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The subjet area of wavelets, developed mostly over the last �fteen years, is on-neted to older ideas in many other �elds, inluding pure and applied mathematis,physis, omputer siene, and engineering. The history of wavelets an thereforebe represented as a tree with roots reahing deeply and in many diretions. In thispiture, the trunk would orrespond to the rapid development of \wavelet tools"in the seond half of the 1980's, with shared e�orts by researhers from many dif-ferent �elds; the rown of the tree, with its many branhes, would orrespond todi�erent diretions and appliations in whih wavelets are now beoming a standardpart of the mathematial tool kit, alongside other more established tehniques. Thebulk of this issue represents several of these branhes; this historial introdution isonerned with the roots and the bottom part of the trunk.Beause of the many roots of the subjet, there are many approahes to taklingits history. Laking the time, spae, and expertise (historial researh has its toolsand tehniques too!) to give a truly sholarly history, I have hosen to be resolutelysubjetive, and to start from the root through whih I entered this �eld. This isnot the most anient or the mathematially deepest root, but it does have one goodlaim to be at the start of this story: it is the root where wavelets aquired theirname. I also believe it is the diretion whih atalyzed the whole wavelet synthesis.As we proeed up the root system, and simultaneously advane in time, we willome to points where di�erent syntheses were made, with developments from otherdisiplines; at these points we will peek bak for a short desription of what happenedearlier along those other roots. To emphasize the informality of this story, I deidednot to give any preise referenes.It is lear that all this results in a highly personal version of the development ofwavelets; similar stories told by a harmoni analyst or an approximation theoristor an eletrial engineer would all be quite di�erent from mine or from eah other.Suh other points of view an be found in the introdution to several wavelet booksor in book reviews, see e.g., J. Benedetto and M. Frazier's 1994 volume on Wavelets:Mathematis and Appliations, the book review by Y. Meyer in the Bulletin of the1



Amerian Mathematial Soiety in 1993, or the reent book by M. Vetterli and J.Kova�evi�.In the late 1970's, J. Morlet, a geophysial engineer at the Frenh oil ompany ElfAquitaine, ame up with an alternative for the short time Fourier transform. Thestandard proedure, whih onsists of �rst windowing a signal, and then omput-ing its Fourier oeÆients, amounts to taking the inner produt of the signal withwindowed Fourier funtions depending on two parameters | the loation of the win-dow and the frequeny label of the di�erent oeÆients. The signals whih Morletwanted to analyze did onsist of di�erent features in time and frequeny whih hewanted to disentangle, but typially their high frequeny omponents would have ashorter timespan than their low frequeny omponents. In order to gain time res-olution for the high frequeny transients, he ould hoose to do a wide-band shorttime Fourier transform; on the other hand, he also wanted good frequeny resolu-tion for the low frequeny omponents and that alled for a narrow-band short timeFourier transform. In order to ahieve both aims in one single transform, Morletame up with the idea to generate the transform funtions in a di�erent way: hetook a windowed osine wave (using a smooth window | his favorite is a Gaussianwindow with its width adjusted so that the peaks losest to the entral peaks hadabout half its amplitude), and ompressed this in time to obtain a higher frequenyfuntion, or spread it out to obtain a lower frequeny funtion. In order to inves-tigate what happened at di�erent times, these funtions were shifted in time aswell. The transform funtions depended thus again on two parameters: their timeloation and their degree of ompression or sale. He then would take the innerprodut of the signal he wanted to analyze (usually seismi data) with all thesetransform funtions. There was one ruial di�erene with the transform funtionsin the standard Fourier transform: in Morlet's approah, the high frequeny fun-tions were very narrow, while the low frequeny funtions were not! Many di�erenthoies of referene funtion existed in other ontexts in geophysis, and were alled\X's wavelet" (if invented or proposed by X); Morlet hose to all his transformfuntions \wavelets of onstant shape." When, a few years later, the transformof Morlet left the geophysis arena, other researhers soon dropped the quali�er\of onstant shape" | the wavelet transform was born! But at the time, Morlethad a hard time onvining his geophysis olleagues that this was a worthwhilemathematial tool | he one paraphrased his audienes' attitude as: \If it weretrue, then it would be in the math books. Sine it isn't in there, it is probablyworthless." Undeterred, Morlet looked for help in giving a sounder mathematialfooting to his wavelet transform. A friend from his student days referred him toA. Grossmann, a theoretial physiist who had worked extensively in quantum me-hanis, where similar problems our when one tries to pin down loal features ina funtion as well as in its Fourier transform. Grossmann reognized in Morlet'stransform something similar to the oherent states formalism | a tehnique he hadused pro�tably in quantum mehanis (and whih he had taught me as well whenI worked on my Ph.D. thesis under his diretion). He onstruted an exat inver-2



