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The Models 
  The starting point for our project is a collection of three models: one to describe the 

processing of acetaminophen (APAP), another to describe the synthesis of glutathione, and the 
last to describe the movement of glutamate in the body. We combined these three models to 
form what we call the full model. In some instances, it is advantageous to only use a 
combination of the first two, which we call the small model.  

Each of these models are a series of ordinary differential equations. Each differential 
equation describes the concentration of a certain chemical in a specific organ. For example, the 
first model contains a differential equation for APAP in the liver and a differential equation for 
APAP in the gut. The differential equations are populated by three kinds of expressions. First, 
there is the transport of one chemical from one part of the body to another. Exclusively, these 
are linear terms. The exact values depend only on the concentration in the place of origin and a 
transport constant. These equations, to a good approximation, are biological constants, not 
varying much from individual to individual. Second, there is the decay of certain biological 
products. Mostly, these are linear terms, but cysteine is a notable exception, which we will talk 
about later. Like transport terms, these are biological Third, there are reactions. For the most 
part, these follow Michaelis-Menten kinetics, but there are also a few instances of bi-bi kinetics.  

  For the sake of our project, the third kind of term is the most important because the 
speed of these reactions depend on the maximum reaction velocity, which vary from person to 
person. In fact, on average, the reaction velocities between two people vary by 25%. In each of 
the three models that we started with, however, reaction velocities had been assumed to be 
constant. So that we could better model populations, we examined what would happen if we 
created a population of virtual individuals by varying all maximum reaction velocities uniformly 
by 25% to reflect population-level variation.  

  The first model comes from the paper “The biochemistry of acetaminophen 
hepatotoxicity and rescue: a mathematical model” by Ben-Shachar et al. The basic premise of 
the model is that, when it comes to APAP, the body can be thought of as four compartments: 
the gut, the liver, the plasma, and the muscle tissue (urine is considered to be a fifth 
compartment but it has no effect on the other compartments). In the model, a fixed amount of 
APAP enters the body through the gut, where it is transported to the liver. In the liver, APAP 
undergoes the processes of sulfation and glucuronidation, which produce harmless byproducts; 
these processes also happen at slower rates in the tissue. The liver is also where APAP is 
turned into N-acetyl-p-benzoquinone imine (NAPQI), which inhibits the functionality of liver cells 
when covalently bonded. If fewer than 30% of liver cells are functioning, the model considers 
somebody dead, which is a key fact because, given enough time, the model would otherwise 
predict that everyone will recover to full health regardless of the severity of the liver poisoning. 
Importantly, the liver is also where glutathione (GSH), a molecule that turns NAPQI into a 
harmless byproduct, is produced.  

The first model was designed to work in conjunction with the second model, which 
comes from “A mathematical model of glutathione metabolism” by Reed et al. In fact, the first 



model does not have any terms for GSH synthesis at all, opting instead to use the second 
model to describe how GSH is produced within the liver. The glutathione model is complicated 
and, largely, immaterial to the processing of APAP. However, a small portion of the model is 
extremely relevant to the project. This portion begins with the assumption that cells produce a 
constant amount of cystathionine, which is turned into the ingredient for GSH production 
cysteine. Cysteine is essential for GSH synthesis. In fact, the concentration of cysteine, which is 
in relative short supply within the body, is the only thing that is targeted by the current treatment 
of APAP poisoning, an infusion of N-acetylcysteine (NAC) into the body.  

As important as cysteine is glutamate, which is relatively abundant in the body; cysteine 
must bind with glutamate before the body is able to synthesize GSH. Although GSH synthesis 
happens within the cytosol of liver cells, cysteine and glutamate also can be found in the 
bloodstream. In fact, cysteine, glutamate, and their derivatives can be found in low 
concentrations all throughout the body, but, within this second model, cysteine and glutamate 
are either in the blood or in the cytosol.  

In order to more accurately capture the movement and transformation of cysteine and of 
glutamate in the body, we decided to use the model from “The role of skeletal muscle in liver 
glutathione metabolism during acetaminophen overdose” by Bilinsky et al. Like the previous 
model, this model starts with the assumption that a constant amount of cystathionine is being 
formed in the body. This cystathionine binds to glutamate, and GSH is produced in the exact 
same way. However, whereas the previous model only considers cysteine and glutamate, this 
model considers two derivative molecules: cystine and glutamine. In the blood, cysteine can 
reversibly change into cystine, the oxidized form of cysteine. Only two major facts differentiate 
cystine and cysteine: one, each molecule of cystine can only enter liver cells if a molecule of 
glutamate is exiting at the exact same time, but cysteine moves free into the liver; two, the only 
cells that cystine can enter are liver cells while cysteine can be found everywhere. Similarly, 
glutamine and glutamate are very similar molecules with one key difference: glutamine can 
enter the liver, but glutamate cannot. If glutamate from the blood is to enter the liver, it must turn 
into glutamine, which can only happen in muscle tissue and change back into glutamate.  

