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The class number formula is one of the miracles of number theory.
What is the class number? The fundamental theorem of arithmetic asserts
that every integer has a unique decomposition into prime factors. The same
holds true in the rings Z[i] and Z[e2πi/3 ]. To their dismay, number theorists
discovered in the 19th century that it fails in more general rings of integers like
Z[e2πi/N ] (cf. [S]). The failure has a quantitive measure, the class number.
Definition: Let OF be the ring of integers of a number field F (i.e., a finite
field extension of Q). The class group is the multiplicative semi-group of nonzero ideals of OF modulo principal ideals. The order of the class group is called
class number.
Hence class number 1 is equivalent to the fundamental theorem of arithmetic.
Arguably the first real theorem in an algebraic number theory course is the
finiteness of the class number. It is very hard to determine the class group.
Luckily, the class number can also be computed by a completely different transcendental method.
Class number formula:
ζF (0)∗ = −

RF · h
w

where h is the class number, w the number of roots of unity in F , RF the
regulator and ζF (0)∗ the leading coefficient of the Dedekind ζ-function of F at
the point 0.
The Dedekind ζ-function
ζF : C r {1} → C
is a holomorphic function with a simple pole at 1. In the simplest case F = Q
it agrees with the Riemann ζ-function
ζ(s) =

X 1
.
ns

n≥1

The regulator is a transcendental number computed from the logarithmic embedding of invertible elements of OF to a certain Rn . For more details see e.g.
[L] or [N].
From the geometric point of view, number fields are zero-dimensional algebraic varieties over Q. For example the field Q(e2πi/N ) can be viewed as the set
of points in C defined by X N = 1. So what about varieties of higher dimension?
Indeed, the class number formula has been generalized - conjecturally! - to
all varieties over Q (and even motives). The Dedekind ζ-function is replaced
by the L-function of the variety, again a meromorphic function on C. The
leading coefficients at integer points are related to arithmetic invariants of the

variety. Many people have contributed to this process. The most famous case
is elliptic curves and the value of their L-function at 1: the Conjecture of Birch
and Swinnerton-Dyer. For the general case Bloch, Deligne and Beilinson have
to be mentioned. The final form (so far) is the Tamagawa number conjecture
by Bloch and Kato in 1990 (see [BK], [F]).
Mentioning of the BSD Conjecture (which is a special case) should warn
that these conjectures are extremely deep. The body of known cases is disappointingly modest ([K]).
In my talk I want to explain the statement of the Tamagawa number conjecture in a couple of cases in addition to the class number formula. I also want
to discuss the elements of the proof in the case of Dirichlet characters, see [HK].
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