis, the wavelet
coefficients are effectively “re-ordered” according to how
significant they are in reducing the approximation error. Hence,
for a given number of retained wavelet coefficients in nonlinear
approximation, we also need to evaluate the number of bits
necessary to encode the “addressing” of these coefficients, i.e.,
the number of bits necessary to convey which coefficients have
been retained. Thus, for nonlinear approximation the number
of required bits comes in two parts: bits for the quantized
coefficients and bits for the addressing information. We show
in particular that, if we ignore the second part, it is possible
to obtain asymptotic bounds on the distortion in terms of the
number of bits that are the same as the nonlinear approximation
theory bounds in terms of the number of preserved coefficients,
for classes of signals that are modeled by functions or stochastic
processes in appropriate Besov spaces.
The reader interested in compression practice may well
wonder why we keep bringing in Besov spaces (for readers
unfamiliar with these spaces, we give a short primer in the
Appendix). Basically, Besov spaces are a convenient mathematical setting in which one can measure smoothness of a
function even if it is not uniformly smooth. For instance, a
function with occasional discontinuities but smooth behavior
in between (such as the realizations of the PSM) lie in a Besov
space with a high smoothness index, despite the discontinuities.
To a mathematician, this sounds like a good setting in which to
describe images, which have edges and smoother behavior in
between. However, there are many possible definitions of such
general smoothness classes, and there is no a priori reason to
select Besov spaces in particular. The answer is that Besov
spaces are forced upon us by efficient compression algorithms:
given a compression algorithm, it makes sense to derive the
most general class of objects for which this algorithm exhibits
a certain efficiency in a rate-distortion sense. If we think of
images as functions, and if the “efficiency” of well-designed
wavelet-based encoding algorithms can be measured by the
asymptotic nonlinear approximation rate (an assumption that
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can certainly be questioned, but which the results in this
paper vindicate to some extent), then the answer is a Besov
space. Certain types of Besov spaces happen to be completely
characterized by the rate at which a nonlinear approximation by
wavelets converges. This happy mathematical coincidence is
the reason why Besov spaces (and not some other smoothness
space) turn up here. In light of this, it is also not surprising that
Besov spaces are indeed good at describing objects in which
smoothness is not “stationary.” As we shall see, they are linked
to compression algorithms that effectively deal with both edges
and smoother pieces.
But let us return to the total number of bits. We show that the
second part of the required number of bits mentioned above, the
number of addressing bits, can be controlled only if we add an
additional ingredient. This can come from many sources. For instance, at the end of Section III we show how some extra knowledge of the approximation rate achieved by a linear approximation procedure using wavelets (even if it does much less well
than nonlinear approximation) can be translated into an effective bound on the number of addressing bits. Interestingly, this
bound turns out to dominate the number of coefficient bits, but
only by a logarithmic factor. Together with a bound on the distortion in terms of the number of coefficient bits, this translates
into a bound on rate-distortion performance that has the same
functional form as the nonlinear approximation bound for this
Besov space, except for an additional logarithmic factor. This
fact was also recently observed in [13], for the analysis of transform coding in a (min–max) deterministic context. A close result in this direction is also given in [12]. In the case of the PSM
model, we show that the logarithmic factor can be removed by
exploiting more information about the process.
Although, the rate-distortion bounds found in Section III
have the same asymptotic behavior as nonlinear approximation
bounds, we argue that they are still unsatisfactory in terms
of encoding, because the encoding strategy proposed in that
section is specifically tied to a certain model, either described
by a smoothness class or by the PSM. A more acceptable result
would be to prove that the expected bound is achieved by an
encoding strategy that is independent of the model. Two such
strategies are proposed and analyzed in Sections IV and V.
In Section IV, we analyze a coding strategy that views the
wavelet coefficients in each multiscale level as stemming from
two different populations with different variances, where the
assignment of coefficients into the two populations is done in
a way that depends on the total number of bits utilized. The
two populations are then coded with bit allocation rules corresponding to their two variance laws. For the PSM, as well
as for a wide class of other processes, this strategy achieves
a distortion bound in terms of coefficient bit rate that corresponds with the nonlinear approximation rate. Furthermore, this
strategy controls the number of bits used for addressing so that
it becomes negligible compared to the coefficient bit rate. This
results in the desired bound on rate distortion, from which logarithmic factors have been removed.
In Section V, we analyze a tree-indexing coding strategy
that is derived from a tree-structured nonlinear approximation
scheme. In this case, the class of functions/stochastic processes
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for which the nonlinear approximation result is derived is
defined slightly differently, resulting in a slightly smaller class,
which still includes the PSM. Because of the tree structure in
the class, the number of addressing bits is again controlled to
become negligible compared with coefficient bit rate.
It is interesting to note that both of these strategies are very
natural for images. The first strategy exploits the intuitive idea
that the wavelet coefficients of an image can be split into two
populations, which are associated with smooth and edge regions, respectively. The two populations have very different statistical properties. This point of view has recently been adopted
in [3] to directly model the statistics of images. The second
strategy exploits the idea that the significant wavelet coefficients
of images tend to organize according to a tree structure, the main
principle in the development of the algorithms in [22] and [21].
Although these encoders are expected to work well on images, a
complete mathematical analysis in this context is inherently limited by the difficulties of modeling the fine properties of natural
images in a rigorous way. The present paper provides a complete
analysis for the simple PSM model, as well as for a versatile collection of deterministic classes. While the generalization of our
analysis to more than one dimension seems difficult in the case
of the PSM, it can easily be done for deterministic classes (in
of functions with bounded variaparticular for the space
tion, which is sometimes chosen as a model for images), with
natural applications to stochastic processes which live in these
classes in some average sense. We devote Section VI to a discussion on the relevance and the limitations of our approach in
the practical context of image compression.
Before proceeding into the main sections, a few observations
involving notation and terminology are in order.
• Throughout this paper, our emphasis is on mathematical
approximation results and related compression strategies
based on wavelet transforms, scalar quantizers, and entropy coders. Our main efforts are geared toward deriving
bounds that describe the rate-distortion performance
achieved by these simple compression strategies in
coding realizations of various stochastic processes. When
we say rate-distortion performance of a coding strategy
on a stochastic process, we mean the average distortions
and the associated average rates produced by the particular compression strategy in coding realizations of the
stochastic process (see also the discussions immediately
prior to Section III-A, and at the end of Sections IV-A
and IV-B for further information and generalizations).
At certain places in the manuscript, we also consider the
worst case distortion produced by a compression strategy
using a fixed number of total bits over a class of functions.
• The bounds that we derive on rate-distortion performance
enable us to explore the relationships between mathematical approximation theorems and practical compression
strategies. While these bounds can also serve to upperbound the theoretical rate-distortion functions for the stochastic processes under consideration [4], it is important
to note that the rate-distortion calculations in this paper do
not necessarily yield theoretical rate-distortion functions.
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• This paper uses
and
to denote distortion (in
norm except where indicated) and rate (in bits), respectively. Our main results are typically of the form
, where
is a constant and
is a
function of . These results are stated for functions/stochastic processes that are defined on the unit interval. As
such, neither the distortion nor the rate are “normalized”
(say, similar to per-pixel rate and distortion in image
compression). Both quantities represent aggregate totals
except where indicated otherwise.
• The calculations in this manuscript are carried out in a
fashion that highlights the asymptotic rate-distortion behavior of the discussed compression strategy, i.e., we are
mainly interested in how distortion is reduced as the rate
in bits gets large. As such, we concentrate on the dominant
terms that govern compression behavior in the asymptotic
region and “absorb” the nondominant details in constants,
,
e.g., we convert the expression
, to
, where
for constants
is a sufficiently large constant. This approach is motivated
by our objective to explore the relationships between various approximation-theoretic results (which are typically
stated using the most dominant terms) and compression.
The importance, relevance, and shortcomings of this analysis in real-life applications is discussed in Section VI.
• Since our results emphasize asymptotics, for notational
simplicity, we ignore certain negligible overhead bits such
as the number of bits required to convey an integer
(which specifies a single coding parameter), or the number
of bits required to encode a single quantized scaling function coefficient. As seen in the following sections, the
main portion of the required number of bits is dominated
bits, whereas encoding the integer
by or even
itself, for example, can be done with say
bits,
a comparably negligible amount for large .
II. APPROXIMATION RESULTS
In this section, we review several results on multiscale approximation that will be exploited in the following sections to
derive compression results in a rate-distortion sense. We denote
the
norm, which we use systematically to measure
by
approximation errors.
Concerning the functions that are being approximated, we
distinguish between two situations.
• The Deterministic Framework: The functions belong to
that will typically be the unit ball of a certain
a set
smoothness space. For an approximation process
that reduces to parameters, we shall study the
, as
behavior of the distortion
goes to
.
• The Stochastic Framework: The functions are realizations of a stochastic process. We shall then study the distortion in the mean-square sense
as
goes to
.
In the practice of signal compression, one is often more interested in a statistical modeling and a measurement of the distor-

tion in the mean-square sense, allowing high distortion for some
rare pathological signals. Thus, our results in the following sections will mostly be formulated in this second framework. However, some of them will turn out to be obtained by a simple averaging of deterministic results.
The approximation processes that we consider rely on the
multiscale decomposition with respect to a wavelet basis of
compact support
,
,
. Here
is a
set of indexes related to the -dimensional domain where the
for a bounded
function is defined (one has
). The level
, i.e., the coarsest level,
domain of
. Typically,
is
incorporates the scaling function
, although this definition
defined as
may have to be adapted near the boundaries of the domain
with
under consideration. The collection of all
spans the space , and the spaces
form the multiresolution
. For simplicity, we consider an
ladder
orthonormal basis, however, each of our results can easily be
generalized to a biorthogonal wavelet basis. For a function

we consider two types of approximation as follows.
• A linear approximation is defined by the projection

i.e., keeping the first
coefficients of .
• A nonlinear approximation is defined by keeping the
largest coefficients of , i.e., taking

where the set
represents the indexes of the
largest
.
In Section V, we consider a more sophisticated nonlinear approximation procedure based on a tree structure, keeping coefficients of through an adaptive selection procedure that imof reposes additional structural constraints on the set
tained coefficients. This strategy is related to adaptive spline approximation algorithms studied in [11], and will be particularly
useful for coding purposes.
The results that we now review describe classes of deterdecays
ministic sets and stochastic processes for which
, for some given
. Note that for more general
like
linear and nonlinear approximation processes, e.g., polynomial,
trigonometric, spline, or rational approximation, one can also
define “approximation spaces” by a condition on the decay
(see [10, Ch. 7]). We focus here
(or the summability) of
on approximation with respect to an orthonormal basis (which
happens to be a wavelet basis in our case), in which case the
approximation process is particularly simple since it amounts
to keeping certain coefficients and discarding others.
A. Linear Approximation
The function
(2)
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is simply the projection of onto the space . In the deterministic framework, a classical approximation result (that can
be found in [19]) is the following.
Proposition 1: Assume that the wavelet has square inte.
grable partial derivatives up to order , and take
Then
, the quantities
1) For
(3)
and

with
to

independent of . Note that
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is also equivalent

where we use
terms in the linear approximation.
Proposition 1 thus tells us that we can achieve a distortion on
by linear multiscale approximation if and
the order of
, or, roughly, if has “ derivatives in .”
only if
In the stochastic framework, the rate of linear approximation
is completely characterized by the second-order statistical propis a stoerties of the signal. More precisely, assume that
, and define the autocorrelation
chastic process defined on
.
function
is
Definition 1: We say that
exists a bivariate polynomial of degree
in the neighbouhood of

at
if there
, such that for all
(4)

are both equivalent to the norm
of the function
in the Besov space
.
, we have a similar equivalence of both
2) For

and

to
.
By this equivalence we mean that there exist
, so that, for all

and

where

is a constant.1

The following result from [2] will be useful.
vanishing
Proposition 2: Assume that the wavelet has
,
. Supmoments, i.e.,
is a stochastic process on
, such that its aupose that
is uniformly
on the diagonal
tocorrelation function
, with
, in the sense that the constant
in (4) is independent of
, or . Then we have

