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Overview: I am dedicated to research in applied mathematics. I received my Ph.D. in 2013 under guidance
of Sorin Mitran at UNC. While at UNC I also worked with Greg Forest and Laura Miller. After my Ph.D.
I took a postdoctoral fellowship at Duke University as part of the mathematical-biology research group;
the group is lead by Michael Reed and I have most closely worked with Anita Layton and Jian-Guo Liu.
In general, my primary mathematical focus is the development of analytical and computational methods
and models for problems arising in biology, physiology, and engineering; in this context, I have worked on
projects related to mathematical biology, surface catalysis, and molecular dynamics. Whenever possible,
I seek analytical or semi-analytical solutions of model problems that reveal fundamental scaling behavior
of the system of interest. I then use those results in the design of numerical algorithms and as a guide to
explore more complex behavior in regimes where the idealized model assumptions break down.

Past: At the University of North Carolina, I worked with Professor Laura Miller on the locomotion of
jelly fish; my numerical experiments were compared directly with experimental data. I also worked on the
virtual lung project with Greg Forest, Tim Elston, Rob Tarran and Brian Button, and thoroughly explored
and tested a model on volume regulation of liquid in the lung against experiments. For my thesis, I ex-
amined non-periodic molecular boundary techniques for molecular dynamic simulations and have developed
fast parameter fitting approaches along with mean field boundary conditions. I have demonstrated that
the mean field approach is capable of accurately describing observables extracted from non-periodic systems
when compared with traditional periodic systems.

Present: Currently I am developing a model with Anita Layton and Jian-Guo Liu at Duke University
with the aim of falsifying the hypothesis that peristaltic contractions in the kidney can regulate the molarity
of urine; the role of peristalsis as a concentrating mechanism is still unresolved by experiments and this is
why we have begun to attack this problem with mathematical models. I suggested an examination of the
problem of Stokes flow through permeable tubes to my collaborators Anita Layton and Jian-Guo Liu, as
before this solution was only known up to an asymptotic approximation in the limit of small permeability.
I determined a solution to this problem by proving a proposition that was needed to demonstrate that a
particular ansatz leads to a solution. I have independently developed another analytic result that determines
a flow profile undergoing peristaltic contractions. I then have coupled this result with a model for material
extraction within the reservoir, and have demonstrated the existence of optimal reservoir conditions that
maximize the rate of material extortion.

In addition my mathematical biological pursuits, I am working with Guang Linn at Purdue and Sorin
Mitran, my thesis advisor. Guang introduced me to problems in catalysis and surface reactions, and in this
class of problems I developed a generalized and hierarchical mean field theory for the corresponding master
equation to determine the system dynamics. With help from Sorin I generalized my original code base for
computational verifications, and together we demonstrated the efficacy of this new method. We are currently
analyzing techniques to reduce the dimensionality of each model so that this technique may compete with
the current popular algorithmic framework of kinetic Monte Carlo simulation. We have serval promising
preliminary results.
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Plan: My immediate plan for the future is to (i) continue to develop a filtration model for nutrient distri-
bution and filtration with applications to renal physiology and other physiological nutrient/waste transport
problems (ii) to develop theory and software on reaction networks which related to both to surface catalysis
and well mixed biological networks. The former project will involve adding physical complexities to the
underlying model such as electrostatic effects due to ions that would be model by the Poisson-Nernst-Planck
equation, the effect of osmotic pressures across membranes, and additionally more nuanced models for passive
transport channels across membranes. Ultimately, this work has the potential to shed light on how pumping
can aid in nutrient transport during biological transport, and is thus not limited to merely the kidney, but
extends to other physiological problems including insect respiration and sea-squirt blood flow. In addition
to its biological relevance, there are a number of fascinating fundamental fluid flow problems arising from
this work.

