T deals
Q. What does ker (F: A = B) look like ?
Defi T<A is a left ideal in the ving A i /AT C T,
2 sided both default: “ideal” means a-sided
Eg “any A = T ={0} is d-sided
* Lz nZ  A-sided
K> |9 %] left, bt nob vign

Def: aeA = Aa= Princilpal lef+ ideal

Aah= \Inrincilpal ideal

))))

Aa A+ +AapA = ideal " " ={a,,..,0n)
E%.- {Folynomiqls with even constant +erm} = {2,x) < 7[x]
Q. Why ideals ?

b{g? £ A—B rmg \nomomor‘)\niSvn = ker { is an ideal.
PL: fla) =0 = £(bat) =0 VY bbeA O

T_Mi 1L c A ¢ oan ideal & 3 Finﬂ \f‘)D\momorF\niSm £ A — B with I =kerf.
%1 & ProP.

=TS A ideal = AT is 4 rng with (x+I)y+T) = xy +T

ie. aex+I and bey+I = qbexwl
\A/\ny? Because xIL +Inﬁ +T*cT! O
T_M(Uni\/erso\’ ProFerer)-' ALB rmg homomorFMiSM with ker¥ 2 T

Aq = 31 % AL > B ith ¢ = Feor

P True for (A, +) = (B, +). The claim: ¥ is q(reaofy a ving \nomomor‘p\nmm:
B (00 wg) = G (weeap) = Prxy
= 90 = flm) tlrly). O




Commutative rings Fix commutative ring R.

Def: An ideal ¢ SR is - prime if Rfy is entire (an infegral domain)
- maximal if p#R and I24 = Tefg,R]

Prop: Riis a Field € o is maximal.
PL: = xf (o) = (x> =R

€ x#£0 = (x)=R since {0) is maximal = 1=xy For some yeR" = xeR" O
Generally: Let a,beR enfire. Then <a?=(b> & b=ua for some ueR"

Pfibedod = b=xa. aelb) = a=yb=yxa = all-xh) =0 = a=0  or =110
Eg peZ prime © (Y ST prime b=0=10
© (p) S 7 waximal, since g = F, is o Field

Tho: T I,,.,T, SR are ideals with T;+T5 =R V i#]

then £:R = R/T xR/, is surjective.

& xel,n-nI,
PlcSuffices: 3 yryoyn € R with 4, — (O,...,o,;,o,...,o)
i™ slot
T+I;=R = Jael, with g +b =1
and byeT;

= 1= (ayg+by) (an+ba) € T, + byby,

Eg R=7 I,=Y1
1,=67Z
7 — LMz x L7

so take Y, = by ba, and Similarly for 1 = ,.,n. 0O
% = (x (mod 4) , x (mod 6))

Cor (Chinese Remainder Theorem): o 0
]

If I,.,T0 SR ave ideals with T,+T; =R V i#], 3 ‘;é

g

then x,..x,eR = 3 xeR with x=% (med I;) Vi, O
Eg m,.,ma€Z with ged(m,m) =1 V i#j.
In particular, m= Ple'P,\e“ factorization info distinct primes

= L/wz) | = ﬁz/;e"l

= Plm) = T 9 = ﬁ(Pi—i)Pf"’. O

i=l




