PID and UFD

Fi)( a commutative inJreﬂr*al r:!omq}n R,

Def: aeR s irreducible if a=bc = beR" or ceR* but not both.

L emma: <P> prime = P irreducible .
Pt P:“b = a€<|>> or b€<|>>)' say a€<P>.
Then a=pc, so P=ab =Pcl>
—
= cb =1 since Ris entire. O

Def: alb if ac=b for some ceR .

deR\{o} is q %C_J of a and b if
c”q anc’ o”]:)

‘cla and clb = cld.

M‘ R 1S a m) i-p ever)/ ideal is Principa(.

MF:In a PID, {a)b> =<{d> = d is a gcd of a and b
Pfilet d = ota +gb and suppose a =ex and b=8ﬁj.
Then d = oex +gey
=e(ax+py) = eld
But dla and dIb because ab € <d). O
Cor:{p) prime & p irveducible it R is a PID.
P plab and pta = {pa) = {d> 2 {p
S o=l bet ofR
= d € R since pis irreducible
=1 = Xp +4a
= b= iEEJF@iE

plpl
= FHD O
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Def: R is factorial (or a UFD)

if every re R\{o} factors uni%uefy into irveducible elements :

v = uPI...Pk WH‘L) uER* (MJ

r = U’%,---%E WH‘L\ vé R* = k:[ ano’ %i=uiPi for some u;€ R* a’F‘f‘BY‘ Permuﬁnj the %’r

Thm: PID = UFD.
Pf: Claim: Ever)/ re R factors into jrreducibles. ho uwi%ueness ye+

Pf:Let S = (S R| ¢ doesnt fackor info irreducibles).
Assume S#@. Then S has a maximal element <) because
*every chain () S (S yields an ideal (b)= () U {gu -~
« belq) For some n = (b)) c<b)
= (b> =< €S is an upper bound.
Note: ¢ is reducible since reS, so r=cd with ¢d ¢ K
But then (r)S{c) and (r)S{c), so
¢ and d have factorizations. Hence r does, too. X
Thus S=g. O _
C= Upp, T VY gy = p prime by Cor
= Pk|‘li for some i; assume i ={ by permutation
= P Uy with u € R since qu is irreducible

= UP P = UG, G because R is entire. o

DOV\Q b)( iVNAU.CHOV)- O

Eq  R=1Z

% P|:D by Euclioleqn Qlﬂori'Hmm I:I
* R = klx]
+ Thm: R Factorial = R[] is, +oo = ZI[x,.,xJ, klx,.xJ) UFD .

‘ ||<[[x]] formal power series is UFD; one variable = PID
+ kD% not UFD
- ZL5] not URD