(5)
and
(6)

with similar inequalities for the other equivalences listed above.
can be described roughly as the set
The Besov space
of functions whose derivatives up to order all lie in ; the
parameter gives a slightly more fine-tuned description of these
smoothness properties. For a primer of Besov spaces, giving the
precise definitions and their basic properties, see the Appendix,
which also contains more details about Proposition 1.
, the Besov space
reduces to the maybe more
For
with norm defined by
familiar Sobolev space

where denotes the Fourier transform of . The equivalence
if and only if
stated in Proposition 1 then means that is in

In order to prove (5), one simply remarks that by the vanishing
moment property of ,

where is the polynomial in (4). The estimate (5) then follows
using the Schwarz
from (4) and the support properties of
inequality. The bound in (6) is obtained by summing up all the
for bands
.
variances
Proposition 2 easily generalizes to multivariate second-order
random fields defined on bounded domains. Thus, for autocorrelation functions that are sufficiently smooth near the diagonal, we obtain an expected decay in distortion via (6) within
the framework of linear approximation.
In the case where the autocorrelation function is of the form
, we can give a sharper relation between the smooth.
ness of and the approximation properties of the process
Applying the Fourier transform, we obtain that

For
, we obtain a slightly larger space, since
is equivalent to

(7)
1Typically, P (t; u) consists of a truncated Taylor expansion of
around (t ; u ).

R(

t; u)
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where
and
are the Fourier transforms of and ,
respectively.
and let be the inverse Fourier transform
Define
where
of . Since is a positive function, so is
denotes convolution. Viewing as a wavelet, this allows us
to say that, if satisfies the vanishing moments conditions in
Proposition 2, and if it is smooth up to order , then the estimate
belongs to the Besov
(6) is equivalent to the property that
(which is
if is not an integer, and a strictly
space
, see the Appendix).
larger space if
,
Note that property (6) is weaker than
.
since this would imply that
Thus, we cannot exactly relate the approximation rate (6) to
a smoothness property in the mean-square sense for the general case. However, obtaining a smoothness property in a meansquare sense is possible in the following context: the quantities
given by

and
(10)
are equivalent to the norm of

in the Besov space

.

This result and its implications are further discussed in the
can
Appendix. It means that distortion on the order of
be achieved by a nonlinear wavelet approximation, if and only
if the function has roughly “ derivatives in ,” where
(and
as in the linear approximation case).
A weaker result can be obtained directly, using the equivalence (see the Appendix for details) between the norm of
and the norm of the wavelet coefficients
(11)
Thus, if
ment of the
obtain that

and if
is defined as the rearrangein decreasing order of absolute value, then we

and
(12)
are equivalent. By (7), they are also equivalent to

where

Note that, in the case where is an integer, since is positive,
in the
the finiteness of these quantities also means that is
times continuously differentiable.
classical sense, i.e.,
, the approxIn the case where is of the form
imation properties of the process in the mean-square sense are
thus exactly characterized by the Besov smoothness of in the
.
scales
B. Nonlinear Approximation
We now consider the nonlinear approximation
(8)
is the set of indexes corresponding to the
where
largest coefficients, i.e.,
and
if
and
. Note that
achieves
-approximation,” i.e., it minimizes
the best “ -term
over all sets of cardinality and
. In the deterministic
all possible choices of the coefficients
case, a general theory was introduced in [9]. This theory relates
-approximation” error as
the behavior of the best “ -term
goes to
with the regularity of the function . As in
the linear case, Besov spaces are involved in this theory. Here,
we are interested only in “ -term -approximation” and the
results in [9] then have the following form.
Proposition 3: Under the same assumption on
, define by
sition 1, for
the quantities

as in Propo. Then

(9)

is a constant, so that

(13)
More precisely, (13) holds if and only if the coefficients of
are in the “weak space”
defined by condition (12) or by the
equivalent condition2
(14)
is slightly larger than
,
The associated function space
and in contrast to Besov spaces, cannot be described by moduli
of smoothness.
Observe that, equivalent to (12), (13), or (14) is the error estimate
(15)
which gives a characterization of nonlinear approximation rate
,
in terms of thresholding. It should be noted that the spaces
, contain discontinuous functions for all values
introduced for linear apof , in contrast with the spaces
proximation, which can contain discontinuous functions only
(see the Appendix). The largest for which
if
(with
) tells us, in some sense, how
smooth is “in between” discontinuities. Also note that if
is in
for some
, then we can combine
linear and nonlinear approximation results to derive the decay
estimate (13) with the modified approximation
(16)
2The “norm” in ` can be defined as the infimum of C
where C is such
that (12) or (14) holds. Note that this is not a true norm since it does not satisfy
the triangle inequality. However, ` can be defined as a metric space.
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where
. It is important to note that this type of
restriction on the scale is necessary in many practical applications, particularly in compression.
If a function is smooth except at some isolated points,
one can expect that nonlinear approximation via (8) will yield
a faster decay of the error than linear approximation via (2).
,
This is because the supremum of all such that
, is expected to be substantially larger than
. For instance, for
the supremum of all such that
for
,
the univariate function defined by
otherwise, one finds
, but
for
, whereas
for all
.
In the stochastic framework, one can think of such functions
(in the univariate case) as processes that contain isolated jumps.
In [2], a “toy model” for a piecewise-smooth 1-D process was
introduced as follows.
,
• A finite set of locations
is obtained as the realization on
of a Poisson process
. This means in particular that the probaof intensity
of having discontinuities between and is
bility
, and that for a fixed number
given by
the conditional distribution of
is uniform
.
over the simplex
, one
• Conditioned on fixing and the points
,
, and defines
on
,
sets
(and
for
), by
where the are independent realizations of a centered stationary process with autocorrelation function
, where is of class
,
. We also assume
, a.e. in , for some
almost surely.
that
In what follows, we shall refer to this model as the PSM.
This type of process aims to model smooth signals disrupted
by a random number of transients that can occur at arbitrary
locations. The “rarity” of the transients is hidden in the secondorder statistics. Indeed, the global autocorrelation function is
given by
(17)
simply reveals that the process is
and the singularity at
poorly regular in the mean-square sense.
From Proposition 2, it follows that the linear approximation
for some
,
mean-square error satisfies
(Lipschitz) type behavior for
since (17) indicates
near the diagonal. The following results, giving different types
of approximation error bounds for the PSM, were proved in [2].
Proposition 4: Any linear approximation process for the
Piecewise Smooth Process (not necessarily in a wavelet basis)
for some
.
produces a mean-square error
The constrained nonlinear wavelet approximation (16), with

yields a mean-square error
for some
. If
one replaces the wavelet basis by the Fourier basis, the nonlinear
for some
.
approximation error satisfies

1901

This toy model is thus a typical instance of a process for
which substantial gain is obtained by “switching” from linear to
nonlinear approximation in the wavelet case (in contrast, no gain
is obtained in the Fourier case). The above results can be obtained with more general assumptions on this model (e.g., other
point processes for the discontinuities, or without stationarity).
On the other hand, a “natural” generalization to the multivariate
case is not clear (although recently considered in [17]).
III. FROM APPROXIMATION ERROR BOUNDS
RATE-DISTORTION ESTIMATES

TO

In this section, we will see how the linear and nonlinear approximation errors given in the previous section can be translated into rate-distortion based compression estimates for certain classes of stochastic processes. We will now not only retain
a finite number of coefficients, but different numbers of bits will
be allocated to each of these coefficients according to an appropriate strategy. Moreover, in the case of nonlinear approximation, we also have to allocate some bits to the encoding of the
retained indexes. We are interested in bounding the expected
error or distortion as a function of the total number of bits
used. Note that since our models here are continuous models,
depends on the continuous (as opposed to
i.e., the process
, is not really a “bit rate,” since we
discrete) variable
cannot normalize everything to quantities per degree of freedom
or per pixel. We have infinitely many degrees of freedom in the
uncompressed signal.
To derive bounds on in terms of from the results in the
coefficients are retained,
last section, we again assume that
each with a finite bit allocation only, and estimate both and
(the total number of bits spent on the coefficients) as
functions of . The distortion consists of two parts: one that
gives a bound on the distortion due to quantizing the retained
, where
is a bound on the
coefficients (typically this is
distortion per quantized coefficient), and another that gives the
residual distortion due to the neglected coefficients (this is the
same as given by the linear/nonlinear approximation results). To
, we assume that we entropy-code
find the corresponding
the retained coefficients. The derivation of bounds on and
can be done quite generally, using only a priori estimates
on the expected Besov norm of the stochastic process. As will
and
we
be seen, in order to derive bounds on
assume that simple scalar quantization is applied, where the bit
allocation for the different coefficients is bounded using estimates on the variances of the coefficients. These variance estimates follow in turn from generic Besov norm estimates. When
we know more details about the process (for instance, for the
PSM described at the end of Section II) we see that estimates
can be sharpened and better bounds can be obtained.
already gives the
In the case of linear approximation,
average total number of bits needed (up to an extra term to
itself, but this term is negligible). In the nonlinear
specify
, the average number of
case we also need to estimate
bits needed to characterize the index set of the retained coefficients, again in terms of . The total number of bits is then
. In both cases, the estimates on
and
can then be transformed into an estimate for
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by the following argument. We start from
,
, where
and
are (simple) explicit funcis increasing and
is decreasing, and we astions of .
is invertible (i.e.,
is strictly increasing). For
sume that
such that
a given number of bits , we can find the largest
. This is the number of coefficients that, according
to our estimate, we can afford to retain within the allowed bit
budget. The resulting distortion is then bounded by

variance , i.e., instead of using the optimal entropy code for
each , which requires knowledge of the probability distribu, we use a possibly suboptimal code detion function of
signed for a Gaussian random variable (having variance
) undergoing uniform quantization. As shown in
the derivation leading to (49) in Section IV, this uses an average
bit rate

where we have used that
. In practice, the
constants, and we have

for coefficient , where
are constants.
The total distortion resulting from replacing the
by , and dropping the remaining coefficients is
then bounded by

