‘i' Math 501 Fall 2023
Alﬂel:)(q{g Stenctures T

Tue / Thu [3:35 - 1440
Pk\/s{cs 35

Office Hours: Tuye IY:90- |¢:00
Thy M:Ho- |00

SaFeJr)/: * know where +he exits are

* know +he Froceo{ures ‘por variou$ emérjencies, e,.g_ * fommJo
* five
* active shooter

Policies - COvereol on Tue = fair game Por H\A/ due Thu

. col[qunaJrion/acao(emic [ﬂonesjry
— Yes on HW

- l\]o on exams

Tndex cards

. Ezva Miller

2 he /hiwm

3, yy* Smole

4. Major : Math | Music
5. What you hope to geb out of this course

6. The wost {MFor‘l”oM' %émﬂ you've learned about how 7/00\ leairn

7. Hobbieg: Frisbee, garc[en{nj, PL‘O%T“FL“/"“
g. Somc‘Hqinﬁ uni%ue OLDOUHL yourselp L\oto{ breatls -pér ‘4 w'quu

SCRRLSE ot haud

“I’w\ ‘FTOM MA" +°u L\/ o!c(*“or IW l/m!’?;-fq I was jam +a p(fe a‘erLl'@,(

o radioactie T set o a Geicer Zowsder l\mm acrge room

“IlW\ "CTOM HI_ r&Mar!(QUZ ‘)\’ke %CCI'O(QVW' w;*ﬂ‘ow) :lv/:jmﬁ/

but Tm allergic +o pineapple !




G\rou\ES
M: A %rocAE 1< @ Se# G ‘,\/H'L\ o binoury oFero\‘]'foh

GxG — G
(a,b) — ob or axb, er a+L, or ab, or uxh, or aob, or ...
that
* is associative: (ab)e =a(be) for all whee G
. )r\ag an identity e with Qg=3€=a ‘For‘ all 36@
-hos an inverse map G—->G with %"=e Lor all gEG.
Note: al>=L>a not re%u[rco{ 8 d
G is obelian I GxG — G i commudatve:  ab=ba for all a,be G
Eq (IR +) (IR\fe} -) Co(R™> IR +)
C ’ C : Fun S—>AJ+ A:a“ OLLeln;?tV\ ou J
< ° ( ) y group
Z pd

mx n wgtcices wlx i watrices hoh-abelian: {AélEaﬂ o/e'!/{—’i}
with any of -l-he;e,%ﬁ withdng of +he;e.7})' L1 To |
Coe{—\picien < cacff\ 1Cients e\g_ [O l} ) |:| o}
\I\/L\\/ 4roups ?
P\Es'}rac‘f' ‘\'L1€ nation D'P S\gmmell)('-

" this oferaJricm leaves the b ure Iook;nj the (same)ag i+ did before”

wws o get 0\0 o‘oera‘l'ions with comFosi‘r}on: }F £ Pives $isuce

(symmetries)
and 5 " "
G GxG— G
then ‘F°j and 30‘{3 a’o, too
Com\)i\/\a‘l'orl'u: a!{sa-eJre _gvame‘l'riQS &.3, Plo&om;c Soliolf Iinear +rans4fwvm+fom ,
s Md‘h"m
G€°M€+ﬂ/7 continuous SyvvxmeJrr}eS 8\3- rotations O'P SF"\ere 3f\/eh by vnalr iceg groups

Ty (e D ¢, - D

c]rc|e x(‘,ir‘c|e, = tovus L\as “homoloj\/ﬂroufu Ix7
CumFu+er Sclence: e.q. whal’s the fastest way o sorta bigt ™

> Fermu‘ta\‘fioﬂ jroqu, Jrran5f705i+'|on5,__.




: A Lield s an abelian group (F,+) with
additive identity 0eF such that
« F'= F\ {0} is an obelan Group (F ) and
wultiplication - disteibudes over addition + + o (bec) = arb+ac.
E.q. IE, (lll:,@) ]F;a:{o,l}) )E:{-I,O, l%, F],:{O)J),.,Jp-l} -For FeZ Pr(me
), (i) Z?  What is Z\{o}?
Nate: Ma% 2 wocks verbatim with any Fin place of R,

€>(<e]f)+ £0V' ho-\—lo\/],( cﬁ Qmﬁ'H,\ (kqjle) o(’o(Qr (a<l>)
lonV\eSS (+0Tb|cj\/3
Eg QL&) ={arbd labe@) Te it o Pield?
Def: A subgroup of a group G is a subset HE G that is

. closeJ uno(er comlposf+ion : a,b € H = aE 4 H

netation: H<G
-closeo{ umier fnversion: ael = ale H

Lemma: H< G is a group with same identity as G.
Pt A;socia\ﬂvﬁy is for free: (ab)e=a(be) in H because it is so in G.
wersion = ala =e eH. O
Eg QMR]< € closed under+ and ~ because it is o @-veclor subcpace
* becouse (atbB)(c+d 2] = (aceabd) + (ad+b )iz

A l _ | . a-bld _ @
(-)" betause a+bld  at+bfd a-bla 7 af*‘—;uf oo ;u,nJ—

%; j(’_nera’ [ineﬂ\rjfoulp GLnF = {Aan=n|a’e+A 2 O} _ (ann)*

GL C Q:Es (Z ) ') o jroU\P?

GL, H\J \I\/ha‘\’ i-p o{e+;éo?

/ aL, @\
Exercise: H,, H, < G S How do >
= H,ﬂ|~|a< G, we know? ////
[AR™|AAT=T and deth =1} = SO, R
|n1[\in}+e//'
//-F/fnié




2
']
=

A germﬁd ion of a set X S a Eijec'h'on mi X=X, The S))'V'me'{'fic 9roup is

|
Eq [ 1 3 Y S ={ utations of ... "}2{
=4 ( n = |perm 3o
l I I I ) d ‘ € SL‘ Sy -
3 0 4 2 | P not obvious!
| mm\gellm /
N=R: /7 O;IP - {ro+a+ioh$ around O a\na( linear re“ecf’fons}
o\lﬁ{ian \\\\ /
\53?:5&%/
/| ,F J B C:b\ro{fnall.‘l'
cyclic aro ”190 order)m 4 —
m(-\anc / { rotations o-r reju{ar m~jon}
/ ‘?MI“’E {Symmg+r[65 o'r wm - mel/'eel}
% o g
\ :3: a“ v\owa\oelfav; Ozlp = {ru+a+ioh5 qroumo{ O ano( linear re'Fl€L+f'onS}
\ / Platonic go|id5
R o B &
{/YD"'&"'NV)S o'r Pla+onic SoII'AS }
/
rnpm""d
‘Flmh

Eq (C,+) >(fR,+) >(@,+) >(Z,+) > (dZ +)
2.9, AL = even in+ejer5
all abelian , afl infinite
C*>R'> Q> 7% 4l abelian
infinite | Finite

m




Mnigueness

Videnfity:For aeG fixed, go=a = g=¢ because (ga)o'= glac") = ge = ¢ and aol =e.

* moreg jcﬂerally? OFerd+hn in G is cancellative: oab=ac = b=c

a-l, dl-

“inverses: ab =e = b=g
'brqd(e‘f’ing: Q" Gy, well o{b?ined, indePeno(enJr of \:racl(e’r{ng
P! Tnduction on n. n = albd) = (ab)c by def

nxy: Show every bmckeerj e%uo\ls (( ((o105)65) Yo, ),

albo) - L«)()

99

(ab)c
S rewrife as JeﬁreJJ by induction. O
Q. (aa,) = ?
Def: 0" = a0 for nelN (s0o a®=¢) and o" = &0

Lemma: o5 = oo’ for rseZ. O
Warning: *Darit write 7 .
- (ab)" # "B i gereral
Subgcoups 207
Q HsZ = H="
Propi H=dZ for some deZ.
P H={o} = d=0 V

Assume IHI > 1. Pick deH with 4#0 and |J|- WLOG d >0

Claim: H=dZ. Pf: - dZ cH: deH = d+ J+ +J H
N *HedZ: Given meH, it m-zo{w with 0 ¢r<d-1.
W A e 4 Then qeH = r = m - g ¢ H

= r=0 U

Eq YZ+6Z = (y,6> 7
\

subﬁr enerq+eJ Ev anJ A




Cor:

The odder of o is |al = [<a)l. = {““

= smallest subgroup containing 1 and

= fali+p6 ] g7},
But 4,67 # () and (4,6 #<6); {4,6)=7
For abeZ, {o,b) = {ged(a,b)).
PL:{ab) = {dw(;l; | o(,@eZ} =dZ by Prop.

= 0{|a ond o’|[a

Bu+ 5! = o(DH’(SlD ‘For some o(,ﬁez)

so 0(I|a ond o'/|[a = oll|(om+(gb) =,J O
D_e#: In a jroulJ G, the clyc|r'c Sul:jrau,lo 3€nem‘|’eo( 1:7/ acG is {a)= {POWers o-p a]

neZ},

EoTn G=0F, a=3 = (D =1.,%,%1339.]

I

Eq

Prop

Pf:

a=e = |a|:?‘

lal = oo.

| 2 3 4 5
Ta G = 55—1 a= (|3"|)(35) s cxcle notodion for | ] I 11 J )
'-[p.'s’ 5
|a| =7 o d @& & o N a

e a (43) (A8) (134) (43)(as) e

{neZ|q“=e} < Z, so t s JZ -For Some, o{é|N.

'0(=0 & |al = oo,

o{ >0 & |a|:CJ & o{ is the smallest \DoshLive infejer with d=e.

15« sulajrouP?

