Free modules/PID

Def: The rank of a free module F over a nonzero commutative ring is
rank F = |basis of FI.
Lemma: does not Je{:enr) on basis.
&Fl Sum:vose F = SGES R Let '1‘.\§R be maxima|.
F/FF = g% R/F is a vector space over R/P of dim |S|. O
' Fix F free/PID R ond o submodule M S F. Then M is free of rank (<) rank F.
o= é% Rxs for a basis {%3hen.

JeA = Ms o MO_G%_in has the form
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My = E?T Ry ) For some y, € M; Warning: some of the u; might be O
or not. Order the ser Y of
families {i;}e3 for which 3 basis {3 hen satisfying
by inclusion: {filiex € Wfiheg i T ST and =4 Ve,
If C is a chain in Y then UC €Y since any dependence relation
involves only  finitely many Yy
Hence 3 Family {y;eg maxima in Y. Want T=A.
Suffices: ke ANT = . Let K=Julk} and M= F > Rx,.
Then m(Mg) = €adx, € Rx,
But kermlme = Mo, so
0 =M;— My — m(MJ)— 0
is exact and splits because {adx, is Freel
Thus Ughe €Y i gy = any. %
Se T=A.0O
Cor: M Finitely generafed /PID R and N M submodile = N 43
Pe: TR > M = FN) free of rank <n
> N fg sine FN) > N O
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