, and hence
can easily be absorbed into the

Apart from the standard notation
for the wavelets, it
for the wavelets
will also be convenient to use the notation
, numbered sequentially in their “natural” order, i.e.,
on
,
,
,
,
, ,
if
.
A. Rate-Distortion Estimates for Linear Wavelet
Approximation of a Process in Some Smoothness Space

where

In this subsection we concentrate on the rate-distortion
bounds corresponding to the linear approximation bounds in
Proposition 1. Consider the case where the stochastic process
is such that
(18)

. Choosing

yields3
(23)

. The number of bits to convey overhead inforfor some
mation, such as the value , can extravagantly be absorbed into
,
. Then, the total number of bits for overhead
say
is
and for the collection

According to the definition of Besov spaces, this implies in particular that for some

(19)
or, equivalently, that
(20)
for some

. This in turn implies
(21)

.
for some
Let us now pursue a scalar quantization scheme, where we
allocate bits following a reverse water-filling scheme [4].
is smaller than
,a
For such that
threshold still to be set, we allocate no bits at all, i.e., we set
to zero. For
, we
all coefficients beyond a certain
into , and entropy code each
uniformly quantize
one of these “retained” coefficients.
be the step size of the uniform quantizer.
Let
Assuming that we use the same uniform quantizer for all the
retained coefficients, we have
(22)
. In
Using (21), we have a bound on the variance of
entropy-coding each , we use an entropy code that is optimized for a Gaussian random variable having the bounding

so that
for some
Together with (23) this results in

.
(24)

. The approximation rate in (20) is, therefore,
for some
reflected by this bound on the rate-distortion performance, exfactor.
cept for the
Remark 5: The bound (24) is better than what would be obtained from reverse water filling arguments starting from (21),
for some
.
which would have lead to
This is because in addition to (21), we have also exploited the
stronger summation estimate (20).
The following proposition summarizes our findings:
Proposition 6: Suppose that is a stochastic process for
. Then straightforward scalar quanwhich

C > 0 is adjusted to yield N coefficients with `

3

 0.
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tization and entropy coding of the wavelet coefficients of , in
their natural order, leads to the rate-distortion bound

for some
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, resulting in
(29)

(25)
for some

.

Note that the same conclusion can be directly reached from
. Note also
(19) which is slightly weaker than
,
that if we had more information on the variances
then we could improve the bound (25). For instance, if all the
were known, then we could use this information
, and allocate
in our entropy coder, set
bits to each , i.e., rather than
using an upper bound, we could use the exact knowledge of the
. This again leads to the estimates (22)
variance
and (23), and

. Again our better a priori estimate on
made
for some
factor disappear. On the other hand, this is not a very
the
good rate-distortion bound! It is dominated by the contribution
from the discontinuities, which is reflected in the exponent
of in the right-hand side of (29). As we will see, this bound
can be improved using nonlinear approximation principles in
compression.
B. Rate-Distortion Estimates for Nonlinear Wavelet
Approximation of a Process in Some Smoothness Space
We now turn to the case of nonlinear approximation. Suppose
that the stochastic process is expected to lie in the weak space
, with
, i.e.,
(30)

for some

. Because log is convex, we have

for some constants

for some

and

This implies, according the results of Section II-B, the error
estimate

(31)
.
for some
For the PSM, we know from Proposition 4 that (31) holds
. According to the remarks on the space
in Secwith
tion II-B, the consequences of (30) can be rewritten in terms of
the “rearranged decreasing coefficients” , defined by ordering
in decreasing magnitude
the

, so that

, and

for some
. Now the bound on mirrors exactly the approximation estimate (19)! On the other hand, it may be comare known and
pletely unrealistic to assume that the exact
can be used in the entropy coder. However, one can have situthan
ations where more information is available about the
provided by (21).
For the PSM described at the end of Section II, we see that
(Lipschitz) type behavior for the global au(17) indicates
near the diagonal. Thus, using
tocorrelation function
Proposition 2 we obtain
(26)
Mimicking the arguments above, we quantize
, resulting in

with
(27)

, leading to the choice
for some
. Now, however,
, so that
coefficient is
for some

, so that
for the th

(28)

etc.
Then (30) implies
(32)
.
for some
We are thus in a situation similar to before. We entropy-code
the th reordered coefficient with an average
bits
, resulting in an approximate
, and
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we use up for
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. On the other hand, the
is bounded by

bits

if we retain
for some
bits by

coefficients. If, in addition,
, then we can control the number of addressing

(33)
. This is not the total number of bits, howfor some
.
ever. We also need to encode the sequence
of
Without this information, the approximation
cannot be reconstructed.
needed to enIn order to estimate the number of bits
, we need some information on the poscode the
. This informasible distribution of the large values of
tion is not contained in (30) or (31), which only tells us how fast
the rearranged coefficients decay, not what their index was prior
to rearrangement. So we must obtain it elsewhere.
If we had bounds on each , then we could write an upper
bound for the number of addressing bits. A bound of this nature
is provided by linear approximation. For instance, suppose that,
in addition to the nonlinear approximation rate (31), we also
have a bound for the linear approximation rate
(34)

for some
that

. Then, defining

resulting in
(38)
for some

.

Note that in the whole derivation, we have essentially used
(31) and (32) which are slightly weaker than (30). Can we do
better if we have more information on the stochastic process?
factors from the esIdeally, we would like to remove the
timate (38). Let us consider the PSM again. Since both (31) and
), we certainly have (38).
(34) hold for this model (with
beIf we can improve (37) (so that the upper bound on
factors will disappear from the
comes linear in ) then the
rate-distortion bound. To achieve this, we propose the following
strategy, a slight variant on what was used in [2] to prove Proposition 4.
Suppose that we retain coefficients. For a given realization
, we have discontinuities, located at
.
Case 1: Suppose that

, we obtain

(35)

Therefore, if we modify the above bit allocation in the sense
if
, we still find that
that we allocate no bits to
the distortion satisfies

(36)

.
for some
Since there are at most indexes to encode among
possible values, we derive that the number of addressing
bits is controlled by

where
is the width of the compact mother
, then we will follow a different
wavelet support (if
plan which is examined later). At every level we find the infor which
.
dexes
We call these the indexes “of the first kind,” and we denote this
. The other
are then “of the second kind,”
by
.
and , where
, and choose
We split into
. Since
, we have
. In each group (first kind or second kind), we propose to
coefficients
,
retain the first
ordered in their natural order. This fills levels of coefficients
of the first kind, and levels of coefficients of the second kind.
We have

(37)
dominates
!
Comparing with (33), we see that
Combining (37) with (33) and (36), this leads again to
factors in the rate-distortion estimate as summarized by the
following proposition.
Proposition 7: Suppose that is a stochastic process for
, where
. Then, the corwhich
responding a priori bounds on the variances of the reordered
wavelet coefficients lead to the bounds
and

where the second inequality follows from the compact support
properties of the wavelet basis.4 In order to characterize the sets
precisely for all
, we thus need to
up to precision
encode , as well as the locations
.
for some
, the overhead bits
Using
to encode the value as well as other coding parameters ( ,
4At level j there are less than supp(
)=2 = 2 supp ( )=2
wavelet coefficients overlapping a single-point discontinuity. Hence, there are no
more than W = supp ( ) wavelet coefficients overlapping a single-point discontinuity in any level. With L discontinuities there at most W L wavelet coefficients overlapping point discontinuities in any level.
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etc.) can be absorbed into
require no more than

for some

. We thus
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Case 2: If
, then we simply give up allocating bits:
we put all the coefficients to zero, not spending any bits. The
resulting expected distortion is then bounded by

(39)
, in order to encode
and the locabits for some
up to precision
. Once we have spent this
tions
number of bits, we know exactly which are the coefficients of
the first/second kind.
Let denote conditional expectation given that is pinned
with precision
. Now for
down, as well as the

(44)
To obtain the full expected distortion and bit cost, we must now
sum our conditional estimates, weighted according to their prob,
ability. Integrating over the possible locations of the
for fixed , just contributes a constant factor, so we need only
check the summation over . We find

(40)
which follows from Proposition 2 since the conditional autocorrelation function for two points not separated by discontinuities
. For
is
(41)
for some

, since in this case we always have

where we have used

, and

by Schwarz inequality. We can use this to allocate bits:
for the coefficients of the first
for those of the second kind,
kind,
and
are constants. This leads to an expected
where
distortion bounded by

(42)
are constants and the again indicates that we are
where
working with conditional expectations. As before, this suggests
, leading to
the choice
for some
The corresponding bit cost

(43)

is then bounded by

where we have used
the desired bound

. This then leads to
for some

(45)

Recall that the “competing” bound based on linear approxi(see (29)). It is important to note that
mation is
while the competing bound is determined by the global autocorand its poor overall smoothness, the bound we have
relation
. Note
just derived takes advantage of local smoothness
also that this is the same asymptotic behavior as that would be
obtained had we considered a stochastic process with an auto, without any discontinuities thrown
correlation function in
one has
in. In that case, for all
(46)
or
(47)

for constants
.
for

and

. Note that all of this is

and the bound (38) follows from arguments similar to the derivation of (29). So our strategy “erases” the effect of the discontinuities in the rate-distortion bound, just like in the nonlinear
approximation results in [2].
However, although (45) is the desired result, we really obtained it by cheating: our strategy subsumed an exact knowledge of the nature of the stochastic process in order to create
and
, and it used the fact that coefficients
the two classes
of the second kind all “line up” underneath the discontinuities
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in order to get away with a very low number of addressing bits
). This is quite unfair: it means that
(with
we inspect every realization in order to decide on the number
and location of the singularities, and classify the wavelet coefficients with perfect accuracy. It would be much more interesting to see whether we can improve on (37) by using reasonable, “real-life” coding strategies that use only the wavelet coefficients of the realization, and that do not assume a detailed
knowledge of the stochastic process itself. This is the topic of
the next two sections.

upper-bounding the real quantizer distortion for any input
random variable.
For an arbitrary zero-mean random variable , with denand variance
, and a zero-mean Gaussian
sity
, the number of
random vriable with the variance
bits needed for coding the quantized variable using the entropy coder designed for is given by5