Wl,ﬂES = am+n - aman —ee =@ = M+H€S_

meS§ = a"™

Now a"=qr & "

-N

T e me > wes

=e
S wm-n EJZ
'o(=01 S wm=n /
-o(>0: = {a) = {e,o\,a*,._.,ed-'}
o
oll Ais-l—ihc‘]'
and QJZE. O

]



HOW\DMO(FWSMS

D_C"F‘ A wap .G — G of groups is a ° homovnor[)ln{swx d Plab) =49(a)¥(b) VabeG

. ;gomorphism il also 9 s EiJ'ec'Hve)- writt G = &

Bl or G=G’
| GLE S Y et(AB) = detA dtB
0.R {21}
S = 121
2. Fix PeGLF. Then GLF =5 GLF  conjugation by P chonge of basis
A = PAP" (similarity) P(AB)P" = (PAPT)(PBP)

3. Con = M jro“P <01>:€___Jg:)‘)a_',€) a’ali"'} Iq' =%

=S 7 5 Cp Qmen) == = Qm)9(n)
l — a

Cf =<w= {e,a,..., o."H} 6yclic of ordec 4 = 4 - sur-jec')'{ve lﬂDMDmorFL\{SM
1 = a

4. ¢ FT— GLF
OH[, q} Plash) =P  F = Field /

F=77

o |

5 Q" 5Q" homomorthism € linear
Exercise: Prove theve is o group \rww\omorPlnism R" — R™ that isnt linear- !
Lewma: G=¢' = 1G] =1Gl.
If ¢G5 G +hen lal =1¥06) Yacg, O

M: AYI iSOMor‘P»\ESm G2 G s an ami‘omorgh{sm of G.

. _ . o .
E%_. (.OY\J\lAja"'IOH lD\II a€G is on aufomorphism: o +— 909

Ea Aot Cg =7
Ce = <oy ={e,a,a% 0% %, 0% of, a7}
oders: 34§29 4 8
¢:Cg — (4 determined by €lo) since @(o") =¥(a)" VneZ

lal =8 = [P € {a, o, o ).




Lemwo: G abelian = Gﬁ G $a l,ww\ow\orrlu'sm.
3= 9
‘?n(%l!l) = (%Jr\‘)ﬂ = gnth = w(j)*(}l) O

Lemma = LQ(q) =q" L)ow\ow\orr‘m'sm Y ne {\,3,5,7}.

p¢

“—

Prop T¢ G % G is o homomorphism then
i) Yle)=e' and ¢(a) =4la)" YVaeb.
) md = {900 | aeq) and
kerd = {acG |9 =€} are subgroups.
() ker @ is a normal Sulvjrouf= ackerd and geG = jag"le ker ¢

/\

(i0) surJ"echive S mY = G/.

CIOSBJ unoler (_onjuﬁa{“ov\ lD)l G ™

Y ihjecﬂve & ker! ={9}.
P G) Plaa!) = 9la)Y(a) a=e = Qle)=dle) = e =Yl

[) o’ = 9a) and b'=9() = wV=Wﬂwm=www// ]

J
(o) = Q) '= Wah, /

e and e = P(ob) = Pa)P(b) = e e /S

() aeker? = Ya)=e = Wgag“) = L(’(ta)@’“?(ta")

= Yol 9(6) =e’ V/
(iv) SU\FJ. / % g

Pla) # Pb) & (a)9(H)" # e’
& Ya)eE) =9(ak’) £ e
This is true ¥V a#b Freciscly when
Yob')=¢e’ & ab'=e  VYabeG

e 9d=¢ o c=¢ VYceG. O



Equivalence relations @
0 ¢ ” .
Fix o set S : '

L partifion of S S = U(S, ) with S #8 and $nSj =@ Yi#

Eq 1 -f,334,5% = {is}ofa,slufu} 3. {1,3,54,51 — {[3],[a],[4]]
+ Z = {evenshv fodds} 7 - {3,1)
evens — o
g eqouiValence celation ~ on §: ‘For Sowie f)ou'r; a,h 65) a~b. odds — 1

Must be + veflexive : an~ a

°s¥\mmejrr|'g: a~b = b~a

* Yransitive: o~ b aml b~e = an~c

3 #Ebers of o map S %, T . the fiber over te 1 is (Ph](f) = {5€S| (HS) = t}.

s — |zl = Tfibers:

Eo R*>R? )
=9 (xy2) (xy) = fibers:
(all ver+ical lines)

E__jz. a

3=1:§ :tur 07 (] Ot £ S because ¢ is surjechva
¢

t#t = ¢ WaYt) = B B

1 =a: Par“l’iﬁon S :'UISi ws  a~b & a,l) € same block -
1€

A=3: Siven ~ oh 5, let T = {chuiwxlewce C!as’ses}

¢:S - T .
§ = I:S:I D'H'}QY' notations : S N CS
Gehe"‘q‘ %'g» G jr‘oMP O\’\'ID ?‘p %ag'] = l: “For some 366 conjuSacy c[asses

a~va: a = ege

a~vb = b~ai a= 3"19

Ole ano{ f)Nc, = a~C: “Lk-l: cC = (Aﬂ)d\(ﬂ\g)_| = A(gag_l)l\-' = AB‘!\-I = C. /

check



5—3— G=S5, = e, (12), (13}, (23), {113),(13.2)} conJ'_ugacy classes
(NE) | ()

-
Par+iTion op S ky cycle +7Pe.l 3¢ _eVZ

(1)(23) °
(13) ()

(133) (lns)ua)(
(132) (ra){1

Remack: Can use S — T not surjective, but must omit emply fibers from partition and ~
General e.g. 9: G—= G N=kee? ¥a)=Y(h) & e=¢a)"¥b) = ¢a'b)
& bealV E{an|nen]
Cogets
Fix subgroup H< G
Def: A left coset of H (in G) is a subset of G having the form aH for some aeG.

Weite b=o (b is congruent +o a) if beaH (ie. b=ah for someheH)

Prop: The left cosels of H partition G. .
Ptia=ae ond eeH  (a=a)

b=ah = 0\=‘3l}; (a=b = b=a)

boah ad cobl o c=obhy. O
Cor: aHobH#g © aH=bH O
Def: G/H = {cosets of H in G}, so

G —> G/H has fibers aH for acG.
Eg Avcther way to see S

e () 03 (13 0a3) (123)

1 X Yool UMy B

11
Ss=(x,A3|x =1, y*=1, x/yx=xjpad+> i]
\\/ '\Senera‘l'or‘s N relotions
H={ = {1} .

= {y, 4] $;/H
X%H = {XAJ, anx}
Eo G=7 H=2Z G/ =17/27 -1{az,1+27} = {5, 1)

evens OJ 0{5

H=3Z G/H =7/37 = 37,137,257} = {5,1,3}



Def: The index of a subgroup H< G is [G:H]=la/Hl
Prop: All cosets of H have the same size.
Consequently, |G| = |H| [6:H].
P#: oaH — bH }
bijection
g bo\"g
by g
Both sides are oo unless [G:H] = r < oo, in which case
Gl=laH v UlaH
Cor [Lagrange's Thl: He G and G Finite = [GI|IHI
Cori aeG = lal|lGl,
PE: lal =Kol <G O
Cori |Gl = p prime = G =Cp is oclic of arder p.
Pk Pick geG with g #e. Then |<3| =] or p.
gte = |<3|=P = G=(yp. O
Prop: @: G — G’ homomorphism =
1G] = lker |- im .
P fim € > nonewmpty Fibers of ¢}
G/Hl For H = ket
Modular arithmetic

Mt I:o‘r a,b,ﬂeZ, a = [3 (wmrx n) i-{i a—ben/

a+nl =b+nl
a=b inZ/l
Lemma: [Z:nZ] = n
P Division with remainder: m = qn +r with o¢vrgn-I,
Q. Z hos +, x; what about Z/nZ ?
Prop: a,bneZ = a+b = a+b
=ob are well defined n Z/MZ.

ol

and =




E%_. n=a 1/112{5,_1}

evens odds
Larmiliar rules: even + even = even even-even = even
odd +odd = even odd-odd = odd
even + odd = odd even-odd = even
Es n=lo: last digit of 2179 +83¢=? F+¢=15=5
2079 x%36 =7 Qx¢ =54 =4

54; “lock arithmetic”

E%_. We_gkolqys: What olay o~p the wee[< wi” SeP+emEer ("f, 2024 be 7
T[nu = 5 (wmrx 7) 65 = (:’ (wmrx 7)

Thu +368 = 5+/ = £ = B¢

sfeee s

St
Pf Need a-a’enZ -
= a+b = o0+B8. But (a+b)-(0+K) =(a-a)-(b-F) enZ. /

b-b’e nll
ob = oB. But ab-aB = ab- aB+ak-ab
= a“:—B)+(O.—0f)E O
m mn
nll nll
Note: 7 has + associative commutative with inverses 7 - T
rin
x ossociative (commutative) distributive over + ring ‘rmnnovmr?‘nism

O. Zwi*="7 When s w iwvertible? © am=1 (mod n) for some aeZ

A. & ame 1+n/

am = 1— bn § and beZ

=4
S am+bn=1
S

q jcd(m,n) = 1.

Q_. music ‘|‘\neory =/

Z/2Z =1{cC,c®D,p¥, g8l  w =+, b=-1 s0 A*=8" on notes

N
d

rd = 3 = weans US'OLAVIJS like”

, octave + 3

cirde of Fifths: Z/10Z = <7) since ged(7,12) = 1.

octave = unison
cT.