For the latter project, I would like to develop mathematical theory on the reduction and approximation
of large dimensional reaction networks. In addition to the mathematical interest I would like to collaborate
with computer scientists in order to build tools for scientists to hypothesis test proposed reaction networks.
My plan would be to work closely with experimentalists to gain feedback on what tools and features they
need when model building. One immediate application of this work would be in the virtual lung project
at the University of North Carolina, where there are multiple competing models describing the epithelial
cell layers, and yet no studies comparing these models against one another. In order to use these models
as predictive tools, it would be useful to develop a tool that can quickly develop a test suite of models to
distinguish their accuracy, and to use these accuracy results to determine more accurate model predictions.

1. Details on planned projects

To conclude I provide a few details along with references to current progress on the ‘present’ projects
discussed above.

1.1. Transmembrane material flux across permeable channels. There have been two primary exper-
imental studies on the role of peristalsis in renal filtration that appear to contradict one another [14,15]; one
paper [14] claims that it is solely the length of the papilla which is essential for maximizing the concentration
of waste products in urine, while the other [15] claims that without peristalsis, the molarity of urine will
greatly reduced. To resolve this conflict, I have begun work on a mathematical model of peristalsis in order
to investigate the parameter regimes in which enhanced material filtration may be observed. I have begun
to study this problem by finding the fully analytic solution of a simplified model given as

p(−L,±r(t)) = P−L, p(L,±r(t)) = PL

∇p = µ∆~u, ∇ · ~u = 0,

u(x,±r(t)) = 0,

v(x,±r(t)) = ±[κ(p(x,±r(t))− pres) + ṙ(t)],

ṗres = −γpres + αj(t, pres)

where p is the pressure field; u, v are the axial and cross sectional velocity fields, respectively; P±L are the
pressure boundary conditions at x = ±L, respectively with y = ±r(t); r(t) is the half channel width as a
function of time (uniform in space); pres is the (uniform in space) pressure in the region of space exterior
to the channel, considered to be some reservoir of fluid, γ is the rate of extraction or metabolism, j is the
material flux entering or leaving the reservoir across the channel, and α is a constant of proportionality
relating the volume flux to the rate of change of pressure within the reservoir (see figure 1). I have presented
these results in [6, 7].

We note that due to the linearity of the Stokes equations we may seek to find a superposition of solutions
driven by the pressure and driven by the wall motion. We determine solutions to each of these problems
(see [7] and [6], resp.). With the fluid flow resolved we turn to examine the average rate that material is
metabolized in the reservoir. We find the general trend that material extraction increases with pumping
amplitude and frequency, however that it may be optimized over the parameter α. See reference [6] for more
details. The existence of an optimal parameter for material extraction may have important consequences for
biological investigations and for micro filtering designs. To continue this work, I am investigating the effects
of (i) adding a passive scalar that is free to diffuse in the medium and generate flow across the boundary
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Figure 1. A schematic of the physical set up. The channel walls are moving toward each
in the direction of the arrows and the pressure is fixed at the corner positions. The pressure
exterior to the channel is uniform.

due to osmotic gradients along with (ii) investigating a phase field model that represents the percentage of
oxygen at each point in the channel. The first extension represents a model for renal physiology, whereas
the second represents a model for insect respiration.
Corresponding manuscripts:

(1) G. J. Herschlag, J.-G. Liu, and A. T. Layton. An exact solution for stokes flow in a channel with
arbitrarily large wall permeability. SIAM J. Appl. Math., 75:2246-2267, 2015.

(2) G. J. Herschlag, J.-G. Liu, and A. T. Layton. Optimal reservoir conditions for fluid extraction
through periodically driven permeable walls in the viscous limit. Submitted to Phys. of Fluids and
on the arXiv at http://arxiv.org/abs/1511.01469.

