Modules

Fix a Y‘iﬂj /\\r‘iglrd' rin
M: M 15 a le-pw‘— moJule over A, or a leﬂ A‘modu(& '(4: M s

+ an abelian group with
right Cxtyim = Xin+ g
- o left action of (A,) that is distributive:
* x(m+n) = xm+xn
Ex: -m=-t'wm, x(-wm) =-(xm), Om =0

Assume “module” = ‘left module”

Def: NS M is g submodule £ AN < N,

Ea © A is o free A-module with basis 1eA.
+ T A submodule & left ided

- A/T cyc“c A-module Se,nera'l'eo! Ly 1e A/T

° Z‘W\oalu,e = /')

+ k field = k-module = ?

V= vector SPQLE/”( and T: V=V = Vs a kix)-module via x-v = Ty

A =R = nuxn mcﬂ‘rfces/rinﬁf\’ = R :{ ] left ideal Llx)v = £(T)v

and R, = (= right ideal
- set S and A-module M = vas(S — M) is an A-module via af)(s) = alf(s)
Def: M is generated by {wy[de Al SM i meM= m=3 xm
for {%, | xe Al €A almest dll O,
Eg:ZxZ is generated by {[5],} but also {0, ).
Lemma: N € M submodule = group M/N s naturdlly o module.

PE: xm = xm’ (mod N) i m—m’e N because +hen xm—xm’= x(m—-m’)eN. O

Ea [ﬂ = im=N=Z What is V/N?
Zx7 — 7  Use N =3zRIxo0 < zZBIx7l] = M/Nn= Z/37x7.

Def: Fix module M over a commutative domain R,
The torsion submodule is Mso, = {meM| rm =0 for some vreR\{0}}
Ea: (M/N),, =Z/37.




Def: TS A left ideal = TM = {linear combinations of elements of M with coefficients in I},
Ex: IM is a submodule. T(EM) = (IZTIM and (T+TM = IM+TIM.
Def: ¥:M — M is a module homomorphism if ¥ is a group homoemorphism

(M, +) = (M, +) with €lxm) = x¥m) V xeA and meM.

¥ is A-linear

Note: A-Mop is a ca'|-egor/v: oL)J'e.ds M * v M—M iAevﬁ'Hy

mocphisms $:M =M+ $:M—>M and ¥:M'—>M" S VoMM
A-Mop has initial object: 7 * assoclative and 1yo¥ = ¥ = Yol
termina| object : 7?7
Ex: ker(M—>M) €M submodule
m(M—M) €M submodule
Def:coker(M —M’) = M/im(M—M) z(juo+feh+ module

Isomorlphism theorems
. N NS M submodules = N+N € M submodule and

NNaN: = NENYN'. PR N > IN+NYN' has kernel NON'j apply universal propery
aM2M2M s MAT = MM/ M), PF similar.
3. homomorphism 9:M—M" and NS M = ¥ (N) €M submodule and

Mg (N) = MV

Def: The sequence M Y, M EM s exact of M if im¥ =kery.

T4 ¥ =0 then he Sequence has homology Ker¥/jmy.

Lemma: N € M = short exact Sequence 0 — N—M-— M/N — 0.

Pf: Discuss: 0 > N> M exact © N =M mOv\omorPhism (or emlaeololmg)

M—M—=0 et & M-—>M epimorphism,
N—>M—MN exact ot M. O
Def: Fix a commutative ring R. An R-algebra is a ring A with a
ringhomomorphism RE A such +hat imf < center(A)

Lemma: = A is an R-module. O