)b #
on |<ey signatures: up one ffth = +7= 4 , down one Fifth = =7 =’ ...,BE F,C,a4,D,..




erps of small order G

G| abelian nonabelian
1 {e}
2 1/27
3 7/31
—d | ZMZ, 7,71/ ANV
5 1/57
4 1/67, L/27~T]3T S
7 Z/77
8 | Z/aZ, NIz (227 | TR D, Qq Cquoternons)

%M; The Produd‘ GxG = { (?ag’) 756 and jle G/} 15 a group under cornfaonen‘fwi;e cDmFosf-Hon

(‘jr,?nl)(gl,%;) = (ﬂ'%l)%(?ﬁ) HovvxovmorPL\l-SMS: GIE{&(\G’ i/;\l %/
G cojections G — GxG (e.q)
§o e

Eq. |Gl=6 nonabelian: abeG ob# ba |g|e{.‘l,3} '.Fj;ee
G = {2yt el = 12122, o G has an element of order 2.
But o=b'=@hY=e = obab=¢ = ab=ba, so G has on element of order 3.
May as well assume |a| = 2 and |b] =3, since then ab=ba = G=7/67.
Then G={1,a,b,6" ab,bal = S, via a—(3) and bs(1a3).

Ex: aba = 7

Quotient groups
Q When is 6/H a groap? _with G—=6/H a homoworphisia ?
Thm: © H is a worma Subgroup, written H< G
Pt = Prop, p.(1: c56/H = Hzker¥ 26,
< (H)(bH] is supposed to be a left coset of H where
ABRS(G = AB={ab]| ach and beBl.

A A A I



Lemma: H= G =>3H=Hg \/ieG.
PE: gH = {gh | heH]
{ﬂ(ﬂ"kaw heH}  cince ¢'Hg = H
“’ZH‘EH}
Hg. O

Now compute (aH)(bH) = (a(HbIH) = (@ (bHIH) = abHH = abH.

Exercise: Let G be a 3roo(P qna( S a set with a wiap §5x§—S.
(s,t) = st

Tf 9:G > S with Plab)=4(a)¥(b) Vabe G
then S is a group.
Ex = S=06/H proves Thm, O
Co

N<G6 & 3 homomorle'SM ¢.G - G WH'L\ ker ¢ = /\/

-+

r
Pt =: Prop, p.
«: G'=G6/N. O
Eg nZ<Z7 oL =kerZ>Co)  ZhL=C,
General: What if G5 6" with N=lker ¢?
Ts there a relation between G and G/N?
Ficst Tsomorphiom Theorem: G—> 6 = G/N -G

Pt Essen‘HaHy the Ex. O
=~ [R*
ég_' G = Cc* +

N:Sl = {ZE(E||Z|=1}
G/N =" cosets Q O = Q

lz]l=4/2 |z|l=Va |z|=2/3
How its used: . G/ker? = im¥

a. If GiG' 1S any homovnor[)lnfsrvx and N2G with N<lker ?

then ¢ ino!uu’.s a homow\orPL\me G/N — G




Group actions
General PrihciPle: Aut (aﬂ\/-l'h('nﬂ)

=G fou
R Syvﬂme+rie5 (qny-l-ll,mj) 1549 P
%,:X—>X = g9 XX
a xeX = gxgx
X— X 3’@7:5)( lxex

Def: A qroup action (or otgerad'ion) of G on a set S is a wap

GxS—S SafiS‘Fyinj (1) 1s=35
(%J 5) = %S . : o
(1) ‘a(gf) - (ﬁg)s Vg)g’eé ano{ SES

Termino[oj\/: S s a G-set with a left action (rier action §xXG— 5)
(s,g) = 59

Eq 1 S=F" G=GL.F
SL.F 0,.F

N/

S0.F
A ngh Sz{l,...,n}

3 S= Poin+5 m HQM G= TISiJ motions or tvanslations
lines, plaves, ...

1 S = O Fo'yjm” G=(,ycl]c,,o!f|r\edra|,

4>@@ A S A

S¢ 5,%C,
5 S=C G=C,={lr} roo= &

6. S=7/0Z G=Cq=Audt(Z/107)

Noi‘a‘Hon: )\g'- S—S |e£4 mul'ﬂp[ica‘l’iom Ey g Q. >\,o /\3—\ =7 A >\1 = id\g

§ 7 a¢
7T S=F" c%a =GL.F  left actions  ),(6) =ac  X;(s) = sq7
right actions  p,(s) = s pyls) = g's
Det: et G act on S, The orbit of s¢§ is § = {gs|géG} = Gs.
Eqgl G=S0,R S=R X Go = SO;R
0, Gy=ides Y x#0




. (9i = {|>--->“} D\nly one orl:if: tvansitive action

3§ | G=rigid metions | G = translations
points | transitive Transitive
lives transitive |G ={l'< I 4} porallel dass of {
planes Zsra:n?nges " G, = {translations paralle| 1o {}
y fixes { ag a set but maybe not pointwise

5 0, ={«,3) if «¢R G, = {1}
9= {o) i «¢R b= (1)
Lemma: The orbits of G on S Par‘HJrion S.

&F: Weite s~ f s’=%s ‘For‘ Some ﬁeG Show its an eiuivﬂemce re\a‘hon, O

Note: G acts Trangitively on each orbit,
Def: The stabilizer of seS s G, = {gEG|gs=s} < G.

Lemma: gs = hs & a"]ns =s © qheg,. O

(1} G, = {e} Vs
{ u) 3. G, [‘rramslahons Par‘a“el to {)

_}i @—SOERJRVX;eo 52

General: bigger orbit & smaller stabilizer

Lemmo: H<G = G acts transitively on G/H vie g aH = gaH
PE: (bo')aH = bH, O

Q. Guy =7

Note: heH = hH=H, but h doesnt act +rivially on H.

Exg. G =D; = symmeteies

 Glenins e

= {‘/ ‘a}
(gt = / \
G/H = { = C,
A A 3 \ Cf_\cs
{x,'x'\d}= C, t & 1




hﬁ‘- Gats n X & G —>5X 15 a L\DMaW\othfSM,

17N
where Xg'- X — X
X — %X. O

Eg Dy — S, = permutations(Ds/H)

kernel = 7 image = P
Q since g Cp =0 Vi=133 = gH=H
= geH;
bty Cy = Cy, oy f ker(Dy—=5). [ Thus ker = {1

g =
5,55,
Prop: Fix a G-set X and xeX with stabilizer G, and orbit G,

Theve is a V)a+urml E(}'ec‘How G/H - (Ox

aH = ax
T+ satisfies (3C) = o%(C) for g4¢G and CeG/H.

Pf: Need aH=bH = ax =bx. But aH=bH & d'beH
S a'bx = x

Y is surjective by c% &  bx = ax.
.

wjective by
Loose ends 1. G <TIsom(R) fite = G=C, or D,.
Need reG reflection = G=D,. P H={rotations in Gl <G
= H=Cy for some n
= G 2 HurH =D.
But ZEG reflection = r"g retation
= ge rH. O
L. h‘o_r Let GCX. Fix xeX and x’¢ 0, say X' = ax.
Then {%EG ‘ 9 =x} = a6, ad G, = aGa’

w1 N

Xsx! Xesx ¥y, O




Coun’l’iﬂg
Recall: 1G] = [HI'l6/HI.  Let GCX.
Coc: |G| = |Gx|'|f9x| for xeX.

P J6l = HI[G:H] with H =G, plus bijection G/H — ¢, O
Lemma: [X| =2 10|,

orbits @
PE X i Farﬂﬂoheo‘ la)( s orbits. O

E_-:}- G = 0rieh+0\+iov\—Freservinj }sow\eJrries o'P fCOSQL\ealr‘on I

1L Q [G="7?

A. Ever)/ %GG s o rotation about certroid of T

' Gl 0-C+5 on F = {'g:o\ces o‘p I} | et 'FEF

&, = IFI =7
G, =7 = 1G] = 320 = 60
© G acts on Y = {vertices of I} Let wel/.
O, = V] =7
Gl =7 = |G| = 512 = 60.
2. Q. How many eclges does T have?
A G acts on E = {edges of T} Let ecE.
Gl = 1El =7 30 because G achs transitively 2
G = 7 s lal =27 =60
3 V= 1Ivl=1=

O
H =G, = stablizer of v for some (any) vel
I

610 = stabilizer of £ for some (any) feF = [0=3+3+3+3

Prop: H,K <G = [HiHK] < [G:K].
PP Let X =6/K. Then GCX St x=1KeX
He =72
[H:Hek] = 10,] < IXI = le/kl = [G:K]. O




Fl N “"8 V‘O‘I'Q"'(-OV] Srou\l:)s

T hm: E\/ery finite GSSO3 (s one of

y Ck cycli( group of ro+a+ion5 Ey QWW\A aboudt a -Fixea( line for me [

) :Dk dihedral =5)/mvme‘lrfes D~F @>“’J‘

\
T Symwmdries of 4> tetrahedral group Tl = X
- 0 5)/mme4rfes of @ octahedral group 0] = a4
- T Symw:ewlries 0~F @ icosahedral group IT| = 60

Pi: Set n=16G1. 1#366 = g Fixes un(%uc line [

= * " " Pair of points in unit SPlné’re 53
e D5y 4y

G acts on P:#L%G Poles(fa)? P is a ro|e of 9 and ae@
= ap is o pole of agd’

[Pl =72 Dunno. Dot care, exactly.

Consider the multiset M = { poles(y) | qeG and ¢ # L1,

M= d(n-1) = 2n-2

How mony  fimes does peP oppear in M7

By def, |GF| -1, Set p = |G'F|' Then

Ml = 2n-2 = > (rp- 1),
pep [
L1

Ky rotation about 0 = .S[Jtm([)).

Note: GP = CrP is ﬂenercﬁ'etl by
q; = since l#gEGP if PEPoles(g).
L et (0” (0_1)__. be the orbits of G in P.
Set m; = |(9i|.

("P Ml n

Observe: p = Vpr = %\ whenever P) F’e@i since |GP|‘|(9P| = |Gl

= -2 = 2 w\i(ri—l)

1

=2 -% = Z (l —%) famous formula

i i

= #orbits < 3




#orbits = : A -

= v + 71' But riSh since ry|n

= = =n

= 10| = 10, = 1
S>P=1{tp) = G=G,=Cn.
#orbits =3 : % = %‘ + %1 + — 1. Assume NSRSy

v
3 {
Then v, =2, else Z? <
Case L: ry=vr=2 and vn=r=2
Case &: >3
1,%:73 = n=4dn and |<93|:«1
= 0, = {J_rP} and Gp = Cy, about [ = S{er([)).
Every aeG {ixes r-qon in .

