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1. (20 pts)

(a) Bob is doing a row operation of a matrix. At some point he has a matrix with rows R1, R2,
R3, and he is contemplating as his next “step” to replace the first row with R1 + 2R2, the
second row with R2 + 2R3, and the third row with 4R3 −R1. What can you tell Bob about
the advisability of this?

(b) Suppose that the matrix A has the existence property but does not have the uniqueness
property. Explain in detail how you know that AT cannot have the existence property.
(Hint: What can you conclude about the number of rows and the number of columns?)
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(extra space for questions from other side)
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2. (20 pts)

(a) The 3× 3 matrix B = A−1 has rows B1, B2, B3, and columns �b1, �b2, �b3. Find (by describing
either its rows or columns) the inverse of C = PA, where

P =



0 0 1
1 0 0
0 1 0




(b) Find elementary matrices E1, . . . , Ek such that

E1 · · ·Ek =

�
1 3
2 5

�
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(extra space for questions from other side)
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3. (16 pts) The curve C in the xy-plane has equation (2x− 3y)2 + (x + y)2 = 1. Find (using ideas
from this course!) the area enclosed by C. (Hint: Find a matrix that relates this to the unit circle
in the uv-plane.)
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(extra space for questions from other side)
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4. (24 pts) We will say that a vector space X “splits” the spaces V and W if either V � X � W or
W � X � V . (“P � Q” means that P is a subspace of Q and is not equal to Q.)

(a) Is there a vector space C that splits A = R3 and B = {the x-axis in R3}? If so, find it (you
don’t have to prove your claim); if not, explain why it can’t exist.

(b) Is there a vector space F that splits D = span{sin x− cos x, 3 sin x+2 cos x, 2 sin x− cos x}
and E = span{sin x, cos x, ex, e−x}? If so, find it (you don’t have to prove your claim); if
not, explain why it can’t exist.

(c) Suppose that V � W are finite-dimensional. On what condition does there exist a vector
space that splits them? (You don’t have to prove your claim.)
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(extra space for questions from other side)
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5. (20 pts) In this question we consider vectors in the vector space

V =

��
f1
f2

� ���f1, f2 are real-valued functions on R
�

(a) Show that α =

��
sin x
0

�
,

�
cos x
0

�
,

�
0

sin x

�
,

�
0

cos x

��
is a basis for its span W .

(b) Decide if β =

��
sin x− cos x
sin x+ cos x

�
,

�
cos x

sin x+ cos x

�
,

�
sin x+ cos x

sin x

��
is linearly independent.

(Show how you use that [av + bw]V = a[v]V + b[w]V , and ([v]V = �0) ⇔ (v = 0).)
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