
Math 403 Midterm #2, Spring 2023
Instructor: Ezra Miller
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Due Date: 11:59pm Saturday 22 April 2023

/100Problems

1. Fix an n × n complex matrix A. Among all of the eigenvalues of A, let λ be one of /14

maximal absolute value. If σ is the largest singular value of A, show that |λ| ≤ σ.

2. Fix A ∈ Cn×n and ε > 0. Prove that there is a consistent matrix norm ∥ · ∥ such /14

that ρ(A) ≤ ∥A∥ ≤ ρ(A) + ε. Conclude that the spectral radius of A satisfies ρ(A) =
inf∥·∥ ∥A∥, where the infimum is taken over all consistent matrix norms ∥ · ∥.

3. Show that equality in Elsner’s theorem happens if and only if A = ω∥A∥I for some /14

complex number ω with |ω| = 1 and Ã has −ω∥Ã∥ as an eigenvalue, where ∥A∥ is the
operator norm of A.

4. Prove that the coefficients of the characteristic polynomial pφ of a linear transformation /14

φ : V → V of a vector space V of dimension n all have (basis-free!) interpretations in
terms of determinants and traces by showing that pφ(t) =

∑
j(−1)jtr(

∧j φ) tn−j .

5. Let A ∈ R2×2 be a diagonal matrix. What conditions on A guarantee that the expo- /14

nential map expiA : R → GL2(C) sending t 7→ eitA is injective? Set G = expiA(R), the
image of expiA. When expiA is injective, can it be that for every open interval I ⊆ R
there is an open subset U ⊆ GL2(C) such that expiA(I) = U ∩G?

6. Fix A ≥ 0 in Rn×n. Let a
(k)
ij be the ij entry of Ak. Assume for each i and j that a

(k)
ij ̸= 0 /14

for some k ∈ Z>0 that may depend on i and j. Prove that (In +A)n−1 > 0.

7. Suppose that U is a normal operator whose eigenvalues all lie on the unit circle in C. /14
Must U be unitary? Give a proof or counterexample.