IGl=2r = G =D

Lvr= (5" rABL{:>j+—}1P+%3—1<o+
>3 h=3ad 26 = 7 +3 +7 —1<0 —*
(3,3,3) %Z%Jf%*%”:%ﬂ =%=>n:19\
= re )(2,3y4) n= 2y
(2,3,5) n=60
Eq (1,35): 9 = I

Let Fe<93 ch c{)e L a Pole nearest to P
GPO(QQ omcl |GP|:5 = GF% = vertices o~F a re,ju[ar Pen‘f’a on

= #{Po‘es nearest +o P]I =5k for some b
Show k =1 and conclude that the |(03| = |a Pen+ajoﬂs Lorm dodecahedron

= (03 = vertices of icosahedron. O




Ca,yle;/’s Thm: Every Finite group s iSoW\ov—PL}c to a subjroufn of S, for some n.
&C‘- Let n=1G|. G C G L)’ lef4 muH'iF\{ca‘l'ion.
6xG—> G = G- 5,
(%) = gx 9= (g 1% gx)
gx =X = g = 1

= action s Farthful: ker ¥ = {1} d

E—‘j' conjujaﬁovw GxG— G

(g,x) = gxq"
stabilizer Gy = 7 ker(G—>SG) = 7
= {jeG‘ gx = xg} Def: +he center Z(6)
= cenfralizer Z(x) of xeG. = {xeG | x commutes witl, all %GG}

Note: xe Z(x).
Class E%ua+ibﬂi Gl = > |Cl.

con J uj

c'lms"] M - each Jiv{oles |Gl since |G| = |Gx|~|(9x| for xe X l’}’ Cor, P

- at least one is 1
Eo G=S Ci. Cuy  Cus  Cowea  Coumg
t (3)=0 (i) = (5) = 7( 249~ {the rest)
(‘L_éT_J)
H=1+6+%+3 +6¢
Observation: x¢ Z(0) & Z(x)=G & lconjugacy class of x| is [fa]
Def: G is p-group for prime p L 1G] = P for some e > 1
Propi G 0 prgrewp = Z(6)#{L].
Pf: P| [ Conjugacy classes C except these of size . Thus
F=1Gl=1+2> |Cl

clagses
VA T
p dividesf but nof = PD = IC| = 1

{or some C?é Cl' O




Cor: P prme = every group of order P> s abelian.

PE: |1Z(@) > p. x4 Z(G) = Z(x) 2 {x}vZ(6) Better pf: Midterm 1, #3

Cor

= |Z(x) = p+

= |Z(x) = Pl

= x commutes with, cvery‘Hning
= xeZ(G) . O

3|G|:P:‘1 = GgCP‘ OrCPXCF'

Pf: |x|=Pa1corsome xeG |x|=PVxeG_ O

M" |G| =§ = 5 FoSSi[)i[i'l'iBS

Gl =16 = M Fossibi[?ries

The icosahedral group

Def
E.q

v G s simple iF s only normal subjroups ave 1} # G.
CP (s sr‘W\[)le.

Thw: is siwnple.

Ei Lemma: N2G = N & a (ofisjoinﬂ union of conjujqc.)/ classes.

(=}
<\

B

&F: xeN = %xg']eN VgeG O
Lewma = IN| = 2 ICl.  Class eZn- for T2 60=1+15 + 20 + 12 + 1

classes C
of G contoined

in N
and no subsum COW+GfWﬂ1 divides 60. O
' A5 =T i simF|e.

v L acks on 5 cubes

= T b Se. ker? # T since moves at least one cube,
-

= ker ¢ = {1} B}/ Thw since ker® 2T

5T < S
[2(;:‘:;12] = 2. sign: Sg > {2} ker signp < L
induces T — {={}. =T by Thm, since index is { or 2
= Sés kerc(osijw) =71 = ker(sijv\\ = Ac l>7 def. O




x | Ty | # copies <T
Class egn for T+ 60 ={+I5+20+ 1A +11  foce | 3

20/3 = 10« a| conjuja+e, since

| | H 6dﬂ€e 4 30/-'L = 15— T actke +ransi+iv€[)/ on
vertex 5 ‘1/@\= 6 = faces, eo!jr;s, and vertices

1 | 1 Om‘{‘if:oolql Fairs

2| =15 oll T, conjugate=> 15

) = (,L[ = «l"l Simi\qr‘y, Iv= {1,%,%3,%3,{'} = ;H =(|2 +]Q = h’vh:
But {+I5+20+2a4 =60, so that’s all.

Q\/\/lqy isnt this the class e%w?

A 3yt 6o

Actions on  subsets

GCX = GC‘&X={SuEse+5 of X}

UeX = %u = {gu wuell} came size as U
> 6C () = {uex|ul=d)
Eq G = octahedeal group € () = GCX = {vertices of (]
|(§>| =(.§) =13 pairs of vertices

3 orbits: @) = pairs of vertices on an eo{ge # =2
NS " a face o'iaﬂoha] # =6 =|Q
£, = ! body diagonal  # = 82 =4 28 = 2+1+Y

No+e Qﬂain-' ju =U = 3 Permmﬂ'es U: not ju =u but Z“C_M
Lemma: T+ HCX and WS X then H stabilizes U (Hy=H) © U is a unjon of H-orbits,
P H stabilizes U & Huec U Yueld O
hﬁ: Let GCG by left multiplication. Then Gyl | Ul
E: Set H= Gu. Lemma = | = U H- orbits,

= [Ul=> 10l = kIHI. O

H-orbits ¢
Cor: ged(IULIGH =1 = Gy ={1h
BE: G [ 1G] and 16G,/|Iul. O

31 21004=20 "I " =20520)or 10+10. But T,={L kT = h=%T rolation around pole [f)
= K= ! PO\&(“F)

]



EJJ GCG l:y COV\jMSCK‘HOV’)- H<sG = Gy is the normalizer
NgH) = {geG | gHg'=H)

#SubgrouPS Con')uﬂcd'e to H

?

[G:N(H)].

Notes: - H < Ne[H) and NH) maximal with this property.
*Ng(H) =G & H=G,

The Sylow theorems

Fix group G and prime p with |G| = pm and PJ(W\. Assume € = 1.
First Sylow Thm: G has a suhﬂrouP of order Pe. Sly[ow lp—sukgroup

@‘- G has an &l(’,v\/\eﬂ‘{’ o-c oro{c;r P
H; Let H Be a Sylow P—sulajroup omol | # 8&H
I%I = Pr for some r<e = |%"H| =P O

Second Sylow thm: Let K<G with P||K| and H<G a Sy[ow P—sukgroup.

Then (gHg")"K is a Sylow p-subgroup of K for some geG.
Cor: 1. K<G is o p-group = K< some Sylow p-subgroup of G.
2. Al Sylow p-subgroups of G are conjugate.
PE:1. Pick H as in Sylow 2. Then K< gHg" by def.
But gHg" is a Sylow p-subgroup of G.
2. Pact L+ K=gHg' if [K] =IgHg"l. O
Third Sylow Thim: Let s = #Sylow p-subgroups of G, where |Gl = ¢°m.

Then s|m and s =1 (mod p).
Eq IGl =15 = G = (g n=15=235
p=3, m=5: s|s and s =1 (mod 3).
sefl,5) = $=1 = S)/[ow 3- subgroup H<g
P=5, m=3: s[3 ad s=1(madS). = S=1 = Sylow 5-subgroup K < G
HW =2 = G abelian
= G =(xC = (.




Semidirect Produc:l-s
Note: ke <G and H2G = khk'eH
‘nHLL\E is an au+0morPL\ism LP_&'- H—-H

D_eF'. Fix a 'nowlownorPhiSM |< - Au'l' H. The semidirect Proo‘vl('.‘[' of H anaf K is
k= q

Hx K= (HxK, -) with (hk)- (W E) = (h4W), &E)
The point: bk = @) = hkW4 = h hWERA

Lenma: H< HxK and khk' = () Ve and heH. O
Es lGl=al p=7, m=3 = S|3 and s=1(mod7) = s=1
= Sylow 7-subgroup H < G
P=3, m=7 = 5|7 ad s=1(med3) = s={1,7}
= Sylow 3-subgroup K might be norwal in G or ndt
KaG = G=CxC=2Cy as m Gl =15 case.
KA4G = G not abelian, but skl Hok={1} = [HKl = [Hl Ikl = 7-3 = 2] = |Gl

= G=HK. H<G = G =HxK, but for which ¥:K = AutH ?
h— 4

H = {l,\n,h;:.._)he}. Aut H = CG = LF_;i:)c — x* for qe{.l,%} since LP_QZ(MS = L\Q3=‘n
= Lh\kq _ ha or L\L{ .13 :7+1) ng = 63"‘1
But rhese }/(eH isomorphic semidiect Prooluds under b — 42,
LGl = al = G = Cy or G=(,xC,
Pr‘oo{zs D‘F HIC S,ylow +L1MS

sewlu[a: P Frim¢,|G|=n=Pevn) FJ(W" e = |
Sylow1: 3 H <G with [H] = Fe‘

_ [aln=0- a-k) e {n- 1)

Lemma: r+ (}2‘) - Fe(re_|).__(‘)e_k)...1 '