IV. CODING A MIXTURE DISTRIBUTION OF TWO
MULTIRESOLUTION POPULATIONS
In this section, we construct and analyze a real-life coding
algorithm that is motivated by the PSM process but, unlike the
coder sketched at the end of the previous section, is not structured around the specific parametric form of the PSM. Instead,
this coder models the process as a mixture distribution of two
populations of wavelet coefficients: those describing smooth regions of the process, and those contributing to the description of
singularities in the process. At the end of the previous section,
we established bounds on the variance of these two populations
with the coefficients of the first kind satisfying

and those of the second kind satisfying

where the expectations are conditioned as before but without
. The coder outlined in this section
extra constraints like
uses a practical addressing scheme for associating the wavelet
coefficients in each band with one of these two populations, and
applies entropy-coded, uniform-stepsize scalar quantizers for
coding the coefficients in each band. Our objective is to upperbound the performance of this practical coder in coding the PSM
process. We develop this coder in two stages. In the first stage,
we develop a coding syntax designed to code the PSM process
efficiently. To simplify analysis of the performance achievable
by the syntax, we allow the encoder to use ideal knowledge of
the input process (e.g., number of edges, location of edges, etc.)
in its encoding strategy. In the second stage, we show that the
performance of a practical encoding strategy that does not use
ideal knowledge also satisfies the same bound.
Since all random variables are characterized by bounds on
their variances, we first upper-bound the number of bits and distortion needed for coding an arbitrary random variable whose
using a uniform-step-size scalar
variance is bounded by
quantizer followed by entropy coding. The entropy coder is optimized for a Gaussian random variable with variance equal
. A uniform-step-size scalar quantizer with step size
to
bounds the quantization error
. To sim, which
plify later analysis in this section, we define
serves to bound the quantizer distortion

It will be convenient to use
in much of the analysis since it
is deterministically related to the quantizer step size , while

where the next to last step is by the mean value theorem, and
. We have

Since

where
. Then, since
,
constrained to the same intervals, for all
and

and

are
,

For
, the last term on the right is bounded by
,
and the desired bound on the number of bits is determined as

where

is a constant. For
. By the definition of

, we let

, with

5When encoding discrete random variables, it is well known that the average
number of bits output by practical entropy coders (say, by utilizing arithmetic
codes) can be made arbitrarily close to the theoretical minimum given by the
entropy. We will hence use the entropy expression directly to compute the required number of bits.
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where

are constants, giving

for constants
constants and

. Thus, for all ,

where
we get
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is a constant. Thus, summing over all bands (

),6

is bounded with

(48)
We note that in applying reverse water-filling for developing the
algorithm that follows, all scalar quantizers applied to random
use step sizes
,
variables with variances less than
letting us write

(51)
Now, because the variance bounds decrease over bands and we
, for water-filling on the bound we
retain all the bands
set the quantizer step sizes so that
(52)
Equation (51) becomes

(49)
Using
, it follows that
distortion bound becomes
A. Rate-Distortion Bounds for Quantizing Piecewise-Smooth
and Edge Wavelet Coefficients
We now develop and analyze the rate-distortion performance
of a wavelet-based coding syntax suitable for coding the PSM
process. This section focuses on defining a practical syntax for
quantizing and transmitting wavelet coefficient values, but does
not require that the encoder use realistic strategies for encoding
within that syntax. In fact, the encoding strategies analyzed in
this section assume that the encoder has perfect knowledge of
features of each realization of the process: e.g., the number of
edges, exact location of edges. The next section replaces these
strategies with a realistic encoder.
We begin by analyzing the rate-distortion characteristics of a
uniform-step-size scalar quantizer applied to a random process
having a “smooth,” stationary autocorrelation function
which is
at
.
wavelet coefficients over such
Suppose we keep the first
. We
a process, where for convenience, we assume
know from Proposition 4 that the average distortion we incur is
no more than

where
bounds the quantization distortion for each coefficient
that we keep, assuming that all scalar quantizers use the same
step size.
, there are coefficients and
In the th band

. Using (52), the

(53)
Now consider the rate-distortion performance of wavelets
coding edges over a uniform background. For example, this
would be the case if the stationary autocorrelation function
determining the correlation of the smooth patches in
, resulting in a
the PSM were a constant
piecewise-constant process. For the moment, we pretend that
we know the locations of these edges. Consider first the case
when there is one edge over a uniform background. At band
, the total number of coefficients overlapping a given edge is
at most , i.e., an edge over a uniform background affects at
most a constant number of wavelet coefficients in each band as
the utilized wavelet basis has compact support. From the bound
in (41) we know that the wavelet coefficient variances over the
edge decay no worse than
(54)
where indexes the coefficients over bands. Suppose we keep
bands. Over the edge we have a total distortion

where
bounds the quantization distortion on the transmitted
is discoefficients (assuming equal step sizes) and
tortion due to dropped coefficients.
Now using bound (54) we have

(50)
from Proposition 2. Using (49), in the th band, the average total
number of bits is no more than
which is the number of bits required to transmit the coefficients
. Because we retain
with quantization distortion bounded by
6For notational convenience, we neglect the number of bits required for the
scaling function coefficient.
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bands, for reverse water-filling we set stepsizes such

This only changes constants and we have
(63)

(55)
and we have
(56)
(57)
, and because (57) is decreasing with
From (56),
respect to , we have that the rate-distortion bound for coding
a single fixed edge with wavelets is
(58)
for some constant .
edges for which we know the
Now assume we have
locations. Having edges instead of one edge modifies , the
. Some coefficients
number of coefficients over edges, to
may lie over more than one edge but note that the bound (54)
is loose enough to accommodate this case. Equations (56) and
(57) are modified to

and
are constants and notation is changed
where
to reflect the dependence of our rate-distortion curve on the
number of edges.
for both smooth and edge coefTo obtain the overall
,
ficients, we force equal-step-size quantizers, thus relating
,
, and
through the expressions for
. Specifically,
we have
(64)
. Observe that asymptotifrom which
irrespective of . Using this relation, the average
cally
number of bits and distortion for the smooth process are
and
and those for the edge process, conditioned on having
are

edges,

and

(59)
(60)
and (58) becomes
(61)
is a constant independent of the number of edges .
where
Let us now calculate the number of bits required to convey the
“addresses” of wavelet coefficients over edges. Again, assume
there are edges.
locations and at most
of
At the th band there are
these are over edges. Clearly, we can specify the addresses of
the coefficients over edges with bits per coefficient. In our
addressing scheme, we transmit the location of each edge coefbits, with the understanding
ficient in the th band with
th bit zero is reserved for an end of address inthat a say
formation in the th band symbol. This way, the decoder will
know that the transmission of address information for the th
band is completed and can start decoding the address information for the next band, and so on. Assuming that a total of
bands is kept, it can be seen that the total bit cost of specifying
the locations of coefficients over edges in such a fashion results
bits, where
in no more than

(62)
reflects the end of address information in the
where
th band symbol.
Now the above results will be combined to bound the ratedistortion performance of wavelets over a piecewise-constant
from (62) to (59) we
edgy process. Adding the location bits
now have a modified number of bits and

We recall that our encoding strategy uses an oracle who provides
us the correct value of for every realization, as well as the
exact location of each edge, which we use to perfectly identify
all coefficients of the edge process.
To get bounds on the overall average number of bits and distortion we average over the random variable

where
and
are constants. Assuming that
is a finite parameter of the PSM process, and can be incorporated
into a constant, we get

(65)
for constants

and

, resulting in the desired
(66)

We note that our analysis accounts for the actual number of
edge coefficients coded, but overcounts the number of smooth
coefficients that are coded. By doing so, we overestimate the
number of bits needed to code the smooth coefficients, and overestimate the distortion incurred in coding them. This is consistent with an upper bound on the rate-distortion curve.
Finally, we note that the number of bits used by the coding
strategy described above is a random variable whose expected
value is analyzed in (65). Two factors contribute to this random
number of bits: the use of variable-length coding on the wavelet
coefficients, and the variable number of edges found in each realization of the process. Virtually all source coders used in practice today employ some form of variable-length coding, motivating us to consider entropy coding in this coder. Together with
the variable number of edges, we can expect that the number
of bits will depend on the complexity of the input realization.
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However, if a deterministic constraint on the number of bits is
and
through (52)
specified, the step size (along with
and
to meet the
and (55)) can be used to adjust both
specified constraint for each realization. For the coder analyzed
in this section, any adjustment on the number of bits involves
knowing the value of for each realization, but the modified
coding strategy described in the following section permits adjustment without explicitly knowing . It is worth noting that
the number of bits produced by standard image coding algorithms like JPEG [16] also varies with the complexity of the
input image, and the number of bits used for coding any particular image is adjusted through a “quality factor” parameter that
adjusts quantization step sizes.
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satisfies
, while bounding from above any
pair satisfying (67). The slope
of this line is given by

Note that is always negative. Our practical encoding strategy
allows both the number of bits and distortion to change from
those of the oracle-based encoder, but guarantees that, for a
achieved
given step size , the rate-distortion pair
by the practical coder is at least as far below the bounding line
as the pair
achieved by the oracle-based coder,
i.e.,
(68)

B. A Practical Encoding Strategy
The coding syntax developed in the previous subsection is
composed of the following components.
• Overhead bits defining constants (e.g., ) and quantizer
and
can be destep size . From these variables,
for each
termined, as well as the bounding variances
. The bounding
of the populations of each band
variances fully specify all entropy codes used by the algorithm.
, termi• A sequence of addresses, for each band
, the sequence sepanated by a fixed code. For
rates coefficients into two classes. Both classes are quantized with the same uniform step-size scalar quantizer, but
the two classes use different probability models for en,
tropy-coding the quantizer outputs. For
those coefficients addressed by the sequence are coded,
while all others are not coded.
• A bit stream representing the entropy-coded outputs of the
scalar quantizers.
The coder of the previous section is informed by an oracle
about the number and precise location of edges in the PSM, and
uses this information for encoding the PSM within the above
syntax. This section shows that, without the help of an oracle,
a simple practical encoding strategy can be applied to the same
coding syntax to satisfy the same performance bound (66).
Given a step size , the bounds from (65) can be expressed in
terms of via (64) to individually bound the number of bits and
distortion

A sufficient condition for the average distortions and numbers
of bits produced by the two encoding strategies to satisfy (68)
is that a similar inequality is satisfied pointwise in the encoding
,
of each and every wavelet coefficient. Namely, if
,
, and
are the errors incurred and
wavelet coefficient by
number of bits used in coding the
each of the two encoding strategies, then, for every
(69)
The practical encoding strategy is designed to satisfy this condition.
In designing the practical coding strategy, we assume that the
smoothness parameter and constants of the process are either
known explicitly or estimated from the process during a training
period. From these parameters, the bounding variances of the
smooth and edge coefficient populations of each band are determined. These variances, along with a quantizer step size, determine both the values of and , and the entropy codes to be
used for all quantized variables. To replace the oracle, our practo
tical algorithm must assign each coefficient in bands
either the smooth or edge populations, without knowing either
the number or location of edges. We define different assignment
and 2)
.
rules for the two cases: 1)
: For these bands, both populations use the
Case 1:
for
same uniform step-size quantizer and
all coefficients. Thus, (69) is satisfied if the practical coding
strategy assigns each coefficient to the population that miniused by the fixed coding
mizes the actual number of bits
syntax. Under the coding syntax, a coefficient in band falling
, and assigned to the edge popuin interval
lation uses
bits, where

