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1. (16 pts) The sphere M has radius 5 and center at the origin. The path P moves on M from the
“north pole” to the “south pole” as described by θ = 10φ, for 0 ≤ φ ≤ π. Compute the line
integral along P of the vector field

~G =

 y
x

z2 sin(z3)


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(extra space for questions from other side)
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2. (17 pts) The curve E in the xy-plane is the counterclockwise-oriented ellipse with equation
(x− 1)2 + (2y − 1)2 = 8.

(a) Compute the circulation along E of the vector field

~J =

(
xex − 4y

3x− ln(1 + y2)

)

(b) The curve E from part (a) intersects the x-axis at two points ~a = (a, 0) and ~b = (b, 0),

with a < b. The paths E1 and E2 move along E from ~a to ~b, above and below the x-axis
respectively. What is the line integral of ~J along E1 minus the the line integral of ~J along
E2?
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3. (17 pts) The surface S is the portion of the unit sphere with z ≥ 0, oriented upward, and the

surface D is the unit disk in the xy-plane, oriented upward. The vector field ~F is defined by

~F (x, y, z) =

 x3 − 3x− 2
zex − 4

sin y − 3x2z + 5


(a) Compute the flux of ~F through D.

(b) Use the result of part (a) to compute the flux of ~F through S.
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4. (17 pts) A simple closed curve is a closed curve which does not intersect itself. The vector field ~F
is continuously differentiable (all of its components are continuously differentiable), and has the
following features:

i. In every plane parallel to the xy-plane, along every simple closed curve oriented counter-
clockwise as seen from the positive direction of the z-axis, the circulation of ~F is 3 times the
area enclosed by the curve;

ii. In every plane parallel to the yz-plane, along every simple closed curve oriented counter-
clockwise as seen from the positive direction of the x-axis, the circulation of ~F is 5 times
the area enclosed by the curve;

iii. In every plane parallel to the xz-plane, along every simple closed curve oriented counter-
clockwise as seen from the positive direction of the y-axis, the circulation of ~F is 7 times the
area enclosed by the curve.

Compute the line integrals of ~F along each of the curves indicated in parts (a) and (b) below.

Hints:

1: How might you rewrite the information given in i, ii, iii above?

2: You may use the fact that, if k is a constant, g : R2 → R1 is continuous, and
∫∫

D
g(x, y) dA =

k(the area of D) for all domains D, then g(x, y) = k.

3: You are welcome to use parametrizations if they might be useful; but, each of the parts of
this question below could be done without any parametrizing!

(a) C moves through the plane x+ y + z = 5 in straight line segments from (5, 0, 0) to (3, 2, 0)
to (0, 0, 5), and then back to (5, 0, 0).
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(extra space for questions from other side)

(b) P moves on the unit sphere in quarter-circle arcs, starting at (1, 0, 0), then to (0, 1, 0), then
to (0, 0, 1), and then back to (1, 0, 0).
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5. (17 pts) The solid U is the union of x2 + y2 ≤ 1, x2 + z2 ≤ 1, y2 + z2 ≤ 1. The surface B is the
boundary of U . The outward oriented surface S is the part of B inside the sphere of radius 2
centered at the origin. (See the figure above.)

Compute the flux through S of the vector field ~F below.

~F (~x) =

−yz4xz4

0


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6. (16 pts) Your friend wants to make a rectangular box, starting with a metal frame of 12 edges.
The faces of the box will be made from a material that is free and plentiful, but each of the edges
of the frame must be made from a particular expensive metal:

(a) the two vertical edges of the back face must be made of copper rod, which costs $1 per inch;

(b) the top and bottom edges of the back face must be made of pewter rod, which costs $2 per
inch;

(c) the other eight edges must be made of silver rod, which costs $3 per inch.

Your friend has $360 to spend on this box, and would like it to have the largest volume possible.
What dimensions for the box should you suggest?
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