sion formula for Morlet's integral transform, and they explored several appliationstogether. (Later, it turned out that this partiular form of oherent states and theinversion formula had been onstruted earlier by E. Aslaksen and J. Klauder inthe ompletely di�erent framework of building a toy model for quantum gravity.)Having worked on di�erent topis as a postdo, I learned about wavelets on a visitto Marseille in Spring 1985, and started working on wavelet series (as opposed tointegrals). Grossmann suggested that we explore the onept of frames (de�ned inthe artile by A. Cohen and J. Kova�evi� in this issue) in this ontext, whih turnedout to be a ruial ingredient.In the meantime, a very important merging of wavelet roots was about to happen.That same Spring (1985), Y. Meyer, a pure mathematiian then based at the EolePolytehnique near Paris, heard serendipitously (while waiting in line for a photo-opying mahine!) about the work of Grossmann and Morlet. When he read theirpapers, he realized that their analysis and reonstrution formula was a redisoveryof a formula that A. Calder�on had introdued in harmoni analysis in the 1960's.\Harmoni analysis" is a disipline in pure mathematis that grew out of Fourieranalysis; among the many diretions within harmoni analysis, a very important �eldonerns the study of singularities, integral operators with singular kernels (suh asthe Hilbert transform), osillating singular integrals, . . . . One of the roots of this�eld is Littlewood-Paley theory, developed in the 1930's, whih uses dyadi (i.e., inbloks that sale by fators 2) regroupings of the Fourier transform of a funtion inorder to deal with and haraterize more e�etively the singularities of this funtion.This regrouping by sale is a fore-shadowing of the role saling plays in the wavelettransform. Similarly, Calder�on's formula, designed to be a tool in the analysis ofertain integral operators with singular integral kernels, used di�erent sales, in amanner similar to the wavelet transform of Grossmann and Morlet. After all, asingularity is really an extremely loalized manifestation of very high frequenies, soit is not surprising that a wavelet approah, with its inreasingly preise loalizationas the frequeny inreases, would be appropriate.Meyer, a pre-eminent expert in this �eld, reognized these links with harmonianalysis; aside from the all-too-human reation of \But we knew all this a long timeago!" (a reation wavelet researhers would meet again and again as other mergingshappened), he was also enthusiasti about this whole new area of appliations forharmoni analysis insights, as well as intrigued by the di�erent interpretation thatGrossmann and Morlet gave to Calder�on's formula. He got in touh with them, andthis marked the start of an interation between pure harmoni analysts and appliedresearhers that would bene�t both ommunities. Meyer was intrigued espeially bythe wavelet series; they systematially used redundant families of wavelets beauseof a subliminal belief that redundany was unavoidable in order to obtain good time-frequeny loalization (as is the ase for the Gabor transform). (Similar series werein fat developed around that time by harmoni analysts M. Frazier and B. Jawerthas well, independently of the wavelet series development.) After he had identi�edthis subliminal message, Meyer had the typial and healthy mathematiian's reex of3



wanting a proof for this belief. A few weeks later, he had not a proof but a beautifulonstrution of an orthonormal wavelet basis with exellent time-frequeny loaliza-tion properties. With P.G. Lemari�e, he soon afterwards generalized this onstrutionto N dimensions. (Later it turned out that J.O. Stromberg, another harmoni ana-lyst, had onstruted a di�erent orthonormal wavelet basis a few years earlier, butits importane had not been realized at the time.) Meyer's wavelet basis resultedfrom a very intriguing and seemingly miraulous anellation if he set things upjust right. A few months later Lemari�e and G. Battle ame up, independently, andby ompletely di�erent tehniques, with onstrutions of wavelet bases onsisting ofspline funtions, with better deay (exponential) than Meyer's wavelets, et the prieof some loss of regularity (Ck instead of C1). (Lemari�e, a student of Meyer, is aharmoni analyst; Battle, however, is a mathematial physiist, long interested inquantum �eld theory. Together with P. Federbush he had built an elaborate mahin-ery, whih beame tehnially muh simpler after the disovery of smooth and wellloalized wavelet bases. Battle's onstrutionwas inspired by renormalization grouptehniques, a tool used in quantum �eld theory, that involves studying phenomenaat di�erent sales.) These onstrutions were very ingenious, but they both had an\ad-ho" feel. A di�erent understanding of these bases was just around the orner.It would lead to another important merging of roots for our tree.In the summer of 