(67)
These individual bounds satisfy a linear bound on the rate-disbound in
tortion performance that is stronger than the
is a convex function of , the supporting
(66). Since
at any
line

while the same coefficient assigned to the smooth population
uses
bits, where

for
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and
and
are the bounding variances for the two populations in band . Thus, the required number of bits is minimized
by assigning each coefficient to the edge population only if

from the oracle-based strategy only when a coefficient from
the smooth population is assigned a symbol
. Since this
case occurs only if

Noting that the expressions
are the code lengths
used by the two populations for representing the th quantization
interval, this condition can be simply stated: assign each coefficient to the edge population if and only if the th code length for
the edge population is shorter than the th code length for the
bits. This strategy operates
smooth population by at least
directly on coefficient values, and does not require an oracle for
identifying either the number or location of coefficients in each
population.
: For these bands, coefficients in
Case 2:
the smooth populations are not coded, while coefficients in the
edge population are quantized with a uniform-step-size quantizer, and entropy coded. Our practical strategy defines three
modifications to the oracle’s encoding strategy, each reducing
the left-hand side of (69) for every coefficient coded, and together eliminating the need for the oracle.
codeword of the edge population quantizer
First, the
is replaced by a codeword with codelength zero, reflecting the
symbol can be equivfact that assigning a coefficient the
alently implemented by mapping the coefficient to the smooth
population. Since this modification does not change any errors,
but lowers the number of bits, inequality (69) is satisfied for
each coefficient.
Second, the encoding strategy for edge coefficients is adapted
to minimize an entropy-constrained distance criterion, given the
fixed coding syntax (symbols and code lengths). Instead of folthe
lowing the oracle strategy of assigning to coefficient
symbol minimizing

inequality (69) is satisfied for all smooth coefficients.
Since each of the three modifications monotonically lowers
the left-hand side of (69), the overall encoding strategy satisfies
(69) for every wavelet coefficient. It is also clear that after the
modifications, since the same quantizer and encoding strategy
is applied to both populations, the oracle is no longer needed for
identifying the number and location of coefficients in each population. It is interesting to note that, although the mixture-model
coding syntax and encoding strategy are originally designed to
optimally match quantizers to two different populations of coefficients, the final practical coder can be described as applying
a single quantizer, coupled with suitable entropy coding, to all
coefficients of each wavelet band.
As mentioned at the end of the last section, the number of bits
resulting from this coding strategy depends on the complexity
of the input realization. Since the encoding strategy of this section reduces to the application of scalar quantizers to the coefficients of each band, the actual number of bits used to code a
given input can be adjusted through the step-size parameter ,
or equivalently .

the practical strategy selects to minimize

where
denotes the code length (including addressing
bits) used for assigning the th symbol to an edge coefficient
in band . Given the first modification, these code lengths can
be written
if
otherwise.
Note that this practical strategy insures that inequality (69) is
satisfied for every edge coefficient by minimizing the left-hand
side of (69) over all possible encoding strategies. Intuitively, this
strategy assigns something different than the minimum-distortion symbol only if the competing symbol offers a saving in code
delength that makes up for its higher distortion. The slope
fines the worth in distortion of a saving in bits. The resulting
scalar quantizer has uniformly spaced codewords, but uses decision regions that are not uniformly structured.
The third and final modification defining the practical
encoder calls for the edge-population quantizer and encoding
strategy to be applied to the coefficients of the smooth population. Given the first modification of the quantizer, this differs

C. Encoding General Processes
The piecewise-smooth model is a typical example of a “mixture-type process,” since we can clearly classify its coefficients
into two categories, depending on whether or not the associated wavelet overlaps a jump. In order to understand the performance of a mixture-type coder on more general processes, we
somehow need to make a similar classification into two populations of slowly and rapidly decaying coefficients, even if this
distinction does not appear as obviously as in the case of the
PSM.
The more general processes that we now want to consider are
precisely those which can be approximated at a prescribed rate
in the mean-square sense by an -term combination of
wavelets. According to the results on nonlinear approximation
in Section II, an alternate description of such processes
is given by the property
(70)
in the 1-D case. However, the smoothness
with
property (70) turns out to be too weak for coding purposes: the
cost of addressing the location of the large wavelet coefficients
is unbounded for such processes since such coefficients can be
located at arbitrarily high scales. This fact can be related to the
into , i.e., the
lack of compactness in the embedding of
with a controlled
impossibility of covering the unit ball of
balls of arbitrarily small radius.
number of
We thus add the constraint that the process is bounded by a
fixed constant (say ), yielding the “worst case estimate”
(71)
analogous to the slowly decaying population in the PSM. This
bound restricts the location of large wavelet coefficients suffi-
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ciently to allow them to be addressed with a finite cost. We now
analyze how our mixture-model coder, motivated for coding the
PSM, performs in coding this more general process. Our analysis follows two stages similar to our earlier analysis of the
PSM process. We first assume an oracle that uses addresses to
identify populations, and codes each population with an appropriate scalar quantizer and entropy coder. Later, based on entropy-constrained optimization principles, we define a practical
coder without explicitly identifying populations.
We begin by noting from (12) that the Besov characterization
(70) allows us to define a rearrangement of the wavelet coeffisatisfying
cients in decreasing order of absolute value
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with the two terms bounding distortion due to uncoded and
coded coefficients, respectively. Using (75) to eliminate
gives
(77)
.
for some
To bound the number of bits, we characterize the maximum
number of bits needed to code each subject to (70) and (71).
Note that overhead bits used for coding parameters and the
“end-of-address” symbol for each band contribute no more than
bits, and are thus ignored in the analysis. Assume
is in the th band. If

(72)
For this process, the oracle defines population 2 (analogous to
variables of
the edge-population of the PSM) as the first
, and population 1 consists of all other coefficients.
Addresses identify population 2 the same way as before: in
-bit address specifies the location of each coeffiband , a
bit “end-of-address”
cient in population 2, followed by a
symbol. For this process, there is no analog to the “smooth” population of the PSM: i.e., a large population of wavelet coefficients known to reside in certain bands, and thus not needing
,
addressing information. Consequently, the oracle sets
using no bits for population 1 and setting all its coefficients to
zero. Similar to the case of the PSM process, coefficients of population 2 are coded with a uniform-step-size scalar quantizer
(step size ). Quantizer indexes are coded with an entropy code
matched to a Gaussian random variable with variance equal to
dethe bounding variance given in (71). Consequently, if
notes the number of bits (including addressing) used to represent
a coefficient in band quantized to level

then the number of bits needed to code

is given by
(78)

defined in (73).
is maximized by finding the
with
subject to (71) and
worst case probability distribution
(72). Note that

where we have again utilized the mean value theorem
. Similar to arguments utilized
in deriving (49), we can note that if
then
whenever
, and with the given

where

(73)
The value , denoting the highest band to be coded, is set so
fall into the
that, using (71), all coefficients in bands
bin of a uniform quantizer, thus defining the same
as
in the PSM (64)
(74)

we can bound the contribution of the third term of the
pression to the summation in (78). We thus find that

ex-

(79)
for constants , , and . We conclude that these bounds on
are maximized when all
fall into the highest allowed
band .
Given this characterization of the worst case Besov-bounded
process, accounting for the number of bits is straightforward

is selected to include in population 2 all reordered
Finally,
coefficients with variance exceeding . Applying (72) gives

(80)
where

is a constant. Using (75) to eliminate

yields

(75)
(81)
Like for the PSM process, we establish the rate-distortion
performance of the mixture-model coder by independently
bounding the distortion and the number of bits used in coding
the bounded Besov process. Following the distortion analysis
of the PSM smooth population, distortion is bounded by
(76)

Together with (77) this gives
(82)
for some constant .
As a final stage in applying the mixture-model coder to the
Besov-bounded process, we modify the encoding strategy as in
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Section IV-B to eliminate the oracle in the encoding process. Although the oracle in this case only performs a reordering which
could be performed by a practical coder, it is worth noting that
the same performance can be achieved without reordering by
using a single scalar quantizer applied to both populations in
each band. The analysis here is identical to that in Section IV-B,
quantizaso we briefly outline the three steps. First, the
tion step is removed from each quantizer, since it can be implemented with zero bits by assigning the coefficient to population
1. Second, the standard minimum distortion quantization criterion is replaced with a minimum rate-distortion criterion in applying each of the quantizers. Finally, the modified quantizers
are applied to both populations in each band. As shown in Section IV-B, each of these steps ensure that the resulting distortion and number of required bits continue to satisfy (82). Since
the same quantizer is applied to both populations after the last
modification, the encoding strategy does not need to either order
the coefficients or to determine the correct value of . Though
coeffithe oracle-based coder is defined to encode exactly
cients, after the modifications the number of coded coefficients
depends on the actual number of coefficients of each realization
of the process that exceed the corresponding thresholds in each
band.

One can then consider the “best tree-structured approximation of ,” by trying to minimize

over all trees of cardinality and all choices of
. However, the procedure of selecting the optimal tree is costly in computational time, in comparison to the simple reordering procedure that is used in (8).
A more reasonable approach is to use suboptimal tree selection algorithms. We now describe two of these algorithms.
Algorithm 1: Fix a threshold

and define

Then define
to be the smallest tree containing
, i.e.,
contains all indexes
in
and their “ancestors”
,
.

,

and
Algorithm 2: Start from the initial tree
, delet it “grow” by the following procedure: given a tree
as the indexes
such that
fine its “leaves”
. For
, define the residual

V. TREE-STRUCTURED APPROXIMATION AND CODING

(84)

In this section, we turn to a different coding strategy. It is related to a different family of “real-life” coders that exploit the
efficiency of tree structures for identifying the significant coefficients in images. We demonstrate this efficiency in two classes
of processes: those with functions from Besov spaces that guarantee a certain decay of large coefficients through scale, and
those that are smooth except in some isolated regions. In the
latter case, the multiscale decomposition is not only sparse but
also exhibits a particular structure: as the scale increases, the
important coefficients tend to concentrate near the singularities,
in
aligning themselves to a “tree-structure”: if a coefficient
the wavelet expansion of the signal is numerically significant, it
is also numerically signifiincreases the probability that
is close to
. This particular structure can
cant when
play an important role in coding, and we shall show that, both
for the Besov spaces and the PSM model, tree structures provide another technique that can remove the logarithmic factors
observed in Section III.
A. Tree-Structured Approximation
We shall now address nonlinear approximation processes
where the tree structure is pre-imposed on the preserved
coefficients. As before, we consider functions defined on the
and expanded into a wavelet decomposition
interval
(83)
where we have omitted the scaling function contribution for notational simplicity. By definition, a tree is a finite set of in,
,
, such that
dexes
implies
, i.e., all “ancestors” of the point
in the dyadic grid also belong to the tree.

. Choose
and define

with
such that
.

