Fix a commutative rihﬂ R

| ocalization

Def: SCR is a multiplicative subset if S is a submonoid of (R,").
*1eS  and
T XY €S Vx,% €S
The ring of fractions is
S'R = R[S"] = RxS/~

where +he class of (a,s) is denoted €

and £ =2 f 3 teS with tlsa-sa) = 0.

Note: € =2 ond & =8 = t(s’a—;,o'/) =0= t'(}ﬁ’f{— 507)
= s't't(sa-sa’) =0
= ~ is transitive
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ProP'\ R[S":l T rinﬂ with
Pt e.g: %:%'I = ulsa-suo) =0
= ulstab - abst) =0
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Cor: R — R[S_':l iS5 a ri\nﬂ InoMomorPl'\iS'M.

a— 4
Q. R=RIyl/¢wy = ker(R = RK']) =2
Eql S=R"= R[] =R
2. R integral domain and S = R\ {0}
= R[S"] = K(R) = fraction field of R
eq R=7 = KR)=@Q
R = klx, %] = K(R)= kix,. x.) field of rational functions in x,, %, over k
3. 7<R ‘)r‘ime ideal and S = R\t
> SRRy, the localieation of R ot 4

R;F s a local r'mg: it has a uni%ue maximal ideal




4 S = {1t}
= SR = R[S ¥ R, °
ker(R—=R) =7 =% © ua=0 for some ue§
& ta=0 For some deN
eq R=Kklyl/Guwy = R = kllwe gy}
xd‘g(f,ﬁj) =0 Ffor some deN & Xy | XA‘C(X,AJ)
Sy | £lx,4)
= ker(R = R[x]) =
Prop: {prime ideals of S'RY < fprime idedls #SR with pn§ = g}
SR <

Pf: ﬁf’*{aem %eq}, O
Pﬂp_? Let € = category of rinﬂ homowmor phisms R R A such that
fls) e A" V seS, .
Then R = S'/R is universal in C /§ :
Pf:Let iR — A be an object in C. A
Define fur SR = A by & = FH()
Then § =& = tla-50)=0 for some t€S
= (fw(ffa - Fiofe) =0
= fwfe - farfe)” =0,
so £ is well defined.

Exercise: £ *is a ringhomomorphism and
* mokes the diagram commute. .
fe is unique because it is determined by where it sends R, O
Cor:RLR*'] = R.
PE: Any ring homomorphisn R = A factors through R R,

so R . R satisfies the universal ProPer+y. O