1.2. Generalized kinetic equations (with Sorin Mitran and Guang Lin). Historically, surface reac-
tion problems were solved using phenomenological kinetic models that assume surface occupancy to be well
mixed (see for example [5, 12]). With the introduction of faster computers, kinetic Monte Carlo algorithms
have proven to be an effective means to handle longer range spatial correlations. These algorithms provide
a stochastic representation of the probability distribution function of the surface that evolves according to a
corresponding master equation (see for example [10,13,16,18]) given as

(1)
dP (Si)

dt
=
∑
j

AjiP (Sj)−AijP (Si),

where A is the state transition matrix and P (Sj) is the probability of the surface being in state Sj . This
system is an |S|M×N dimensional system where |S| is the cardinality of the set of surface states, M and N
are the number of sites along two lattice directions and are typically considered in the infinite limit. With
appropriate assumptions on the surface, such as local translational invariance, we have developed a mean
field approximation to the master equation that approximates the infinite dimensional system with a finite
dimensional system [8].

The primary idea of this work is to examine a reduced state space of the system states (denoted Sj)
by considering a connected collection of sites contained within the system. The next step is to track the
dynamics of the probability distribution on the subspace. Such a reduction is possible due to the assumption
of translational invariance. In the current study we take the reduced space to be m × n rectangular ‘tiles’
that cover the surface. The probability distribution over any given tile is considered, and because we have
equivalence up to translation, we only need to consider finitely many tiles. We determine the effect of
reactions affecting both the interior and exterior of a given tile via closures that arise from classical maximal
entropy assumptions. Such a closure provides a mean field closure for the transition matrix found in the
master equation. A 1 × 1 tiling corresponds directly to the traditional phenomenological kinetic model;
subsequent larger tilings give new systems that take into account longer spatial correlations. Thus we have
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Figure 2. Surface oxidation of carbon monoxide (CO) on RuO2 with parameters and
structure taken from [16]. Partial pressure of oxygen is fixed at 1atm and the system
temperature is assumed to be 600K. Predicted steady states for a phenomenological kinetic
(1× 1 tiling; a phenomenological kinetic model) and 2× 1 tiling are plotted as a function of
the partial pressure of CO in units of atm, and compared to results from KMC simulations.

deemed this technique a hierarchy of generalized kinetic equations. The resulting set of equations is given as

dPξ(si)

dt
=

|S|mn∑
j=1

(
ãjiPξ(sj)− ãijPξ(si)

)

+

|S|mn∑
j=1

∑
rξ(σj)

ā
rξ(σj)
ji Pξ(sj)P (rξ(σj)|ξ(sj), {Pξ′}ξ′∈Ξ)

−
|S|mn∑
j=1

∑
rξ(σi)

ā
rξ(σi)
ij Pξ(si)P (rξ(σi)|ξ(si), {Pξ′}ξ′∈Ξ),(2)

where ã and ārξ(σ) are mean field approximations of particular elements to a decomposition of the transition
matrix A, s represents the state of a tile ξ, and the set Ξ represents all possible tile types up to translation.
For more details see [8].

On several systems we have verified the improvement of the growing hierarchy when compared to results
from kinetic Monte Carlo simulations, including a realistic example taken from reference [16]. Lower elements
in the hierarchy of models are significantly faster than kinetic Monte Carlo (KMC) results (by factors
between 103 and 105), and the hope is that we can achieve accurate results while maintaining a significant
computational speed-up when compared to KMC simulations. Nevertheless, even in cases where the model
has not converged to the true dynamics of the master equation, the new hierarchy displays dynamics much
closer to the true dynamics of the master equation predicted by KMC algorithms. For example, although
the system dynamics presented in figure 2 (below) have not yet converged for a simple tiling scheme, the
dynamics that take into account nearest neighbor correlations are far more accurate than those that do not.
The improvement in accuracy when considering larger tilings allows for a potentially powerful improvement
in using the hierarchy to find a localized region in which it is valuable to employ KMC simulations by
determining transition regions and avoiding the work of finding where these regions are located. Such an
algorithm already has the promise of greatly reduce computational costs.