Note that the second algorithm can either be controlled by the
of the tree or by the size of the residual, i.e., by
cardinality
to be the smallest tree for which all residuals
,
defining
are less than . Note also that
can also be
corresponding to the
defined as the set of indexes
largest values of
.
We are now interested in describing those functions such that
produced by such algorithms bethe error of approximation
. Another way of stating that
behaves like
haves like
is by saying that we have a control on the cardinality of
according to
(85)
, and
is a constant. Indeed,
with such that
if
using the fact that for both algorithms we have
, we can derive from (85) the error estimate
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for constants

and

, i.e., with a

we have

We now embed the tree
(86)

Combining again with (85), we obtain
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into a larger tree

for
• all indexes
with
• all indexes
as their “ancestors”

composed of

;
for which
for

, as well
.

Using this decomposition together with (91), we estimate the
as follows:
cardinality of
(87)

.
for some
So far, the approximation properties of both algorithms are
not fully understood in that we do not know exactly the smoothness space describing those functions such that (85) holds. The
following suboptimal result shows that this space is nearly as
,
, which we
large as the weak Besov space
encountered in the context of standard thresholding.
,
Proposition 8: Assume that the function belongs to
, and let
. Then, both
with
algorithms satisfy (85) and have the approximation property
(88)
is obtained in the
where the tree-structured approximation
,
first algorithm by choosing the smallest such that
or by steps of the second algorithm.
from
Proof: We start from the characterization of
wavelet coefficients (see (A19) in the Appendix on Besov
if and only if we have
spaces): a function is in
the estimate

(93)
and .
which is (85), for constants
We now turn to the second algorithm. Again, defining
as the number of coefficients at scale that satisfy
follows from (91) that

, it
(94)

. With the same definition of
and we also have
as for the first algorithm, we estimate

(89)
independent of . Since
to

Now observe that since

, (89) is equivalent

(95)

(90)

and .
which is (85), for constants
We already saw that (85) implies the error estimate (87). Here,
, we obtain
since the constants in (93) and (95) contain
for both algorithms

, we have

(96)
For a given , choosing the smallest so that
and combining the estimates on
with (96), we thus have
for both algorithms the desired estimate
so that (90) implies
(91)
We start by discussing the first algorithm. We denote
the number of coefficients at scale that satisfy
by
. From (89), it follows that
(92)
Note that for large enough, the right-hand side becomes less
than so that there are no more coefficients above the threshold.
. We denote by
On the other hand, we also have
the scale such that
, i.e.,
for some

where

is the corresponding approximation.

The result that we have proved shows that, for functions that
, the rate
have derivatives in , with
can be achieved while imposing the tree structure. Note that
,
this property is barely more restrictive than
, related to the nonlinear approximation in Proposition
2, since is allowed to be arbitrarily close to .
In the stochastic framework, the PSM is well adapted to treestructured approximation. Note that according to the above result, we would obtain an immediate result of tree-structured approximation with both algorithms for the PSM if we could prove
, for some such that
.
that

1914

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 48, NO. 7, JULY 2002

However, this property does not seem to hold. Nevertheless, we
shall prove an approximation result in the mean-square sense, in
the context of the first algorithm (similar results can be proved
for the second one).
Proposition 9: For the piecewise-stationary model, if we
generated by the first
consider for each realization the tree
algorithm, we have

such that

. Both are dominated by
. We thus obtain
(103)

Averaging over all possible values of , we see that the second
term (corresponding to ) remains negligible so that we finally
obtain
(104)

(97)
and

which is (98).
For the error estimate, we write, similar to the deterministic
case

(98)
where is such that
number of coefficients and

. Thus, if is the expected
the mean-square error, we have
(99)

Proof: We place ourselves in the event where the number
of discontinuities equals , and we split each trajectory
into two parts:

and

where is the set of indexes
such that a discontinuity
is contained in the support of
(note that changes for each
realization of ).
Using the estimates on linear approximation of Proposition
smoothness of the local autocorrelation function
2, and the
, we know that
(100)
For the function
mate

, since

is bounded, we have the crude esti(101)

Using these estimates, we can compute the expected cardifrom the expected number
of coeffinality of
: we have indeed
cients at level such that

For the part the contribution to
is null for values
and always less than
for
of such that
is the width of the compact
smaller values of , where
mother wavelet support (see also footnote 4 in Section III-B).
part, we derive from (100) that the contribution to
For the
is less than
, while we know that it is
also less than . Thus, the two contributions give us

which is (97). Combining both, we obtain (99).
B. Tree-Structured Coding
We shall now derive a compression result from the tree-structured approximation properties that we have introduced above.
Like the mixture approach in Section IV, the tree structure will
allow us to remove the logarithmic factor that was observed
in Section III, and to obtain a result in a rate-distortion sense
over the Besov classes and for the piecewise-stationary model.
More specifically, we shall construct a coder based on successive tree-structure approximation of our signal .
, whenWe shall build a coder that achieves
ever a similar rate is produced by nonlinear tree-structured ap, we operate the encoding in
proximation. For a given
three steps.
Step 1: Tree Analysis of the Signal: Define for
the trees
produced by one of the two algorithms. We then
.
define the “layers”
Step 2: Quantization of the Coefficients: We only encode the
coefficients with indexes in . We allocate bits for each co. The total number of bits for
efficient with index
quantizing these coefficients can thus be estimated as follows:
(105)

(102)
The summation in the first term (corresponding to ) should
such that
and
be divided into

The total distortion is controlled by the truncation error
and the quantization error. Since
,
we are using bits for each coefficient with index
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the contribution to this second error of every single coefficient
is less than . The global quantization error is thus estimated
.
by
Step 3: Quantization of the Trees: We also need to encode
,
, or, equivalently, the sets
. Clearly, a
the sets
of cardinality
can be encoded in
bits, since
tree
at each scale it is sufficient to put twice as many bits as the
, in
number of elements in the tree at the previous scale
or
order to indicate if an index is contained in the tree
. Consequently, the total number of bits needed to
not
can be estimated by
encode the sets
(106)
We shall now prove that the performance of this coder over
a deterministic class can be derived from the performance of
and such that
tree-structure coding: given
we consider a class such that
(107)
is the tree associated to the function and the pawhere
rameter .
From this estimate, we obtain that the quantization error is
, and so is the truncation error according to
estimated by
. Finally, according to (105) and
(86). We thus have
(106), the number of bits is bounded by

Summarizing, we have proved the following result.
is the distortion obtained by the
Proposition 10: If
previous coder applied on the function with bits at our disposal, we have
(108)
In particular, we can apply this result to the Besov classes
,
, according to Proposition 8. For
these classes, the exponent in (108) is actually optimal in the
sense that it achieves the theoretical entropy bounds (see [6]).
We can also rephrase this result for the PSM model, using
the estimate (98) in place of (107). More generally, we have the
following.
Proposition 11: Let

be a stochastic process such that
(109)

Then, the previous coder applied to

gives
(110)

where
bits.

is the mean-square error and

the average number of

Of course, according to Proposition 9, this applies to the
piecewise-stationary stochastic process.
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VI. GENERALIZATIONS, SHORTCOMINGS, AND CONCLUSION
This paper has analyzed the efficiency of coding certain
classes of random processes with wavelet-based strategies
derived from nonlinear approximation. We have shown that the
asymptotic coding efficiency of these algorithms parallel the
asymptotic approximation accuracy achieved by nonlinear approximation, i.e., the relation between distortion and number of
bits used in coding follows the same power law as the relationship between distortion and approximation order. This section
reviews and interprets these results and discusses their relation
to the design and performance of current state-of-the-art
algorithms for coding images.
We begin by remarking that most of the results in this paper,
although stated in the 1-D setting for the sake of simplicity,
have straightforward generalization to higher dimensions: the
relation between the order of smoothness and the decay rate of
linear/nonlinear approximation error changes (see Appendix),
but the same coding strategies, generalized naturally to higher
dimensions, allow us to derive similar asymptotic behavior for
compression and approximation algorithms.
For all the processes we have considered in our analysis,
smoothness of order guarantees that the magnitudes of the
wavelet coefficients, ordered in decreasing order, decay sufficiently fast to allow approximation error to be bounded by (13).
,
,
Although this decay is common to the spaces
, and the PSM model considered in various sections of
our analysis, these processes differ in the nature of rearrange, no such
ment required to uncover the desired decay. For
reordering is necessary, and linear approximation, analyzed in
Section III-A, achieves coding efficiency reflecting the underlying smoothness . However, for all the processes considered
later, linear approximation has very poor coding efficiency because, by coding coefficients in their natural order, it fails to
exploit the underlying decay properties of the process. All the
coding strategies studied in later sections exploit this underlying
decay rate by either explicitly or implicitly encoding some ordering information about the coefficients.
For the PSM defined at the end of Section II, the coefficients
are characterized explicitly as a mixture of two classes of coeffiin the mean
cients: smooth coefficients decaying like
. The idealized
square, and edge coefficients decaying like
coder analyzed in Section III-B explicitly encodes this classification by transmitting the number and location of edges. Though
this does not specify the exact ordering of coefficient magnitudes, it gives enough information to rearrange the coefficients
into a sequence satisfying the desired decay rate. Sound quantization strategies applied to this rearranged sequence achieves
rate-distortion performance reflecting the smoothness . The
practical coder developed in Section IV takes a more general
approach to classifying coefficients, not so explicitly tied to
the structure of the PSM model. Instead of assuming a specific structure created by edges, the practical coder provides addresses for assigning an arbitrary set of coefficients in each band
to one class (all others are assigned to a second class). While
this is a less efficient way to rearrange coefficients of the PSM
model, this more general coder still achieves the desired asymptotic rate-distortion performance.
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In Section IV-C, the same practical coder developed for the
PSM is applied to a process of bounded functions from the space
. Though such functions allow a very rich rearrangement of
coefficients, constrained only by the size of coefficients that can
be found in each band, it is shown that the general addressing
scheme of the practical coder, based on classifying coefficients
into two classes, allows it to achieve asymptotic rate-distortion
performance reflecting the underlying smoothness . (Note: the
factor reflects the highly unstructured rearrangeextra
ments that are needed to code this class of functions.)
Finally, Section V analyzes tree-structured techniques for
, with
.
coding processes of functions from
For this space of functions, (92) constrains the number of large
coefficients that can be found at scale , a constraint that did not
apply in the previous section. The tree-structured coder classiin Section V-B,
fies coefficient indexes into sets, denoted
whose structures are specified via a collection of embedded
, with
, the
trees. For any function from
can be viewed as specifying a reordering of the
sets
wavelet coefficients into a sequence with magnitudes bounded
. The tree-structured constraint allows the sets
by
bits. It is worth noting
to be encoded with very few
that these results use (92) to bound the number of large coefficients found at each scale , but do not assume any structure
for the location of large coefficients in any band. Thus, our
analysis does not exploit any tree-structures in the location of
coefficients, but rather shows that an arbitrary collection of
large coefficients satisfying (92) can be “covered” by a tree
with reasonable efficiency (i.e., the covering tree does not
include too many other coefficients). For processes, like the
PSM, for which spatial clustering causes large coefficients to
be aligned along tree-like structures, the tree-structured coder
offers even more coding advantages, but these advantages only
improve constants and do not change the asymptotic decay
characteristics of our analysis.
In relating our analysis to practical coding design issues, it is
important to recognize the limitations of using asymptotic performance results to characterize coding of real images. Difficulties arise due to several factors.
• Discretization: our analysis considers real-valued functions defined on a continuous domain. Real images are
represented as samples on a discrete grid, and taking on
).
integer values in a finite range (typically
• Spatial mixing: our analysis considers functions from a
single space of functions. Real images usually contain a
rich mixture of spatial regions, characterized with perhaps
many different smoothness parameters.
• Noise: even regions within real images that appear to be
well modeled by some function space are almost always
distorted by additive white noise.
Due to discretization, the original image can be specified losslessly with a finite number of bits describing a finite number of
wavelet scales. While this forces a trivial asymptotic behavior
after some high, but finite, number of bits (i.e., zero distortion
is reached), even at lower bit rates the finite number of nonzero
wavelet scales undermines the asymptotic performance of non-