86, S. Mallat, then a graduate student at Penn, had taken abreak to go on vaation. There he met an old friend from his undergraduate days,who was now a graduate student of Meyer's, and who mentioned the new waveletbases to him. (Yes, another serendipitous enounter. This one even took plae on abeah.) Mallat was immediately very interested, mainly beause he reognized on-epts familiar from a very di�erent framework. In Mallat's �eld of speialization,omputer vision and image analysis, it was ommon wisdom that oarse features inan image are (almost by de�nition) large-sale objets, whereas �ne-sale featuresshould be studied muh more loally. (This fails when you talk about textures,where �ne sale features an have a very large orrelation length.) This priniplewas at the basis of the sale-spae representation of A. Witkin, and it inspired theLaplaian pyramid onstrutions of P. Burt and E. Adelson. So the \philosophy"of wavelet deompositions, where you use very narrow funtions for the �ne salefeatures, and muh wider ones for oarse features, �tted beautifully into this view.In vision theory, one way to build multi-sale representations is to strip away thedi�erent sales layer by layer. In the Laplaian pyramid sheme, for instane, youompute a blurred version of the piture, and you subtrat it from the original;the di�erene gives you the desired �ne sale features whih you break up in tiny\elementary" piees. Suessive layers of dereasing spatial resolution are obtainedby repeating the proedure on the blurred piture. Thinking about all this after hisreturn to Penn, Mallat oneived of a similar layered struture for wavelet expan-sions, in whih all the terms orresponding to one sale in the wavelet deompositionof a funtion did indeed give the di�erene between two suessive approximations.Upon hearing that Meyer would be visiting Chiago that Fall, he arranged to meet4



him there, and in the next few days, the two of them hammered out all the math-ematial details of \multiresolution analysis", a framework that explained all the\mirales" in the wavelet bases onstruted up till then, and that made it very easyto onstrut other orthonormal wavelet bases. (There exist pathologial waveletbases that do not �t into this framework. But in 92, Lemari�e and P. Ausher wouldprove that if the wavelet basis has any deeny, i.e. as soon as the wavelets haveany reasonable time-frequeny loalization properties, it neessarily stems from amultiresolution analysis.) More important even, multiresolution analysis led to asimple and reursive �ltering algorithm to ompute the wavelet deomposition ofa funtion from its �nest sale approximation. The �lters that orresponded tothe bases of Meyer or Battle-Lemari�e are in�nite and must be trunated for diretimplementation. (Although other implementations, via FFT and multipliation inthe Fourier domain, also work, without trunation. On the other hand, it was laterrealized that Stromberg's earlier basis orresponds to IIR �lters with rational z-transforms, so that its implementation an be done diretly, without trunation.)This begged the question of how to get wavelet bases for whih suh trunation wasnot neessary. The answer was to work bakwards: instead of deriving the �ltersfrom a wavelet basis, onstrut �rst a pair of appropriate FIR �lter, and then in-vestigate whether they orrespond to an orthonormal wavelet basis. This was thepoint of departure for the onstrution in early 1987 of orthonormal wavelet bases ofompatly supported wavelets. (A omplete haraterization of �lter pairs that giverise to orthonormal wavelet bases would be given by A. Cohen and W. Lawton a fewyears later.) The use of �lters in wavelet deompositions led to the next merging ofroots, with subband �ltering in eletrial engineering.Eletrial engineers, like harmoni analysts, had been long austomed to the ideaof grouping frequenies together in bands with a width proportional to the averagefrequeny in that band. This is onstant relative-bandwidth or onstant-Q �ltering.One way to obtain suh a splitting is to work iteratively: �rst the full range offrequenies (of a bandlimited funtion) is halved by applying two �lters, one high-pass, one low-pass. The lower frequeny half an then be halved again, and soon. Sine the di�erent omponents that result from this proedure have di�erentbandwidths, they orrespond to di�erent Nyquist sampling rates; an easy way toobtain the \orretly" sampled versions of all the omponents is to retain onlyhalf the output samples at every �ltering step. Beause the �lters used are notperfet, suh ritial sampling gives rise to aliasing that an lead to unaeptableartefats at reonstrution if the �lters are not designed arefully. In the 70's, A.Croisier, D. Esteban and C. Galland disovered a design proedure that led to exatanellation of the aliasing: quadrature mirror �lters (QMF) were born. Then,about ten years later, in 1983, M. Smith and T. Barnwell, and independently F.Mintzner, disovered QMF-like pairs that gave exat reonstrution. (M. Vetterlimade this same disovery independently as well, a little later.) These onjugatedquadrature �lter (CQF) pairs were exatly the type of �lter pairs that researhers insearh of orthonormal wavelet bases would redisover a few years afterwards, from a5