P{: Given 1<k < Fe—l, weite k = [)‘t! with PJ{I T hen

k= ” ) 4\( eﬁem_ﬂ) n- e—qu_
Pz—kjf—ﬁ - ;“(;*—f) E > ooy (2 - o[ gL} _ 0 @

ewxnrcll=jidex

SNT T w+ ¢

m aC_MMIN



PE of Sylow 1: G C' (3] = union of orbits @
= 101 # 0 (mod p) for some @ Let Ue 0.
Then G- 101 =[Gl =pem = p¢[ 1G],
But 16yl | Ul = p¢ by Prop p0. St H=G,. O
Sylow 2: Fix K < G with p| Kl Sylow p-subgroup H < G = Sylow p-subgroup (gHg")ak.
DE: GCX = G/H IXI=m #0(mod p) = 3 K-orbit @ with p}10l,
xe ) = x:%H for some geG. G, =7
Ky = (gHg"1~K
[K:(gHgakT = [K:K, I = 101 prime %o F.} . KI/llgHg K] has o p
[gHg'l = p* = (gHg")oK is a p-group. (gHgaKI s all b (p- group)
= (gHg")aK <K is a Sylow p-subgroup. O
Sylow 3: #Sylow p-subgroups of G divides m and =1 (p).
PE: GCX transitive by Cor & of Sylow
= IXI=[G:N] For N = Ng(H), where HeX is arbitrary.
HeN = [eN]|GH] =m. /
HCX. Q. When does H stabilize H'e X7
A, o hHW' = H ¥ heH
& H < Ng(H).
But H'aNg(H) is a normal Sylow p-subgroup of Ng(H')
Since H < Ng(H), it is also a Sylow p-subgroup.
Thas H=H' since all Sylow p-subgroups are conjugate (Cor 2 of Sylow ).
Conclusion: H € X with only one orbit of size 1, and
o[ 101 ¥ other orbits @ # {H}
S IXl =1(p). O




Groups of order [
Fix * o group G with |Gl =12
* H<G a Sylow A-subgroup [H|=?
K <G a Sylow 3-subgroup [K|=?
Sylow3 = H has conjugates |3 and =1(2)
K has conjugates ‘Lf and = 1(3)
He=Cy or H= CyxC,
Lemma: H<G or K< G or both.
PE: K 4G = Y conjugates of K
= 8 elements of order 2 in G
= U elements vemajn.
Since H has no elements of order 3,
H = G \{elements of order 3}.
H<G since same is true of gHg O
Lemma = G = HxK if both are normal
HxK i K46
KxH if H46
+ HxK: G = CyxC, or 6= CxC,xC,
© HXK: GCX = {conjugates of K} by conjugation

XI=4 = G — S,
X = {K,. Ky}
ker (G = Sy) = Ng(K)o--~ No(Ky)
¢ .,
Ne(Ki) = 1G¢| = |G|/|(9Ki| = 1/ = 3
= No(Ki) = K,
> NNl = [1]
= G= S,




But G has § elements of order 3 in S,

= every permutation in G is even
> G=Ay sine IA] = I
Note: H = Cy%xC, is forced
K H:Let K= {1y,
Aut K =Cy = {idy, 4 =4}
Case 1: rj = Cy = 3! nontrivial H— Aut K

{1,,%% 2%} x =y oy
e idy
G =(xy|x! =1, 4 =1, xyx! = Aa';‘),

Case d: H = Cy xC;

H—>Au‘|' K nontrivial = 3! ueH with Uiy >y
u#1

(u) = ker 5 choose this to be Cj
C, = Aut K

= G = (KNCQ)XCJ
Ci commutes with K

S, xC,
D, [Mi#100].

IR

IR

Conclusion: #(groups of order 13) = 5.




Free grougs
Thm: Fix a set X. There is o free group F oon X with the -Fo“owinj universal Fr‘olp&r"';l:

for omy ﬂrouf) G, maPs(X_)G) = Hom(F, G)

Totaition: Fis 3enera+t’,¢i loy X WH-L\ "o velations”

Def: A word on X of length n is an element we X" eq- X={a,.,2} w=aardvark

o0

W = U X" g the free semigroup  on X v = vw aardvark: 5)/Zyj}/ = maro(\/st)/zyjy

n=0

K= {ct xexd  X'= X0 X Set Y = 2 for xle X

Def: The ev:{,uimlence velation ~ on W' = free semigroup on X’ is the transitive closure of

vew f v o= \ﬂ%l&hl% and w = vy for some %EX'. determined Ey

weW' is reduced i o string wu' appears in w .
Lemma: w ~, for some reduced w;. O eg boffa’c'ca = babblalg'sa
Peop: v reduces to unique veduced w, by a sequence of cancellations.  bo o7’ bo bBd

PE: Tnduct on length {lar) oo bo B’
) =0 = w=1 (emply word) is veduced. ba
llw) > 0 Ascume w w2, # w0 starts ;%" [

Suffices: w we w = wwy w W, Since a(rcaofy Wwg

Th w,, x or x' wust 9 * Roth Simu|+aneou5|y: may as well do +hem first.

“Ope Pipst = of // oy e //

= same as it had been canceled fivst O :
Cor: W, in Lemma s umizﬂtm, and W mwe W, . ”
, . AN -
Pf v~y = J,JVC\_‘ [Hv{\ I,Jv\‘-‘\_‘ and may as well agsume w; veduced V i < since W, W
wo W, poo3. [

/

Rut then = Y1 cmol W, = Wy |~’J>I Pro?. O w
Pro‘g: v and wew! = vw~viw

PL: rw ws Vo e Vollly v (Vollla )y me Vols 4om VoW 4w v/’ O
M: F = \I\/7~ s @ group. O /Cm
Pf of Thm: Gien £ X =G and w= Xt(""’)f:le\l\/’) define ¥:Fx— G l:;y

Q) = ‘F(xfl"ﬂc(’)f ) Then w~w' = Plw) =@(w’) since G is a group-

¢ is a homovwor‘:HSM [)y construction, O



Generotors and relations

Notes: * XS G generating set & Fx=> G, .
+Xc G = im(F—G6)=<{X>< G

Def: TF (XD =G then ker (Fc = G) = N < Fy consists of the velafions on X.

So N = {equivalence classes of words on X' whose product in G is 1.

Eg S:=G 2 X= {00,305 V=128, wyuyey, xgbx, xg'x", )

Def: Tf G=(X) then RS W'is a seb of delining relations if

ker(Fx_»G) is  the smallest novrmal SUlev-()LAF of F; Con‘l'aimimj R.
Notes: +R vxee::( not jenerq+e . \/\/lny? Fx_»G jrou[) huvwownor‘:h;sm =N < Fx avm( G = F—X/N
* Fy has non-nor-mal subﬂmuPs it IX] =2 since 3 G:<x)ﬁj>> H with H ﬂ G. e.g((l&)) S 53
Y

_>G’

M (Un'n/erSal PV‘oFe_r'l'y O.F %uo+ien+ jfouPS)i
FiXNSanJC:G/Nwi+’!117;G—>G .

a '—>QN.

D=—5050

Y. G5 G and N <ker? = G — G with Y=Y

Pf: Exercise, (1)
Eq Dn ={x, 4 {nj relations: D,, = Fraus N [ ]

Pf. % = votation l:))l LT/
X"=|) Ada=1) qv\d (Xlla)a:1 ||

1y = {any) reflection
Dy = (x,,;) = Fry kR Da Surjech'lve.
ker ¥ < Fr
kery 2

K = ker ¥ =N
= F{w,g}/N 5, D
Need: @ injective. Enough: Fees /N| < 201,
Ex: Using R, every word in x*',«f‘ can be put into the form .
iyl with 16{0,_n-1} and je {o,13. O
Q. Given RS Fy and wwe X, is v=w in (X|R)?

A. word Prol:]em: 3 o o\\joriﬂnm with bounded +ime comP’dXH‘)’!

X

Q <X|X%X"n3" for x,yeX) =7 free abelian group on X = 7.



Sim})“CH-y o'c An
Thwm: An IS s'an[e 'I‘F n=5
Pf: Iwoluc%ovw on n.

n=5 Ag=T is simple by Cor p.
Assume n=6. Let H2A,
Set Gy = Gy (1), s G = A, <A, simple Vi=1.,n
{# wel with wi)=1 = [HoG| =1
= H=G; since H2A,
But cehn = oGy = Gy
= H=G Vj, again since H < A,
Every pe An is a Froafutd- of an even # of +ransPosi+ions

_ 4 " Some # of \oairs of +ra\nSFOSiJri0hS

Hence <Gu, .G = Ao o H= A,
So assume wli)#1 YV weH\{} ond VY ie{1,. . n}

Then mi)=ml) = ==, m H because

SuFPose ™ has o =3-cycle (a0, 0,,..) in its cyt]e o{ecomFosiﬂow.
Fix oeAn with ola)=q,
aY\Ol 0"(0«1\:0\2

but o{a,)#ds Fossilale because n=5" (a; ay ag).

Then 7t = oo™ has the =3-cycle (a, a; olap ) in its cycle decomposition.

(*) ’ﬂ"(a,) = 'T\‘(Q() = Q, = ’W4 H) Clse 'TTIEH since H sl'A\V\) S0 7\’_"]'("(4') TR

Now suppose T = (0,05)(az,)(as0)+ = product of disjoint transpositions.
Set o = la,afoac) € Ay Then

7' = oo = {a,a,)(ag0,)(a505)
> (%) again = ¢ H

= [Hl =1. O




Cowx'posiJrion series_and related covchJrs

Mf A COW\PosH’ion series of a jrouF G is a clnam °

= Go 2G 2 < GHS’ G! =G such +hat Gi/GH 1S simP\E Vi=1. .0

{9 Ay2 S, Vn=5 =G=A, and G =7
A= 2 3 9y

12C2V s AysS, = G,=C,C,G,C,

Jm

J_ordqn—[’l'o'lde_r‘ Thm: Al\ comPosrhon Series o-f Linte G yicu the same ismnorls\niswu c[aSses

and muHiPlicHies of 61,...,51 up o permufation.

5
__‘-3

Def: G is solvable f [G| is prime V i

Sp is solvable if n<Y but not if n=s5.
- Set 6" =[G,6] =
G=G"=2G" == Gz with G*'= G’ . the derived series of G.