The third model is very similar to the other two. Like the other models, this model 
considers the liver, the blood, and the tissue. Additionally, the model describes two processes 
that are part of the second model: glutamate synthesis and circulation. However, as similar as 
this model is, this model has one glaring difference from the others that we used: it was based 
upon rats. The biological processes involving glutamate in humans and in rats are identical, but 
there is no guarantee that the reaction velocities should be the same. To make the models work 
as a reasonable model of a human, we needed to be sure that the reaction velocities that we 
choose produced reasonable results. To find suitable numbers, we randomly varied each of the 
reaction velocities. The reaction velocities we settled upon (along with the original values) are 
available in the appendix. Since the first two models were designed to model humans, we varied 
these by up to 99%, a relatively conservative choice. We were much less certain about the 
proper values for the reaction velocities from the third model, so, to scan a wider set of 
parameters, we divided the reaction velocities by a random number (sampled from a lognormal 
distribution with mean 0.99 and standard deviation 1).  



The strength and the weaknesses of the parameters that we chose are apparent from 
the subsequent figures. The top graph, which comes directly from the paper that outlines the 
first model, shows the effects of a dose of twenty-two gram APAP dose followed by thirty-six 
millimolar of NAC. The second graph conveys the same information for the full model.  

 
 

 
Credit: Ben-Shachar et al.  



 
On the positive side, the shapes of the curves without treatment are almost identical: 

after a precipitous decrease, the curve flattens out. This demonstrates that, in both models, the 
rate of cellular regeneration eventually catches up to the rate of cell loss. Moreover, both curves 
cross the thirty percent functionality threshold, which is the dividing line between life and death, 
at approximately the same time.  

Ideally, the rest of the lines would also look identical. However, that is not at all the case. 
The full model is much less responsive to an infusion of cysteine to the system than the small 
model is. Certainly, in the small model, all treatments are a little bit better than no treatments, 
there does not seem to be a big difference like there is in the small model. Without doubt, this is 
due to the parameters we chose. As demonstrated by the two subsequent graphs, a big 
difference between the small model and the full model is that GSH supplies are almost 
immediately exhausted in the small model, and that is not the case with the full model.  



 
 



 
 
Each line represents the liver GSH concentration of a randomly generated virtual individual who 
was given twenty-two grams of acetaminophen. Within the small model, every virtual individual 
is practically out of acetaminophen by the fifth hour after taking the drug. This is not at all true 
for the full model. No virtual individual ever runs out of acetaminophen in the full model. 
Although there is a precipitous decline in the amount of GSH, the concentration eventually 
levels out around one millimolar.  

The differences between the two models comes from the fact that, while the 
analysis was being done, there was no term in the full model to account for the fact that 
GSH is used up when it is bound to NAPQI while a corresponding term exists within the 
small model. This error has been corrected in the final code. If this does not explain all the 
difference, then some of that can likely be explained by the fact that maximum reaction velocity 
for the binding of GSH to NAPQI is smaller than that of the full model. Virtual individuals in the 
full model, therefore, have more GSH in reserves and, consequently, are less in need of 
cysteine. Moreover, since GSH cannot be used as efficiently, cysteine is just less useful in the 
full model. While not perfect, as far as we know, the full model is the only model that allows for 
the study of glutamate as a treatment for acetaminophen poisoning in humans. Therefore, we 
present results from both models.  



 

Variation 
The Population Model 

Both the small model and the full model  had three sets of parameters: initial cytosolic, 
blood and tissue concentrations of various chemicals; transport rates; reaction velocities. We 
set initial concentrations to be the normal values reported in both papers (Reed et al.; Bilinsky et 
al.). Transport rates are also assumed to be nearly constant among the population. However, 
the greatest variability comes from reaction velocities. For most of the velocities, we assume 
that their dependence on substrates has Michaelis-Menten form with one or two substrates. 
Under Michaelis-Menten, the maximum rate of reaction (Vmax) and the Michaelis constant (Km) 
are the two parameters which define the kinetic behavior of an enzyme. Km depends only on 
the structure of the enzyme and is independent of enzyme concentration. In our model Km is 
taken to be the same as reported in previous papers (Reed et al.; Bilinsky et al.). However, the 
maximum rate of reaction (Vmax) could vary from person to person, and a search through 
literature and the BRENDA online enzyme database confirmed our intuitions about such 
variation. And to build upon the existing models (Reed et al.; Bilinsky et al.) where kinetic 
parameter values for reaction velocities are fixed, we decided to explore the population model 
where all the Vmax’s are set to be random with 25% variability.  

We considered the variability of minimum proportion of living liver cells among the 
population at different initial acetaminophen (APAP) dosages. Both models show similar results. 
With less than 5g initial gut APAP dosage, almost the entire population survives. We start to see 
a bifurcation among the population at around 80,000-100,000 micromolar (10-16g) gut APAP 
levels.  

We also implemented binary search to find the initial gut APAP level that leads to a 
minimum proportion of living liver cells of 29-31%. Under both the small and the full model, the 
distribution of such threshold gut APAP levels is unimodal, with a mode at around 90,000 
micromolar (14 g). 
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Full Model  



 

 

 
 
 
 
Principal Variables 

Given such variability among the population, we wanted to dimension reduce in order to 
obtain a set of principal variables. We first estimated the Jacobian matrix at the point in 
parameter space where each of the coordinates are equal to the mean values of the random 
variables by bringing about small disturbances in each direction. This step gives a n x p matrix 