ompletely di�erent angle. (The mathematial properties that were usually asked ofthe wavelet bases, suh as smoothness, also made for di�erent design onstraints.) Infat, by the time the wavelet builders beame aware of the CQF development, Smithand Barnwell and their students had moved on to more ompliated onstrutionsthat would design many more �lters simultaneously, rather than a struture withtwo hannels at every split, as desribed above; for many pratial EE appliationsthey had in mind, this leads to better performane. (Even within the tree struture,Smith and Barnwell would typially split all the branhes, every time, instead ofsplitting only the lowest frequeny band. I have emphasized the latter proedureabove to make it as lear as possible how wavelet �ltering �tted into establishedsubband �ltering pratie.)The nie and easy �lter implementation of deompositions into wavelet bases wastherefore nothing new to eletrial engineers, and the hype that would arise aroundwavelets aused surprise and some understandable resentment in the subband �lter-ing ommunity. In the end, the mutual awareness of the wavelet and the subband�ltering ommunities nevertheless bene�ted both. Wavelet reserahers bene�tedfrom the work and insights of Vetterli and his students, or of P.P. Vaydyanathanand his ollaborators. On the other hand, the di�erent point of view of wavelet the-ory, whih emphasized time or spatial loalization as muh as frequeny loalization,on whih traditional �ltering was more exlusively foused, led to the developmentof approahes and appliations rooted in the mathematial understanding of waveletbases and their approximation properties, that would not have followed naturallyfrom only the subband �ltering algorithms.The approximation properties of wavelets bring me to yet another merging of rootsthat took plae at about the same time. Approximation theorists beame inter-ested in wavelets, whih �tted quite naturally into their �eld after the advent ofmultiresolution analysis. Many of the insights from harmoni analysis were writ-ten by Meyer in the form of inequalities that established orrespondenes betweensmoothness and/or deay properies of a funtion and how well it ould be approx-imated by its wavelet expansion in various norms. This is of ourse right up thealley of approximation theory. The mathematially important feature of all theseinequalities is that they use only the absolute values of the wavelet oeÆients, nottheir signs (for real oeÆients) or phases (omplex ase). In mathematial par-lane, wavelets provide \unonditional bases" for large lasses of funtional spaes;this onept is of interest to both harmoni analysts and approximation theorists.These mathematial properties turn out to be important from the point of view ofappliations as well, as shown by the work of, e.g., W. Dahmen (numerial analysis),R. DeVore (most reently in nonlinear approximation) and D. Donoho (statistis)and their respetive ollaborators. For many mathematial appliations, it is usefulto have wavelets that are spline funtions; in that ase the orresponding multireso-lution analysis of nested spline spaes has of ourse been known and loved by manygenerations of approximation theorists.It would be easy to go on for many more pages about interesting links between6



wavelets and numerial analysis, or omputer siene (espeially graphis), or quan-tum physis, but I don't want to try the reader's patiene unduly. (Some of theselinks will ome up in the review artiles, or in the summing-up artile by W. Sweldensat the end of this issue.)Moreover, in this tale I have really onentrated on one strand only in the waveletskein, namely wavelet bases. Rih developments took plae also in very redundantwavelet representations, and there too, links with other �elds were made. Orthonor-mal wavelet bases also give rise to wavelet paket bases; it is noteworthy that theironstrution was inspired by viewing wavelet deompositions as a sequene of �lter-ings. Wavelet bases need not be orthogonal; a straightforward generalization workswith two dual wavelet bases (\biorthogonal wavelets"), whih are often preferredin appliations. Another idea \whose time had ome" are the lapped transforms,disovered independently by P. Cassereau, by H. Malvar, and by J. Prinen and A.Bradley, and redisovered a few years later by R. Coifman and Meyer, who foundthat, like wavelet paket bases, they �t in a sheme where di�erent branhes anbe regrouped at will, in a searh for an ever-better (beause more eÆient) rep-resentation. This leads to the best-basis algorithms of Coifman, Meyer and M.Wikerhauser. All these developments led to more interonnetions, more mergings,more redisoveries with a di�erent twist, but that, as Kipling would say, is anotherstory.In summary, the development of wavelets is an example where ideas from manydi�erent �elds ombined to merge into a whole that is more than the sum of itsparts | many of the appliations that will desribed in the review artiles in theremainder of this issue would not have been possible if this merging had not takenplae. I have very muh enjoyed being a part of this proess. I wish there weremany more examples of suh interonnetions | we would all bene�t from them.
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