Semidirect Iproduc'l's
Note: kel <G and H2G = JeH;léH
L\HLL\F is an au+0morPL\ism LP_&'- H—-H

D_eF: Fix a 'nowlovwoq)hism |< - Au'l' H. The semidirect ProoltAC‘[' of H anaf K is
k— q

H> K= (HxK, ) with (bR (0 L) = (b W), &)
The point: bk = @) = hkW4 = h hWERAL

Lemma: H = HxK oand khE' = 9(h) VkeK and heH. O
Ee lGl=al p=7, m=3 = s|3 and s=1(med7) = s=1
= Sylow 7-subgroup H < G
p=3, m=7 = 5|7 ad s=1(med3) = s={1,7}
= Sylow 3-subgroup K might be norwal in G or not
KaG = G=(CxC=Cy as m Gl =15 case.
KAdG = G not abelian, but skl Hok={1} = [HKl = [Hl Ikl = 7-3 = 2] = |Gl

= G=HK. H<G = G =HxK, but for which ¥:K = AutH ?
h— 4

H= {l,\n,‘n%.._)he}. Aut H = CG = kF_g:)c — x* for qe{&,q} since LP_QZ(MS = L\é:‘n
= Lh\p = b or W B =7+, 43 = 53+
But rhese }/(eH isomorphic semidirect Prooluds under B — 42,
LGl = al = G = Gy or G«
Pr‘oo{zs of +he S,ylow +hms

setup: p Frime)|G|:n:Pem) PJ(W\, e =1
Sylow1: 3 H <G with [H] = Fe‘

ny _ [nlln=1)- (a-k) - (n- g +1)
M'— F+(Pe) - FE(Fe_”,__?Fe_k)...q F

P{: Given 1<k < Fe—l, write k = [)‘tj with PJ{I T hen

n-k = -yl = Fy(l’e—ﬂe""ﬂ)z = ordP( n_k) ) OrdP(Pe—qam_ﬂj "o

P€_|<= Pe_‘ﬁ - F¥(Fe—#_ﬂ) -k Pe—qf_ﬂ

ewxnrcll=jidex
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PE of Sylow 1: G C' () = union of orbits @
= [0 # 0 (mod p) for some &, Let Ue .
Then G- 101 =[Gl =pem = p¢[ 1G],
But 16yl | Ul = p¢ by Prop p. St H=G,. O
Sylow &: Fix K < G with p| Kl Sylow p-subgroup H < G = Sylow p-subgroup (gHg")ak.
DE: GCX = G/H IXI=m #0(mod p) = 3 K-orbit @ with p}10l,
xe ) = x=%H for some geG. G, =7
Ky = (gHg"1~K
[K:(gHgoK] = [K:K, ] = 101 prime %o P} _, KVIlgHF KT s no
[gHg'l = p* = (gHg")oK is a p-group. (gHgaKI s all b (p- group)
= (gHg")aK <K is a Sylow p-subgroup. O
Sylow 3: #Sylow p-subgroups of G divides m and =1 (p).
PE: GCX transitive by Cor 4 of Sylow 2
= IXI=[G:N] For N = Ng(H), where HeX is arbitrary.
HeN = [GN]|[GH] = m. /
HCX. Q. When does H stabilize H'e X7
A. o hHW' = H ¥ heH
& H < Ng(H),
But H'aNg(H) is a normal Sylow p-subgroup of Ng(H').
Since H < Ng(H), it is also a Sylow p-subgroup.
Thas H=H' since all Sylow p-subgroups are conjugate (Cor 2 of Sylow ).
Conclusion: H € X with only one orbit of size 1, and
o[ 101 ¥ other orbits © # {H}
S IXI =1(p). O




