Euclidean domains Fix a commutative ring R.
Def: A norm on R is a function R = N
with 0 — 0
A norm N is positie i N >0 Y a#0.
A domain R is Euclidean ¥ 3 norm N: R — N  such +hat
o,be R with b20 = 3 %,reR saJris{—‘/mg
a = cﬁb +r  with v=0 or Nir) < Nb)

Eg *R=field k, N = anything: a =gb for q = ab”.
“R=7Z,N=1|"]
Thw R=k[x] is Euclidean if N = olej, and moreover g and r are unique.
Pfalx)=0 = ¢ =r=0.

) hek aD=0hlanJ r=X if degh =1
q=Aband r=0 if degb=0.
deg a = n > 1: use induction,
Lt alX) = a, X"+ +a, and bix) = bx" +-+b, with a, # 0 # b,,.
m>n = ¢=0 and r=0 suffice.
m<n: sef o' =a- ﬁ—:x“""h Then oleﬂo( <, so

=g4b*r aith r=0 or degr<m.

Set q=q + g2x"" Then gb+r = (g + g2x""b +r

An _n-m

= q'b+r + P
= Q- g_:xn‘""b + Cé_:xn—m'l')
Why are aband r uhicbqe?
a:%b+f with F=0 or oleﬂF< m = (%—%)b =r -7 has 0|83<m
—
- 66,)4‘1‘ JEj = Jeg(ﬁb—ab)+m
if '%—ab #0

= r-r =0 0O




Lemma: R Euclidean domain = PID, and T S R ideal = T={d) for any d#0 of minimal
M
Pf: Fix such deI. 0

norwm,

ael = q:%fhr wi+|nr‘=a—cheI. Niry<Nld) = r=0. 0
Cor: k[x] is a PID and hence UFD.
Q. zs klxyl?

MR: R PID and 0#? Prfme = <F> maximal.
BF: aflp) = <a,F> = {d) for some 3cJ of a and p,

but P+A since a¢<P> Uni(i/ue factorization = deR",

So every ideal FrOFerly con+oinfnj <P> s Seneraﬂ'ea( by a unt O
A. No: RI:AJ] PID = R is a field because

R[%]/(Ap =R is a domain = <k6> 18 Prime
= (%) is maximal,

||<|:X,A?(:| = ||<|:X:H:ﬂj:| but klx] is ot a field.

Euclidean ofgorithm
Toput: ab e R with b#0
Output: ged(a,b)
Tait qo,ro with a = %obwo (o)

90 b= gr+n (1)
i= | (2)
While: v, #0 (&)
Do: write v, = i n+n., (n—1)
{ — 1+] (n)
Return: v, (call it ) 0 b
Thm: {a,b> = {w. that’s +he one you warit.

P (o) = eda,b). (1) = edbd S 4a\b). (1) = gedvyn 2 S <a)b) by induction.
h+1) = rlo,. M=l )= nlvn, friz=a by induction.

1= rlb. ©)= rla. O