The framework is new and leads to many interesting mathematic, algorithmic, and applied questions.
In the mathematical category, we can ask if we can make statements about a rate of convergence within
the hierarchy. Algorithmically, we can ask if we can use a multi scale approach to refine the assumption of
maximal entropy closure in order to construct more realistic moment closures. In terms of application, we
can investigate whether or not this framework will work on random graphs with known statistics, as well as
whether or not such algorithms may be used to refine other well mixed models, e.g. SIR models. I find all
of these questions interesting and plan to develop the ideas listed above.
Corresponding manuscript:
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(1) G. J. Herschlag, S. Mitran, and G. Lin. A consistent hierarchy of generalized kinetic equation ap-
proximations to the chemical master equation applied to surface catalysis. Journal of Computational
Physics, 142:234703, 2015.

1.3. Parameter fitting non-periodic boundary conditions in molecular dynamics (with Sorin
Mitran). Molecular dynamic simulations allow for finer and more accurate representations of physical
systems, but sacrifice computational efficiency. A great deal of work has gone into building efficient algorithms
for these systems. Approaches have included solving the systems with mean field potential models rather
than ab initio methods, using course graining methods, multipole methods and more. Typically continuum
models effectively model bulk properties of molecular systems assumed to be locally equilibrated. In problems
that involve localized sites out of equilibrium (e.g. interfacial growth, crystal defects or cracks, and locally
heated regions), constitutive closure laws are often used to approximate the mean behavior of molecular
dynamics. In closing these constitutive laws, however, one may use molecular systems to extract coefficients
that may depend on parameters such as the curvature of the interface and its orientation. Existing methods
(e.g. [2, 3, 9]) utilize a common framework of periodic boundary conditions. These boundary conditions,
however, have been shown to introduce unphysical artifacts within simulations, such as wave propagation
of momentum [17]. To avoid these issues we may instead seek to develop non-periodic techniques to resolve
molecular systems. Such a framework has advantages in that it allows one to zoom in on regions of interest
such as a curved interface, thus avoiding the use tessellating grids required by the enforcement of periodic
boundaries, as is done in [20].

To tackle this issue of non-periodic boundary conditions for molecular systems, the generalized Langevin
equation is widely thought to provide an accurate model for non-periodic boundary conditions. However this
only provides a functional form and not a closure for the system. In practice, classical Langevin dynamics
or assumed approximations of generalized Langevin equations are employed to resolve molecular dynamics
of particles near the boundary. Despite these applications parameter fitting in both cases is either difficult
or done in an ad hoc manner [1, 4, 11, 19, 21]. I have developed on the fly methods that sample molecular
systems, independent of phase, over a relatively short period of time. These methods are able to parameter
fit classical Langevin dynamics on the fly.

These methods use the idea that the interactions in the molecular system can be replaced and modeled
by a stochastic system given as

dPt = kBT∂x log(φ(Xt))dt− Ptdt+
√

2γmkBTdWt,(3)

dXt =
1

m
Ptdt,(4)

where P is the momentum, X the position, γ the frictional coefficient, and φ is the stationary configurational
probability distribution function and is approximated as a Gaussian. We then directly solve the corresponding
Fokker-Plank equation given as

∂f(x, p, t)

∂t
=

∂

∂p

[
(α2x+ p)f(x, p, t)

]
− ∂

∂x
pf(x, p, t) +

∂2

∂p2
f(x, p, t),(5)

and use the solution either for maximum likelihood estimation or to extract moments which are then used
to fit the data. I have shown that for two dimensional Argon particles this model fits the momentum
autocorrelation function and the mean squared displacement with high fidelity in the solid phase, and is
very similar to existing dissipative particle dynamics in the liquid phase. I have also used this solution to
establish stochastic boundary conditions and demonstrated that these models are able to reproduced several
benchmark tests whereas other reasonable closures for boundary conditions do not. Currently I am writing
a manuscript on these results.
Corresponding manuscript:

(1) G.Herschlag, S. Mitran. Non-periodic stochastic boundary conditions; from crystal to melt. In
preparation
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