X, € Q) commutator S(Abjroﬁp and

Then finte G is solvable & 6™ = {1} for some m.
Pf. Lemma: G/N is abelian & N=[G,G].
Pf.
&: Refine +he derived series.
= Need G # {1} = (6)'# 6. Jordan —Holder = &' has an abelian guotient Cp = G/H
=Gz H=(G). O
Q. What do all composition series look like, +ogether in G?
A The subgroup lattice of G is A(G) = poset of all subgroups of G.

Eg

/ S~ []

{(1a3) ) <(124)) 134)p {(a34)

N(BVEL), <(|s) a%)) G aa)> / / o
\ =

aN=6 = Ala/N) =7 A. {A<G|N<H<G}, where ~ means /\
and H9G © H=2G
Ex: N<H<G withN <6 = 6/H<G/R



nqgs

 E
v

Eq

- Mis a ring if it has
+: AxA = A
- AxA— A
with = (A, +) obelian group
* (A, *) wonoid
+ distribativity: ly+2) = vy +xz
and (13+%)x=ﬂa7(+zk Vit,u,ze A

Why is —-— = + 7

1+ =0 = x+1x=0x 0+0 =0 by def of identity
= (-1x=-x = 0x+0x = 0%
= —(xﬁg3=(—x)ﬂg

= —(Xﬂg) + (—X)(—IZ) = (—x)ﬁg+(—x)(—a])
= [~x) (ﬂj +(—7))

= xy = (_x)(_lj')

Def: ue A is a unt ¥ 3 veA with uv =1

E%.

= wl) = (wl)v
and weA with wu = |

A" = unit qroup of A /ﬂcie,ol
1, A=kDx] = {ag+ax++agt | deN and oy, asek] = A =K'
2. 7N =(a,,a,,.) = R = Homy(Z". 7™
= {6:2">7" | Ha+b) =Ha) +Fb)} s o ving.
Tlag, a,) = (0,0, 01,0 = T has left inverse but not right.
3 A = A\o} = Ais o division ring (skew Field)
and XM = yx \/x,naéA = Ais a field




4. 7 s a cowmutative ‘erequml Jowmin (Z s en‘rire): 20 and ab = 0 = a=0 or Lb=0

K. Z/él is commutative with zero divisors: I3 =0 =0 in Z/él o
6. moneid qlgcbms: monoid G and ring A

> R =AMl = {5 ajq [ ahnost ol oy =0} e.q R=k[x] = k[N]

(;=%EZG lagg = oz(E =%XEG %%L’Lgh
convolution ‘produ& =)§G <§PZ;L“9L)L>X
. -Funcjrion Tfngs x se+ (1’0‘).5‘30(6 mcmi-FoH ana‘y-‘fc, stxce, Comr]&x W\ahi'{'old a,jelgmic_ varie-l'y)
R ring R R R C lk
A= {f:X—R] continuous  C® qna|eric C—ana‘ﬁic ahe})mic

‘F+%: x'—>-r(x)+3(x)
‘F%‘. X— -F(x)ﬁ(x)

8. matrix rings Mn(R) = nxn matrices with entries in ving R
k field = Malki*=GLok  (det#0)

Def: £ A =B is a ring hDW\OW\OrF\NSM of

(A, +) = (B, +) s an abelian group homomorphism fla+a) = fla)+ Har), 4(0) =0
(A, -) = (B,:) is a wonoid morP\niswx flaa) = fla) oy  f(1) =1
Lemma: 3! ving homomorphism Z = A for any ring A,
PE: =1, O o
ker = nZ. n=p prime = A has characteristic p = A QZ/PZ = o

0 0 /A
Def: AcBis a sul:ring £ dhe ncusion is a homomorP%ism.

E%; A cB Subri”ﬂ ch ScB subset = A[S:l = tgﬁasl---asn 5,"'5,,,} cB sutlarinﬂ



T deals
Q. What does ker (F: A = B) look like ?
Defi T<A is a left ideal in the ving A i /AT C T,
2 sided both default: “ideal” means a-sided
Eg “any A = T ={0} is d-sided
* L = nZ  2-sided
K> |9 %] left, bt nob vign

Defi aeA = Aa= principal left ided

Aah= Princ?lpal ided

general: Aa, +-+Aay, = left ideal generated by a,,.,0n€A .
Aa A+ +Aa,A = ideal ) " = {a,,..,0n)
Eq. {Fo\ynomials with even constant term) = €2,2) € 7[x]
Q. Why ideals?

hﬁ? £ A—B ring \nomomor‘)\niSm = ker £ is an ideal.
P fla) =0 = £(bab) =0 VY bbeA O

T_Mi 1L c A ¢ oan ideal & 3 Fiﬂﬂ \f\D\momorF\niSM £ A — B with I =kerf.
%f & ProP.

=:TSA ideal = AT is a rng with (x+I)y+T) = xy +T

ie. aex+I and bEﬁd'i'I = abéx%+l
\/\/\ny? Because xI + Iy + T*cI! O []
T_M(Uwi\/erso\, ProFeHy)i ALB rmg \nO\momorF\niSm with ker¥ 2 T

Aq = 31 % AT > B ith ¢ = Fer

P True for (A, +) = (B, +). The claim: ¥ is q(reaofy a ring homomor‘)\mm:
ACIOE M ERAC EMER
= 990 = flm) flrly). O



Commutative rings Fix commutative ring R.

Def: An ideal ¢ SR is - prime if Rfy is entire (an infegral domain)
- maximal if p#R and I24 = Tefg,R]

Prop: Riis a Field € o is maximal.
PL = xf (o) = (x> =R

€ x#£0 = (x)=R since {0) is maximal = 1= xy for some yeR" = xeR" O
Generally: Let a,beR enfire. Then <a2=(b) & b=ua for some ueR"

Pfibedod = b=xa. aelb) = a=yb=yxa = all-xh) =0 = a=0  or xy=1T0
Eq peZ prime © (p) ST prime b=0=10
© (p) S 7 waximal, since Lg = F, s o Fild

Tho: T I,,.,T, SR are ideals with T;+T5 =R V i#]

then £:R = R/T xR/, is surjective.

& xel,n-nI,
PlcSoffices: 3 uyryoyn R with 4, — (O,...,o,;,o,...,o)
i™ slot
T+L;=R = Foa;eL, with aj+b; = 1.
and byeT;

= 1= (ay+by) - (an+ba) € T, + byby,

Eg R=7 I,=Y1
1,=6Z
7 — LMy x L/

so take Y, = by ba, and similarly for 1 = ,.,n. 0O
% (x (mod ), x (mod 6))

Cor {Chinese Remainder Theorem): 0 0
]

If T,.,T, SR ave ideals with T, +T; =R V i#], : ‘;é

g

then x,,..x,eR = 3 xeR with x=% (med I;) Vi, O
Eg m,.,ma€Z with ged(m,m) =1 V i#j.
In particular, m= P?'P:“ factorization info distinct primes

= (L/wz) | = —|j_ L/7

= Plm) = T 9 = ﬁ(Pi—i)Pf"’. O

i=l




PID and UFD

Fi)( a commutative inJreﬂr*al r:!omq}n R,

Def: aeR s irreducible if a=bc = beR" or ceR* but not both.

L emma: <P> prime = P irreducible .
Pt P:“b = a€<|>> or b€<|>>)' say a€<P>.
Then a=pc, so P=ab =Pcl>
—
= cb =1 since Ris entire. O

Def: alb if ac=b for some ceR .

deR\{0} is q %C_J of a and b if
c”q anc’ o”]:)

‘cla and clb = cld.

M‘ R 1S a m) i-p ever)/ ideal is Principa(.

MF:In a PID, {a)b> =4{d> = d is a gcd of a and b
Pfilet d = ota +gb and suppose a =ex and b=8ﬁj.
Then d = oex +gey
=e(ax+py) = eld
But dla and dIb because ab € <d). O
Cor:{p) prime & p irveducible it <R is a PID.
P plab and pta = {pa) = <{d> 2 {p
S o=l bet ofR
= d € R since pis irreducible
=1 = Xp +4a
= b= iEEJF@iE

plpl
= FHD O

OEzFC©¥=§f¢man*oC@jM e=NINKR + xwwvnl LT

@\&lze

]



Def: R is factorial (or a UFD)

if every re R\{o} factors uni%uefy into irveducible elements :

v = uPI...Pk WH‘L) uER* (MJ

r = U’%,---%E WH‘L\ vé R* = k:[ ano’ %i=uiPi for some u;€ R* a’F‘f‘BY‘ Permuﬁnj the %’r

Thm: PID = UFD.
Pf: Claim: Ever)/ re R factors into jrreducibles. ho uwi%ueness ye+

Pf:Let S = (S R| ¢ doesnt fackor info irreducibles).

Assume S#@. Then S has a maximal element <) because
*every chain () S (S yields an ideal (b) =) U {gu -
© bedq) For some n = (b) c{qy c<b)

= (b> =< €S is an upper bound.

Note: v is reducible since reS, so r=cd with ¢d ¢ K
But then (r)S{c) and (r)S{c), so
¢ and d have factorizations. Hence r does, too. X
Thus S=g. O _

C= Upp, T VY gy = p prime by Cor
= Pk|‘li for some i; assume i ={ by permutation
= P Uy with u € R since qu is irreducible

= UP P = UG, G because R is entire. o

DOV\Q b)( iVNAU.CHOV)- O

Eq  R=1Z

% P|:D by Euclioleqn Qlﬂori'Hmm I:I
* R = klx]
+ Thm: R Factorial = RIx] is, +oo = Z[x,.,xJ, klx,.xJ) UFD .