linear approximation. It is well known that the rate-distortion
behavior for coding any given coefficient (or fixed set of coefficients) follows an exponential
decay (i.e.,
). As increases, coders allocate additional increments
of bits for two purposes: i) to refine the quantization of the current set of “significant” coefficients, and ii) to add new coefficients to the set of significant coefficients. (Note: the term “significant” was first used in [22] to refer to those coefficients that
are not automatically set to zero by the classification itself. In
this paper, significant coefficients would be all those assigned
addresses in Section IV, and all those contained in trees in Section V.) Since allocations of type i) produce exponential decay
, overall coding performance is dominated by the
in
decay resulting from allocations of type ii). The efficiency of
nonlinear approximation comes from its ability to address large
coefficients at both fine and coarse scales, allowing it to maximize the decay from type ii) allocations. If the original image
contains only a finite number of nonzero coefficients, at some
high enough bit rate all coefficients are classified as significant,
decay becomes exponential. The polynomial decay
and
predicted by our analysis will only be seen at bit rates
in
low enough that the number of significant coefficients is a small
fraction of the total number of coefficients.
For an image consisting of many regions drawn from different smoothness spaces, asymptotic performance is governed
by the lowest smoothness parameter. However, at any given ficurve are
nite number of bits, the characteristics of the
mostly influenced by the regions that receive the largest allocations of incremental increases in the total number of bits. Thus,
at moderate bit rates, all regions contribute to the decay of the
curve, with relative importance of the regions governed
by their energy and size.
Even ignoring discretization and mixture of regions, all real
images are subject to additive noise. Strictly speaking, the
asymptotic performance for coding a sum of signal plus noise
is dominated by the noise only (assuming the smoothness of the
noise is much less than that of the signal). However, if the noise
energy is much less than the signal energy (usually the case),
and if we consider coding performance at low to moderate bit
rates, it is clear that the large-signal coefficients are responsible
for the bit rate that is used, and the reduction in distortion.
Thus, rate-distortion decay at such bit rates is dominated by the
signal component and should reflect the signal smoothness. As
bit rate increases, we expect a transition in decay characteristics
to reflect the lower smoothness of the noise.
Combining all these factors, we conclude that the results of
our asymptotic analysis are not so much important for how they
predict very high bi trate performance, as for how they predict
decay as finite-bit-rate allocations are made to the colthe
lection of regions in each image. Roughly speaking, our analysis
suggests that ideal decay is achieved if some form of addressing
successfully identifies the largest coefficients in each region to
which bits should be allocated. It is reasonable to expect that
decay that fails to reflect the undera coder achieving
lying smoothness of each region is at a significant disadvantage
compared to one that achieves nearly ideal decay. This remark
must be qualified by the observation that the constants ignored
in our analysis also need to be considered. For a given coder, the
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constant is effected by how many bits are used for addressing,
how successfully the addressing finds the largest coefficients,
and how efficiently the coder encodes the coefficients that are
found. In today’s state-of-the-art image coders, these issues are
carefully balanced against each other to optimize coding efficiency. In the following paragraphs, we review several approaches used by today’s practical wavelet-based coders, highlighting the role of nonlinear approximation in each. Performance results for most of these coders are available on the Internet (see [25]).
The idea of using addressing to identify some subset of
“significant” coefficients is central to the contributions of the
Shapiro coder [22]. Significant coefficients with respect to a
threshold are those coefficients whose magnitudes exceed the
threshold, and the coder identifies tree-structured groups of
coefficients containing any significant coefficient. In order to
generate an embedded bit stream, significance is identified
at a diadically decreasing sequence of thresholds. Like the
coder of Section V, the number of bits used for coding the
significant coefficients is determined by the threshold at
which they become significant. Though many detailed issues
contribute to the good performance of the Shapiro coder, its
use of tree-structured encoding of significance is certainly a
major contributor, and the approach it uses is quite similar
to that studied in Section V. Later refinements of embedded
tree-structured approaches (e.g., the SPIHT algorithm of
[21]) improve upon the performance of the Shapiro coder
by putting probability models on the tree structures used to
classify significance, making it more efficient to code certain
structures of large coefficients than others. While these models
match well the clustering of edge coefficients in the PSM, such
refinements exploit structures that are completely ignored in
the Besov-space models of functions. In fact, a typical function
from any of the Besov spaces should be coded equally well
by the SPIHT or the Shapiro algorithm. The fact that SPIHT
shows a significant performance advantage coding natural
images suggests that, although Besov spaces accurately model
the scattering of significant coefficients through various scales
of the wavelet transform, they fail to model important elements
of structure in that scattering. SPIHT at least partially succeeds
in exploiting that structure.
The SFQ algorithm [27] is another coder using a tree-structured approach for addressing significant coefficients. Unlike
the two algorithms in the previous paragraph, the SFQ does not
use bit-level coding but codes significant coefficients with uniform scalar quantization and entropy coding, very much like
the approach of Section IV. Unlike Section IV, however, the addresses of the coefficients to be coded are encoded with a“significance map” that is constrained to have the structure of a
pruned tree. Coefficients in the significance map are coded, and
all others are set to zero. The SFQ uses an optimization procedure to prune the full tree of wavelet coefficients in order to
. The fact that SFQ is slightly more efficient
minimize
than SPIHT for coding natural images shows that the advantages
of tree-structured addressing can be realized with both bit-level
coders and more standard coefficient quantizers.
Several top performing wavelet-based algorithms are more
closely related to the coder of Section IV, using addressing
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mechanisms that are not tree-structured. In the SR (stack-run)
algorithm of [24], the significance map of each band is encoded
using a run-length algorithm (codes the length of runs of
insignificant coefficients), and then the significant coefficients
are entropy coded. Unlike the tree-structured algorithms, the SR
algorithm uses no interband dependencies, coding each scale
of the wavelet transform separately. The run-length coding can
be recognized as a more efficient way to address significant
coefficients than that used in Section IV. Instead of sending
the distance from the first coefficient (i.e., a standard address),
the run-lengths send the distance from the last significant
coefficient. Besides the fact that the addresses are smaller,
run-length coding, coupled with entropy coding, also partially
exploits the statistical clustering of the significant coefficients
in natural images.
Another coder related to the one in Section IV is the subband
coder of [14]. Initially, it is not clear how this coder is related to
nonlinear approximation. It applies a wavelet-like decomposition, and then codes all coefficients (i.e., no addressing is used)
in each band with a form of entropy coding. The key feature of
this coder is that two parameters are transmitted along with each
band of coefficients and used to match a generalized Gaussian
density (GGD) to the coefficients of the band. The GGD is given
by
(111)
where
(112)
The parameters and allow independent control of the standard deviation and shape of the distribution, and are computed to
best fit the coefficients in each band. Decreasing the value concentrates more probability near zero (e.g., for a Gaussian density
and for a Laplacian density
). For the processes
considered in our analysis, at increasingly fine scales the percentage of significant coefficients approaches zero, making the
parameter approach zero, and resulting in a large concentration of probability near zero. Using the probabilities from this
model, the coder in [14] uses a run-length code to identify runs
of the zero-valued coefficients, and codes the significant coefficients with another entropy coder. Since runs of zero symbols
are equivalent to addresses of nonzero symbols, we recognize
an implicit role for addressing in this coder. This is similar to
the coder of Section IV which, though initially developed with
explicit addresses, reduced at the end of Section IV-B to an algorithm that applied uniform scalar quantization and a suitably
designed entropy coder to all coefficients. It is not surprising to
note that the performance results reported in [14] are not as good
as other top wavelet-based coders. Though it exploits the structure of Besov space functions, this coder is based on a first-order
probability model of fine-scale coefficients, and it is thus unable to exploit any structure in the position of significant coefficients in these scales, i.e., the number of bits used to code a spatial cluster of significant coefficients is the same as the number
used to code the same coefficients scattered uniformly through
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the band. This shortcoming, shared by the coder of Section IV,
highlights a limitation of Besov-space modeling to images.
Two of the top performing image coders are also related to
the coder of Section IV, though they both incorporate very sophisticated quantization techniques unrelated to our analysis. In
the classification-based coder of [15], blocks of wavelet coefficients in each band are classified into four classes and coded
with quantizers and entropy coders optimized for each class.
Serving a similar role as addressing, the classification information is coded and transmitted as overhead. Block sizes are selected to optimize the tradeoff between overhead bits and classification accuracy. The classification itself is designed to optimize coding efficiency. Because this coder uses a variety of advanced modeling and quantization techniques, it is difficult to
draw clear conclusions about the importance of nonlinear approximation. However, classification of coefficients into four
classes allows more accurate reordering of the wavelet coefficients than the two-class mixture modeling of Section IV, and
this feature makes a significant contribution to its very good performance results.
The estimation–quantization (EQ) coder of [18] models the
coefficients at each scale of the wavelet transform as samples
from an uncorrelated Gaussian process with spatially varying
variance. The EQ decoder makes local estimates of the variance
field based on previously decoded neighboring coefficients, and
applies to each coefficient a quantizer and entropy code optimized for the local variance estimate. Although no explicit addressing information is coded, some small side-information is
sent to help improve the accuracy of the variance estimates.
This side-information and the estimates themselves play a similar role to addressing, since they effectively allow the coder to
reorder wavelet coefficients for the purpose of optimal quantization. It is clear that the EQ coder very aggressively exploits features of images modeled by the PSM but not by the Besov spaces
considered in our analysis. For a typical function from a Besov
space, it should not be possible to accurately estimate variances
of coefficients based on previously decoded neighboring coefficients. The very good coding performance of the EQ algorithm
is evidence of structure in the distribution of coefficient energy
within each wavelet band.
Because linear and nonlinear approximation methods are
often associated with classical transform-based and waveletbased coding algorithms, respectively, it is natural to ask how
our analytical results relate to the performance of standard
DCT-based image coding algorithms. The answer is not so
clear. While Section III-A shows linear approximation to be
very inefficient at coding the PSM model (the same would
be true for the Besov-space models), the coder modeled in
that analysis applies a global transform to the entire function,
unlike standard block transform-based image coders which
apply transforms to small blocks of pixels in the image. The
inefficiency of linear approximation comes from the spread of
localized energy (e.g., from impulses or edges) throughout all
the coefficients of the global transform. But, in standard coders
localized energy is at least confined to a finite number of block
coefficients. To make any statements about the asymptotic
efficiency of block-based transform coding, we would have to
extrapolate how such a coder would operate on increasingly
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fine-resolution images. If the spatial support (measured in the
continuous scene) is held constant as the resolution increases,
the block size (measured in pixels) would grow, and asymptotic
performance would reflect the inefficiency of linear approximation. On the other hand, if the block size (in pixels) stays
constant, localized energy would remain confined to a finite set
of coefficients. In this case, however, another layer of coding
issues arises in order to exploit the correlation among blocks,
and to efficiently address the high-energy blocks and large
coefficients within blocks. In fact, standard image and video
coding algorithms [16], [20] incorporate interblock prediction
to efficiently code the DC coefficient, and run-length coding to
efficiently address the large high-frequency coefficients. The
coder of [26] is a block transform-based coder that directly
applies techniques from nonlinear approximation to improve
efficiency. This coder defines a tree structure on the DCT
coefficients designed to efficiently address groups of coefficients corresponding to edges of various spatial orientation. By
efficiently addressing these commonly occurring collections of
significant coefficients, and by applying standard quantization
to the significant coefficients, significant performance improvements are achieved over standard algorithms. We conclude
that standard transform-based image coders fall somewhere in
between our analysis of linear and nonlinear approximation.
The block structure of the transform forces them to trade off
the efficiency of large, low-frequency basis functions against
the efficiency of localized, high-frequency basis coupled with
efficient addressing. However, for coding sample images
representing only a finite range of frequencies, experience
shows that reasonable tradeoffs can be reached, allowing block
transform-based coders to approach the performance of the best
wavelet-based coders. But to achieve such performance, even
these coders incorporate techniques motivated by nonlinear
approximation.
Last but not least, it is important to keep in mind the differences between typical Besov-space functions and images.
As mentioned earlier, general Besov-space functions have no
structure beyond certain decay properties of the wavelet coefficients whereas images contain many structures that imply much
more than these decay properties. It is clear that the further an
image-compression algorithm exploits the delineating properties of images, the better its performance will be. The results
and algorithms presented in this paper are valid (in an average or
worst case sense) for the general objects one would encounter in
Besov spaces mentioned in this paper. Our results should therefore not be viewed as the ultimate in image compression but
more as general guidelines relevant to a broader space which future successful image compression algorithms should be aware
of.
APPENDIX
A PRIMER ON BESOV SPACES
There exist many different ways of measuring the smoothness of a function . The most natural one is certainly the
such that
order of differentiability, i.e., the maximal index
is continuous. To this particular measure of
smoothness, we can associate a class of function spaces: if is
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an interval of , we denote by
the space of continuous
functions which have bounded and continuous derivatives, up
to the order . This space can be equipped with the norm

