Produd’s\ Sums, ana’ 1Cvee moa‘ules

Def: A product of objechs Ml in a category is

*an oE\jec* P with
: MOrF]r\iSMS P—=M; ¥Viel sa”'fs-pyinj
*a  universal FroFeHy: N—M VieI = JIN->P mokin3 N——P commute.

N

“A Producf is ferminal in +the czﬁEgoV‘y of ob\jeﬁs with morP[niswms to all M)’ M;
Eq Tn Ao, P=T[ M,
Def: A coEroJchr of olojechS {Mi]lie:\: in a cq‘l’egory (s

an oEJech Q. that is universal (initial) in +he caﬁgory of ob\jecjrs with morP‘niswxs from aoll M;.
Thus Mi—=N Viel = 3'a—N wnal(ing M; ——Q commute.

]

Eqg In A-Mmm, Q = @Mia +he direct sum, N

@Mi c_>—1|e_I|— Mi) with =& |1l <o0

1T

Proofs of E.g.s: A=7 V

A= arbi‘]’mr‘y: check universal maps are A-linear. O
E%_. {Mﬂiiﬂ: ‘Famil\/ of SUJDW\OAUICS O—F M induces
SM — M. Def: direct sum clecomlposi’Hon o = N

1€1
Def: xeM 3enem+es CyCIiC submodule Ax S M.
A -quil\/ {X)| re A} of elements O'F M is linearly inJeIrJenJen+ over A if
%A =5 @AAA — M,
Lemma: & ()\ZAO\AX)‘ =0 = a,=0 V)\)

Pf: ker ¥ = {linear JePEnJer\ce relations on the Xx} .
def

= {syzygies on the x,}. O
Note: x, could e,fLuql Xy for A # XN,

Q, When is M = M,@-eM, for M.,...,Mv\ cM?
A M= Ml"'"""MV\ and Min_; Mé=0 Vi
1 1



Def: M is free if i+ has a jene,m'l'inﬂ lmearly inJePenJen+ subset.

S

basis

S any set »> free module with basis S is %A uf AP
= -FinHely SuPPor+eaf Functions S—™A

Them {x3hep basis of M and
Uphen any elements of N
= 3! homomorphism ¥:M— N with
Py =y YV Ne A
PE: M=A with basis {1} cyelic submodule

General case: universal ProPerer of @D , O

Def: For a module M, a [free) presentation is a morphism

F, = Fy  with cokernel M (with both F; free).
Ea T:V =V  vector space /k  dim < o0 Vis a kDd-module via x-v = Tu
V =<{w Cyc]ic & V= 5P0h|k{v,Tv—,...,Td_‘v} for d =dimV
o klx] » V _
| = ker = 7
X = /?/Tv—

& kix] = klx]
" " IS a Preserﬁraﬂon of V.

’ .
ef: An e — - — - ’ I
Def: A exad- se,cbue,nc 0 K !\L/' N 0 SPI’I‘S f

it \nas a SE’,C'HOV\ o er\ LPO’ = ;JN

Note: Se,cbuance is short exact = M=K + «(N) b): #5 on midterm .
Rt KnoiN) = 0 since o(N) — N.

Hence split & M=K @ o(N).
often written: M = K@N,
Cort N free = sequence splits.
PE: Tf {xahen in M maps fo basis {shen of N, then
use | hm to construct o4y —x, VaeA. O