‘ ||<[[x]] formal power series is UFD; one variable = PID
« kD] not UFD
- ZL5] not URD



Fix a commutative rihﬂ R

L ocalization

Def: SCR is a multiplicative subset if S is a submonoid of (R,").
*1eS  and
T XY €S Vx,% €S
The ring of fractions is
S'R = R[S"] = RxS/~

where the class of (a,s) is denoted €

and £ =2 if 3teS with tlsa-sa) = 0.

Note: € =% ond & =8 = t(s’a—;,o'/) =0= t'(}ﬁ’f{— 507)
= s't't(sa-sa’) =0
= ~ is transitive

a

St

a—

[~}

s

o

(A1
+

tlo
1]

»n

o

a.b _
S'Y <

ProP'\ R[S":l S a rinﬂ with
Pt e.g: %:%'I = ulsa-suo) =0
= ulstab - abst) =0

=>Q=5/—~IE,EI

wn
S

Cor: R — R[S_':l iS5 a ri\nﬂ InoMomorPl'\iS'M.

a— 4
Q. R=Rhyl/twy = ker(R = R']) =2
Eql S=R"= R[] =R
2. R integral domain and S =R\ {0}
= R[S"] = K(R) = fraction field of R
eq R=7 = KR)=@Q
R = kix, % = K(R)= kix,. x.) field of rational functions in x,, %, over k
3. 71<R ‘)r‘ime ideal and S = R\
> SRRy, the localieation of R ot 4

R;F s a local r'mg: it has a uni%ue maximal ideal




4 S = {1t,4.)
= SR = R[] ¥ R, °
ker(R—=R) =7 =% © ua=0 for some ue§
S ta=0 For some deN
eq R=Kklyl/Guwy = R = kilwe gy}
xd‘g(f,ﬁj) =0 Ffor some deN & Xy | XA‘C(X,AJ)
Sy | £lx,4)
= ker(R = R[x]) =
Prop: {prime ideals of S'RY < fprime idedls #SR with pn§ = g}
SR < 3

Pf: ﬁf’*{aem %eq}, O
Pﬂp_? Let € = category of rinﬂ homowmor phisms R R A such that
fls) e A" V seS, .
Then R = S/R is universal in C /§ :
Pf:Let iR — A be an object in C. A
Define fur SR = A by & = FH6)
Then § =& = tlsa-50)=0 for some t€S
= [(f)(ffa@ - Fiofe) =0
= fwfe - farfe)” =0,
so £ is well defined.

Exercise: £ *is a ringhomomor phism and
* mokes the diagram commute. .
fe is unique because it is determined by where it sends R, O
Cor:RLR*'] = R.
PE: Any ring homomorphisn R = A factors +hrough R R,

so R . R satisfies the universal ProPer+y. O



Euclidean domains Fix a commutative ring R.
Def: A norm on R is a function R = N
with 0 — 0
A norm N is positie i N >0 Y a#0.
A domain R is Euclidean i 3 norm N: R — N  such +hat
o,be R with b0 = 3 %,reR saJris{—‘/mg
a = cﬁb +r  with v=0 or Nir) < Nb)

Eg *R=field k, N = anything: a =gb for q = ab”.
“R=7Z,N=1|"]
Thw R=k[x] is Euclidean if N = olej, and moreover g and r are unique.
Pfalx)=0 = ¢ =r=0.

) hek aD=0hlanJ r=X if degh =1
q=Aband r=0 if degb=0.
deg a = n > 1: use induction,
Lt alX) = a, X"+ +a, and bix) = bx" +-+b, with a, # 0 # b,,.
m>n = ¢=0 and r=0 suffice.
m<n: sef a'=a- ﬁ—:x“""h Then oleﬂo( <, so

=gb*r aith r=0 or degr<m.

Set q=q + g2x"™" Then gb+r = (g + g2x""b +r

An _n-m

= q'b+r + P
= Q- g_:xn‘""b + Cé_:xn—m'l')
Why are aband r uhicbqe?
a:%b+f with F=0 or oleﬂF< m = (%—%)b =r -7 has 0|83<m
—
- 66,)4‘1‘ JEj = Jeg(ﬁb—ab)+m
if '%—ab #0

= r-r =0 0O




Lemma: R Euclidean domain = PID, and T S R ideal = T={d) for any d#0 of minimal
M
PEf: Fix such deI. 0

norm,

ael = q:%fhr wi+|nr‘=a—cheI. Niry<Nld) = r=0. O
Cor: k[x] is a PID and hence UFD.
Q. zs klxyl?

MR: R PID and 0#? Prfme = <F> maximal.
BF: aflp) = <a,F> = {d) for some 3cJ of a and p,

but P+A since a¢<P> Uni(i/ue factorization = deR",

So every ideal FrOFerly con+oinfnj <P> s Seneraﬂ'ea( by a unt O
A. No: RI:AJ] PID = R is a field because

R[%]/(Ap =R is a domain = <k6> 18 Prime
= (%) is maximal,

||<|:X,A?(:| = ||<|:X:H:ﬂj:| but klx] is ot a field.

Euclidean ofgorithm
Toput: ab e R with b#0
Output: ged(a,b)
Tait: qo,ro with a = %obwo (o)

90 b=gr+n (1)
i= | (2)
While: v, #0 (&)
Do: write v, = i n+n., (n—1)
{ — 1+] (n)
Return: v, (call it ) 0 e
Thm: ¢a,b> = {w. that’s +he one you warit.

P (o) = eda,b). (1) = edbd S 4a\bd. (1) = G edvyn 2 S <a)b) by induction.
h+1) = rlo,. M=rlv,. )= nlr, friz=a by induction.

)= rlb. ©)= rla. O




Modules

Fix a Y‘iﬂj /\\r‘iglrd' rin
M: M 15 a le-pw‘— moJule over A, or a leﬂ A‘modu(& '(4: M s

* an abelian group with
right Cxtgim = Xin+ g
- o left action of (A,) that is distributive:
* x(m+n) = xm+xn
Ex: -m=-1'wm, x(-wm) =-(xm), Om =0

Assume “module” = ‘left module”

Def: NS M is g submodule £ AN < N,

Ea *© A is o free A-module with basis 1eA.
+ T A submodule & left ided

- A/T cyc“c A-module Se,nera'l'eo! Ly 1e A/T

° Z‘W\oalu,e = /')

+ k field = k-module = ?

-« V = vector SPQLE/”( and T: V=V = Vs a kix)-module via x-v = Ty

A =R = nuxn mcﬂ‘rfces/rinﬁf\’ = R :{ ] left ideal Llx)v = £(T)v

and R, = (= right ideal
- set S and A-module M = vas(S — M) is an A-module via (af)(s) = alf(s)
Def: M s generated by {wy[de Al SM i meM= m=3 xm
for {%, | xe Al €A almest ol O,
Eg:ZxZ is generated by {51, } but also {2, ).
Lemma: N € M submodule = group M/N s naturdlly o module.

PE: xm = xm’ (mod N) i m—m’e N because +hen xm—xm’= x(m-m’)eN. O

Ea [ﬂ = im=N=Z What is V/N?
Zx7 — 7  Use N =3zRIxo0 < zZBIx7l] = M/Nn= Z/37x7.

Def: Fix module M over a commutative domain R,
The torsion submodule is Mso, = {meM| rm =0 for some vreR\{0}}
Ea: (M/N),, =Z/37.




Def: TS A left ideal = TM = {linear combinations of elements of M with coefficients in I},
Ex: IM is a submodule. T(AM) = (ITIM and (T+TM = IM+TIM.
Def: ¥:M — M is a module homomorphism if ¥ is a group homomorphism

(M, +) = (M, +) with Ylxm) = x¥m) V xeA and meM.

¥ is A-linear

Note: A-Mop is a ca'|-egor/v: oL)J'e.ds M * v M—M iAevﬁ'Hy

mocphisms $:M—M’ + $:M—>M and ¥:M'—>M" S VoMM
A-Mop has initial object: 7 * assoclative and 1yo¥ = ¥ = Yol
termina| object : 7?7
Ex: ker(M—>M) €M submodule
m(M—M) €M submodule
Def:coker(M —M’) = M/im(M—M) z(juo+feh+ module

Isomorlphism theorems
. N NS M submodules = N+N" € M submodule and

NNaN. = NENYN'. PR N > IN+NYN' has kernel NON'j apply universal propery
aM2M2M s MAT = MM/ M), PF: similar.
3. homomorphism 9:M—M" and NS M = ¥ (N) €M submodule and

Mg (N) = MV

Def: The sequence M Y, M EM s exact of M if im¥ =kery.

T4 ¥ =0 then he Sequence has homology Ker¥/jmy.

Lemma: N € M = short exact Sequence 0 — N—M-— M/N — 0.

Pf: Discuss: 0 > N> M exact © N =M mOv\omorPhism (or emlaeololmg)

M—M—=0 et & M-—>M epimorphism,
N—>M—MN exact ot M. O
Def: Fix a commutative ring R. An R-algebra is a ring A with a
ringhomomorphism RE A such +hat imf < center(A)

Lemma: = A is an R-module. O




Produd’s\ Sums, ana’ 1Cvee moa‘ules

Def: A product of objechs Ml in a category is

*an oE\jec* P with
: MOrF]r\iSMS P—M; ¥Viel sa”'fs-pyinj
*a  universal FroFeHy: N—M VieI = JIN->P mokin3 N——P commute.

N

“A Producf is ferminal in +the czﬁEgoV‘y of ob\jeﬁs with morP[niswms to all M)’ M;
Eq Tn Ao, P=T[ M,
Def: A coEroJchr of olojechS {Mi]lie:\: in a cq‘l’egory (s

an oEJech Q. that is universal (initial) in +he caﬁgory of ob\jecjrs with morP‘niswxs from aoll M;.
Thus Mi—=N Viel = 3'a—N wnal(ing M; ——Q commute.