if
function
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for any

, whereas for an arbitrary

(A1)
for which it is a Banach space. That is, the space is a vector
is
space; the norm satisfies the triangle inequality;
; finally, all Cauchy sequences converge:
possible only if
for which
if we have a sequence with entries
can be made arbitrarily small simply by choosing
sufficiently large, then the
(and all their derivatives up to
(and
the th) converge uniformly to some function in
its derivatives).
, we deIn the case of a multivariate domain
to be the space of continuous functions which
fine
,
have bounded and continuous partial derivatives
. This space can also be equipped
with the norm
(A2)

might go to zero arbitrarily slowly as
tivates the definition of the Hölder space
consisting of those
such that

. This mo,
(A7)

, a natural definition of
is given by
and
,
. It is not difficult to
prove that this property can also be expressed as

If

(A8)
and
is the th-order finite-difference opwhere
erator defined recursively by
and
(for example
). When is not an inthat we have defined are also denoted
teger, the spaces
.
as

for which it is a Banach space.
In many instances, one is somehow interested in measuring smoothness in an average sense: for this purpose it
conis natural to introduce the Sobolev spaces
with partial derivatives
sisting of all functions
in
. Here is a fixed index in
.
up to order
if
and
(Recall that
.) This space is also a Banach space,
when equipped with the norm

The definition of “order of smoothness in ” for noninis more subject to arbitrary
teger and different from or
choices. Among others, one can find the following.

(A3)

(A9)

spaces coincides with the
Note that the norm (A2) for
norm.
All the above spaces share the common feature that the regularity index is an integer. In many applications, one is interested
in allowing fractional orders of smoothness, in order to describe
the regularity of a function in a more precise way. The question
thus arises of how to fill the gaps between integer smoothness
classes. There are at least two instances where such a generalization is very natural.
and when
• In the case of -Sobolev spaces
, we can define an equivalent norm based on the
Fourier transform, since by Parseval’s formula we have
(A4)
For a noninteger
as the set of all

, it is thus natural to define the space
functions such that
(A5)

• Sobolev spaces

) by

These spaces coincide with those defined by means of
(see [1] for a general treatFourier transform when
ment).
• Bessel-potential spaces
Fourier transform operator

defined by means of the
(A10)

These spaces coincide with the Sobolev spaces
when is an integer and
(see [23, p. 38]),
in order
but their definition by (A10) requires that
to apply the Fourier transform.
, involving an extra parameter that
• Besov spaces
we define later through finite differences. These spaces include most of those that we have listed so far as particular
cases. As we shall see, one of their main features is that
they can be exactly characterized by multiresolution approximation error, as well as by the size properties of the
wavelet coefficients.
We define the th-order

modulus of smoothness of

by
(A11)

is finite.
• In the case of

defined (if

spaces, we note that

where
(A6)
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(A11) thus expresses that we measure the “size” of
in the
-norm, where we restrict to
to ensure that all the
occurring in the computation of
still
arguments
,
, the Besov space
consists
live in . For
such that
of those functions
(A12)
Here, is an integer strictly larger than . A natural norm for
such a space is given by
(A13)
Note that this expression a priori depends on the choice of .
one
However, it can be shown that for two values
, the condition (A12) simply
obtains equivalent norms. If
means that
for
For
, the decay condition on
is slightly stronger,
be
since we require that the sequence
also represents “ order of smoothsummable. The space
ness measured in ”; the parameter allows a finer tuning on
if
—
the degree of smoothness—one has
but plays a minor role in comparison to since clearly
if

• For fixed (and arbitrary in the case of Besov spaces,
see (A14)), the spaces get larger as decreases.
• In the case where is a bounded domain, for fixed (and
fixed in the case of Besov spaces), the spaces get larger
if
.
as decreases, since
A less trivial type of embedding is known as Sobolev embedding. In the case of Sobolev spaces, it states that
(A15)

and
is an
except in the case where
.
integer, for which one needs to assume
function has also
For example, in the univariate case, any
smoothness. In the case of Besov spaces, the embedding
relation is given by
if

(A17)
or to
(A18)
If we have at our disposal a -dimensional wavelet basis to char, then we can
acterize the details
use the equivalence

at each level to prove a third equivalent norm in terms of the
wavelet coefficients
(A19)

(A14)

regardless of the values of and . Roughly speaking, smoothis expressed here by the fact that, for large
ness of order in
goes to like
as
.
enough,
when is not an integer. It can also
Clearly,
. These
be proved that when is not an integer,
spaces are different from one another for integer values of ,
in which case
for all values of
except when
(see [23, p. 38]).
Sobolev, Besov, and Bessel-potential spaces satisfy two
simple embedding relations.

if

continuous functions. If
, then there exists
such
; applying first (A14) and then (A16) we find
that
, so all functions in
that
are continuous. Therefore, only
with
can contain
discontinuous functions.
As mentioned earlier, Besov spaces can also be characterized
denotes the
by approximation properties. More precisely, if
, under certain
projection of onto the space
assumptions that we shall discuss later, the Besov norm
is equivalent to

(A16)

and
.
with no restrictions on the indexes
The proof of these embeddings can be found in [1] for Sobolev
spaces and in [23] for Besov spaces.
As an exercise, let us see how these embeddings can be used
can contain disto derive the range of such that

(for notational simplicity, we incorporate in (A19) the coarse
).
scale approximation coefficients of in the set
These equivalences mean that the modulus of smoothness
in the definition of
can be replaced either
or by
. The equivalence of (A17) or
by
follows whenever the spaces
(A18) to the Besov norm
satisfy the following two assumptions.
must satisfy an approximation property that takes
• The
the form of a direct estimate
(A20)
Such an estimate ensures that a smooth function has a fast
rate of approximation.
• They must also satisfy smoothness properties that take the
form of an inverse estimate
if
(A21)
Such an estimate takes into account the smoothness of the
spaces : it ensures that a function that is approximated
at a sufficiently fast rate by these spaces should also have
some smoothness.
One can show that the direct estimate is satisfied if and only
can be written as combinaif all polynomials up to order
tions of functions in , or equivalently (in the wavelet case) if
the wavelets have vanishing moments. On the other hand, the
inverse estimate requires that the scaling function that generates is smooth, more precisely that (and, therefore, also all
. Note that the direct estimate immethe wavelets) is in
. A more refined
diately implies that (A17) is less than
mechanism, using the inverse estimate (as well as some discrete
Hardy inequalities) is used to prove the full equivalence between
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, (A17), and (A18). We refer to [5, Ch. III] for a detailed
proof of these results.
These equivalences show that the distortion rate
can be achieved by a linear multiscale approximation
process, if and only if the function has roughly “ derivatives
that we used in
in ,” a generalization of the result for
Section II-A.
An instance of a nonlinear approximation result was addressed in Section II-A (see (13) and Proposition 3), in the
. Here also a more
case where the error is measured in
general result, proved in [9], holds in the case where the error
. In that case, it is natural to
is measured in ,
define
(A22)

is the set of indexes corresponding to the
where
largest contributions in the
metric of the wavelet expansion
and
of , i.e.,
if
and
. The result of DeVore,
is achieved
Jawerth, and Popov is that
where
.
for functions
Note that this relation between and corresponds to a critinto . In particical case of the Sobolev embedding of
is not contained in
for any
, so that no
ular,
decay rate can be achieved by a linear approximation process
. (For some functions in
for all the functions in the space
, which happen to also lie in spaces for which an independent linear approximation theorem can be written, it is of course
possible to get a linear approximation rate; the point here is that
this is possible only via such additional information.)
Note also that for large values of , the parameter given
is smaller than . In such a situation, the
by
is not a Banach space any more and (A13) is only a
space
quasi-norm (it fails to satisfy the triangle inequality
). However, this space is still contained in
(by a
Sobolev-type embedding) and its characterization by means of
wavelets coefficients according to (A19) still holds. Letting go
to zero as goes to infinity allows the presence of singularities
even when is large: for example, a
in the functions of
on an interval except at a finite
function which is piecewise
number of isolated points of discontinuities belongs to all
for
and
. This is a particular instance where
a nonlinear approximation process will perform substantially
better than a linear projection.
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