Free grougs
Thm: Fix a set X. There is o free group F oon X with the -Fo“owinj universal Fr‘olp&r"';l:

for omy ﬂrouf) G, maPs(X_)G) = Hom(F, G)

Totuition: F is 3enera+ea[ l;y X with “no relations”

Def: A word on X of length n is an element we X" eq. X={a,.,2} w=aardvark

o

W =U X" is the free semigroup  on X: v =vw aardvark: syzygy = lkar‘o(\/qu(_s')/zyjy

n=0

K= {ct xexd  X'=xT0 X Set (xy' = x for xe X

Def: The ecsuivalence velation ~ on W' = free semigroup on X’ is the transitive closure of

vew v o= \ﬂﬂl&hl‘% and w = VA for some %EX'. determined Ey

weW' is reduced i o string wu' appears in w .
Lemma: w ~, for some reduced w;. O eg boffa’c'ca = babblalg'sa
Prop: w reduces o wnique veduced wy by o sequence of cancellations ad ¢ bo bWl

PE: Tnduct on length {lw). do bo B’
) =0 = w=1 (emply word) is veduced. bo
llw) > 0 Ascume w ws 2, #w0 starts ;%" [

Suffices: w we w) = wwy w W, Since a(rcqofy W wg

Tn wy, x or x' wast g Both Swultaneously: may as well do them first.

“Ope Pipst = of // o op - //

= same as if had been canceled first. O :
AN
we W, = I,)’(\ [,zv{\ I,JVQ\_‘ and may as well agssume ceduced ¥ i <v since W W

WA AT AW i 0
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Rut then = V1 cmo! w, = wy by P\ro?. O &, =w
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b wy in Lemma s umizzue, and W w2,
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Prop: v~ v’ and w~w' D vw~ viw
Pl s s Vo e VoW v (Volls ), < Voo <o VoW < v'w”, O
Cor: Fy= W/~ is & group. O 7c.,
PEof Thm: Given £:X = G and w= %% e W, Jefine ¥:F— G by

Q) = 'F(xfl"ﬂc(’)f ) Then w~w' = Pl =@(w’) since G is a group-

¢ is a homomorFHSM ‘Jy construction, O



Generotors and relations

Notes: * XS G generating set & F=> G, .
- Xe 6 = im(F—6)=4{X><G

Def: TF (XD =G then ker (Fe = G) = N < Fy consists of the velafions on X.

So N = {equivalence classes of woeds on X’ whose product in G is I},

Eg $:=G 2 X={l,a3)} = V=13, syuyey, xbx, xx", )

Def: Tf G=(X) then RS W'is a set of delining relations if

ker(Fx_»G) is  the smallest novrmal SUlev-oU\F of F; Con‘l'aimivxj R.
Notes: +R vmeeO( not jenerq+e . \/\/lny? F:x_»G jroufz homomor‘nh;sm = N < Fx avm( G = F—X/N
* Fy has won-normal subﬂmufhs it IX] =2 since 3 G:<x)ﬁj>> H with H ﬂ G. e.g((l&)) S 53
Y

_>G’

M (Un}\/erSaJ Pv-oPgr-l'y of %uo‘hevﬁ' STO“-PS)?
FiXNSGq“JC:G/Nwi+L1'n;G—>a -

a '—>QN.

D=——

Y. G5 G and N <ker? = G — G with Y=Y

Pf: Exercise. (1)
4_ D Je—{:m nj refahons D F}”"‘J} /N ]
Pf. % = votation 137 AT/
X"=|) Ada=1) qv\d (7“3)321 ||

1y = {any) reflection
Dy = (x,,;) = Fry kR Da Surjech'lve.
ker ¥ < Fu

&=> key ¥ = N ]
ker¥Y 2

= F{wﬁ/N E» V\
Neea{r ‘? inje(‘.‘Hve. Ewous‘:\'- |F{r,:,}/N| SEP

Ex: USMj R, every wural " xtl)'lf‘ can be Pb(‘l‘ into 'Hne ﬁorm ¢
il with 16{0, n-1} and je {o,1}. 0
Q. Given R € Fy and vywe X, is v=w g <X|R>?

A. word Iprol:]em: 3 o o\\joriﬂnm with bounded +ime comP,eXier!
X

Q. <X|XA3X"A3" for weX) =?  free abelian group on X =