]

Eqg In A-Mmm, Q = @Mia +he direct sum, N

@Mi c_>—1|e_I|— Mi) with =& |1l <o0

1T

Proofs of E.g.s: A=7 V

A= arbi‘]’mr‘y: check universal maps are A-linear. O
E%_. {Mﬂiiﬂ: ‘Famil\/ of SUJDW\OAUICS O—F M induces
SMm — M. Def: direct sum clecomlposi’Hon = N

1€1
Def: xeM 3enem+es CyCIiC submodule Ax S M.
A -quil\/ {X)| re A} of elements O'F M is linearly inJeIrJenJen+ over A if
%A =5 @AAA — M,
Lemma: & ()\ZAO\AX)‘ =0 = a,=0 V)\)

Pf: ker ¥ = {linear JePEnJer\ce relations on the Xx} .
def

= {syzygies on the x,}. O
Note: x, could e,fLuql Xy for A # XN,

Q, When is M = M,@-eM, for M.,...,Mv\ cM?
A M= Ml"'"""MV\ and Min_; Mé=0 Vi
1 1



Def: M is free if i+ has a jene,m'l'inﬂ lmearly inJePenJen+ subset.

S

basis

S any set »> free module with basis S is %A o AP
= -FinHely SuPPor+eaf Functions S—™A

Them {x3hep basis of M and
Uphen any elements of N
= 3! homomorphism ¥:M— N with
Py =y YV Ne A
PE: M=A with basis {1} cyelic submodule

General case: universal ProPerer of @D , O

Def: For a module M, a [free) presentation is a morphism

F, = F,  with cokernel M (with both F; free).
Ea T:V =V  vector space [k dim < o0 Vis a kDd-module via x-v = Tu
V =<{w Cyc]ic & V= 5P0h|k{v,Tv—,...,Td_‘v} for d =dimV
o klx] » V _
| = ¥ ker = 7
X = /?/Tv—

& kix] = klx]
" " IS a Preserﬁraﬂon of V.

’ .
ef: An e — - — - ’ I
Def: A exad- se,cbue,nc 0 K !\L/' N 0 SPI’I‘S f

it \nas a SE’,C'HOV\ o er\ LPO’ = ;JN

Note: Se,cbuance is short exact = M=K + «(N) b): #5 on midterm .
Rt KnoiN) = 0 since o(N) — N.

Hence split & M=K @ o(N).
often written: M = K@N,
Cort N free = sequence splits.
PE: Tf {ahen in M maps fo basis {shen of N, then
use | hm to construct oigy —x, VaeA. O




Free modules/PID

Def: The rank of a free module F over a nonzero commutative ring is
rank F = |basis of FI.
Lemma: does not Je{:enr) on basis.
&Fl Sum:vose F = SGES R Let '1‘.\§R be maxima|.
F/FF = g% R/F is a vector space over R/P of dim |S|. O
' Fix F free/PID R ond o submodule M S F. Then M is free of rank (<) rank F.
o= é% Rxs for a basis {%3hen.

JeA = Ms o MO_G%_in has the form
je

.
=

e

My = E?T Ry ) For some y, € M; Warning: some of the u; might be O
or not. Order the ser Y of
families {i;}e3 for which 3 basis {3 hen satisfying
by inclusion: {filiex € Wfiheg i T ST and =4 Ve,
If C is a chain in Y then UC €Y since any dependence relation
involves only  finitely many Yy
Hence 3 Family {y;eg maxima in Y. Want T=A.
Suffices: ke ANT = . Let K=Julk} and M= F > Rx,.
Then m(Mg) = €adx, € Rx,
But kermlme = Mo, so
0 =M;— My — m(MJ)— 0
is exact and splits because {adx, is Freel
Thus Ughe €Y i gy = any. %
Se T=A.0O
Cor: M Finitely generafed /PID R and N M submodile = N 43
Pe: TR > M = FN) free of rank <n
> N fg sine FN) > N O




[]



Structure +hm for modules over PID

T_km: Fix 1C.3. nonzero moJule M /PlD R
31 proper ideals <%,> c - c <‘{,n>
ith M= RAg) o oR/g)

A

——

EPBZ/‘%(F)Z EPZ/Peu{P)Z

e‘(P)z -2 e lp) Y Fr(mes P: and almost all O

eq T OL/np Rl /nnelinelhzelhzelhz
olZ/817 8L 77
oll szl sz ®L/s7RlL /5T
7> ® Lhicooye fuwdye Z foye Z Yo Z /(Y & 7L /(2
Ega R=kDBd = module V is a veckor space /k
with xv =Ty for sme T:V =V
Thn = V=k [xg\re (dim < o)

easy, so asSume Aim V<o
Thn = V = ® KHdAFM - @ @ ki)
e‘(P)a > ek(P) Y Primes P, and almost all O

Q. What is {P} ?

A. all irreducible polynomials

Q. What it k=C ?

A p=x-o for «eC

Q. For for fixed p = X-, what is ||<|:X:|/<§'(")>EB ®||<[X]/<Pe"(")> ?
Le, k) Ax-afd@ - @ k[x] Ax-?

Q. What is kDKoo ?

A. cyclic, with  minimal polynomial pooy = [x -«

= a Jordan block of size e for eiganvalule x

Ea R=7 = M=Z7e-eo7 e Z/n,ZGB GBZ/n,l with n | |n,
—

Conclusion' course evals)
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PL overview

Recall: M/commutative domain) R has torsion submodule

M., = {meM|rm =0 for some veR\{o}}

Fix M £g./PID R.
hP_‘li M=My,r ®F with
‘F free

‘rank M & rank F <00 well defined.
Propa: M =Mise = M=@Mp) where
M) =0 for some ecN
* Mp) =0 for almost all P
M(p) = {meM| ¢Pm =0 for e = 0}
Prop3: M=M(p) = M= RAFYe - @ RAg,
3iProps = M= Rfe@R/@e‘“‘l”)e--- & RASP  with erilp)= > epy(p).
Set gy =0
and g; =TT pP for i>1, where eilp)=0 For i>l+k.
Then * gl la, by construction, so (g € = € (g n = moy i
- @%R/<|>=ffg> . R/g) by CRT. %J Cb "
o #{ilq; =0} = rank M. Henceforth assume M =My,
Suppose G114, satisty thm.
Uniquevess is trivial when ¢,-g, =p is prime: n =1 and 9=p.
TF 414y = pa with a¢ R
then #{i| plq;} = AimMF)M/PM since
RKg if pig
R/<%/|>> # plg.
Tnduction on # prime facfors of GiGn = uniqueness for pM:

PR/<%> =

OFAP(ST,\G?W) is well defined.
Hence Ordp(‘{,'i) is well (Je‘pmeo‘, o0 add 1 or not, as aPProPr{a+e. O

]



PE of Propl: My, = ker(M—=Mg), where My = S'M for S =R\p.
Suffices: £ =im(M—=My,) is free, since then 0—-My, > M—E — 0 glits
Why is rank P well defined? Because F > M/My,, !
Will prove E S fg. free submodule of Mg, so Thm p applies.
M = Cmpyem? = My = spang [T} over Rey = KIR) = field.
E = (Foen over R.

Choose. basis  x, reen X for M«».

Let aeR be TT(all denominators in coeffs on x.,..,%, in %"""Q ).
Then EcRY%e .. eR%Z O
LX: ranl( M =n. ]

Lemma: M(p) = ker(M—M[gl). O
Lemma: TF M =My, then Mp) > M induces an isomorphism  M(pley > My
PE: Need — by HW5 #b. Bu
TeMp = P& = 0 since Mg, is torsion and Ry has just one prime # <O)
= b[:“x =0 for some b¢<P>
= bx e M(p)
> % = F eMply. O
Lemma: N =0 = N = N
PEpN=0 = N is o module oer RAFD. Write R—>RAp). -
Then 7 ¢ RGY" ¥ rg (@, sine g =1 |
Hence, if §= R\(p) then Niy=S™N =SRN=S"RAIN = RN = N. B []

Pf ofPropa: MP#0 = 3 0#xpe M) with px, =0. Thus

<XP|M(P)¢ O> 'FS l)y Cor P y SO wp)zo ‘For O‘MOSJr a” ‘J
GP M(F)E—D— M(P).

Lemmas = M) — Mq,) = M(P)<l’> =Mp = M(P) %Mq,) Vla

But M(qo)<}>> =0 V <qb>¢<[>>. Thus

M — —|;|_ M<I’> = —|;|_ M(P) = EP M(p) becomes = locally ot every <P> O




Naka/vama’s Lemma : Fix local ring A with maximal ideal ¥ and fg A-module N.

T hen N=FN = N =0.
PEN =4x,, .2 = % =iaixi with aieP Vi

= (-a)n=2 ax;  with ajeq Vi

= %€ Xy k). Done by induction (h=0 trivial). O
Nokayamas Lemma : (A, 3) local ring with £g A-moduk M. Write
M — M/mM
X — X
Assume M/3M = (=,,.n%0). Then M = (xppocsi .
BE: Apply previous to N = MAxp,omndy so gN = M+ Gepya)
0= PM+<>¢,,...,x“>/M+<x,,...,xn>f= M+{x,,.. %)
=N. O

Eg Xty basis of F & %,..%, basis of F/yF.
Prop3: Assume R local PID with (P> maximal and M fg with pM = 0.
TF 0 >K > F = M —>0 i exact with F=R,
then F has a basis §,.,f such that
F“ﬁ,...,P‘“n is a basis of K for some ¢, e eN.
PE: FF - M/pM.
F has basis B = B'YB” with B"< basis B' for M/M.
Using B, assume F/pF =5M/M, so pF 2 K because K—F—M— M/M.
e=1: Any basis of F will do, since FpF <M = MO
e >a: pF/K=pM is killed by ¢
Tnduction = choose basis g,,..gn of pF with
B g0 g basis of K.
9i € pF = g; = pfi for some (unique) fieF, so F"'iﬁ =Py

Nal(a}/ama = £ £ basis of F. O

|course evals|
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